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NPOCTI NEPIOAUYHI PO3B’A3KU OAHOIN0 PIBHAHHA KOJIMBAHb
CTPYHM 3 IMNYJIbCHOIO AIEH0

HdocnipxeHo npouec iMNyJIbCHOrO KOJIMBAHHA CTPYHU 3
perynornymm dyHKUiOHanoM. BusHayeHo yMoBM iCHyBaHHA
nepioguYHUX Po3B’'A3KIB 3 OAHUM iIMNYIbCOM Ha nepioAi.

KnruoBi cnoBa: pudepeHuianbHi pIiBHAHHA; iMNynbCcHa AiN;
KOJZINBAHHA 3i 3BOPOTHOIO Ai€l0.

Bctyn. HeobxigHicTb BUBYEHHA AudepeHUiasibHUX pPiBHAHb 3
iMNYNIbCHOK  Ai€l0 BMHWKAE y BMNagKax, Konaum npu  nobyposi
MaTeMaTUYHOI MOAENI iICHYUYNX Pi3UYHMX, TEXHIYHUX, BIONOFYHMX Ta iH.
NMpouUEecCiB i3 LWBWAKO3MIHHUMKU 36YpPEHHAMM MOXXHA 3HEXTyBaTu
TpuBanicTio caMoro 36ypeHHs. Taki 3a4ayi MoXHa 3HanTn B poboTax [1-
5]. OpepykaHi OnA iMNynbCHUMX CUCTEM pe3ynbTaTM MNiACYMOBAHO Yy
MoHorpaoii [6]. 3a3HayeHa poboTa € MNPOAOBXKEHHAM [OOCHIOXKEHb,
po3noyaTtuxy [7].

MocTaHoBKa 3apadi. Po3rnsHeMo piBHAHHSA

u,=a’u, —2vu,—bu (0<x<[0<t<0), (1)

3 NOYATKOBMMM Ta FPAHUYHUMWN YMOBaAMM
u(x,0)=¢,(x), u(x,0)=y,(x) (0<x<I), (2)
ux(O,t)—hu(O,t)zo, ux(l,t)+hu(l,t)=0 (O§t<oo), (3)
ae  ¢yHKuUis u(x,t) — 3MIleHHS CTPYHM B  MOMEHT 4acy

t; a,b,c,v,l,h=const >0, ¢, eC? [O,Z], Ma€ KYCKOBO-HenepepBHY
Ha [O,Z] NoxiAHy TPeTbOro MopsAgKYy Ta 3a40BOJSIbHAE YMOBaM
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2, (0)=0,(1)=0, @[ (0)=¢}(1)=0; dynkuin y, e C'[0,/], mae
KYCKOBO-HernepepBHy Ha [O,Z] MoXigHy [Opyroro nopsaky Ta
33[0BOJ/ILHAE  YMOBaM 1//0(0):1//0(1):0 . Ona  y3romKeHocTi

NoYaTKoOBMX Ta rpaHuuHuX ymMos Bumaraemo ¢, (0)=¢; (1) =0.

3aKOoH iMNYyNbCHOI Ail BU3HAYMMO CMNiBBIAHOLWEHHSAM

(u (x,t + O) —u (x,t - 0))‘@(;)—50 = a(x),

(u, (x,t + O) —u, (x,t - O))‘Eu(t)_E0 = ﬁ(x) (O <x< Z),

Ae  perynooymn  yHKUioHan Eu(t) BWM3HAYaE TMOBHY EHepriw

(4)

KONIMBAHHSA CTPYHM, LLIO BU3HAYa€ETbLCA piBHicTO [8]:

Eu(t):%:[((aux)z+(u,)2)dx+a—;h(u2(O,t)+u2(l,t)). (5)

KpuTUyHe 3HaueHHs £, >0 , aeCz[O,l],ﬂeCI[O,l] - 3apaHi

_ "
x=0] 0, a

GYHKUIT, AN akux a‘x:Ol =p|_,, =0 =0, Tpers

x=0,1
noxigHa PyHKUIl & Ta gpyra noxigHa ¢yHKuil ﬁ € KYCKOBO-HenepepBHi
Ha [O,Z].

OTke, NocTaHOBKa 3apayi Cknapaetbcsa 3i cniBBigHoweHb (1)-(4)
npuyoMmy piBHocTi  (1)-(3) cnpaBmXylTbCA TiNbKM Yy  BUNagKy
E, (t);tEO. Akwo EH(O)zEO, To B yMoBi (4) posrnspaemo @, (x)
3aMicTb u(x,t—O), ay, (x) 3aMicTb u,(x,t—O) ta 0 3amictb 1 —0.

MoMeHTM uacy tk,keN ,  KOnM perynw4nn  ¢yHKUioHan

E (tk) = E,, BU3HaYaloTb MOMEHTU iMMYJIbCHOT fii.

u

IOna 3abe3neyeHHs iCHYBaHHS HECKIHYEHHOI MOCNIAOBHOCTI
iMnynbcis 3apadi (1)-(4) npu 3apanux E,,a, [, sk 6yno nokasaHo B [7],
BMMara€mMo BUKOHAHHS HEPIBHOCTI

E, <é_:[(a2aj(x)+ 5 (). ©

Po3g’askoM 3apaui (1)-(4) € oyHKuina uzu(x,t), fKa pBiyi
HenepepBHO AndepeHUinoBaHa 3a 3MIHHMMM X,I B KOXHin obnacTi
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Dy ={(x)|xe[01]0 (tt,).E, (1) # Eputy =0f  k=0,12,....,
KpiM Toro, ¢yHKuUia © Ta 1 noxiAHa U, HenepepBHi 3MiBa B TOYKax

t=t,keN.

Po3B’'a30k 3agaui (1)-(4) icHye, eanHUI Ta BU3HayeHUW B obnacTi

o0

D= UDk SIK po3B'A30k 3agaui (1), (3) oNs piBHAHHSA KONMBAHb CTPYHU
k=0

B KOXHIN obnacTi

D, :{(x,t)‘xe[o,l],te(tk,tk+1),Eu(t);tEO,tO :0} , k=0,12,... 3

nouyatkosummu ymoeamu (2) ana k =0 Ta nouaTKOBOI YMOBOIO

o (x)=u(xt,)+a(x),w, (x)=u,(x )+ B(x), x[0,]],
ona k=12,....

MpocTi nepioguyHi po3B’A3KK

3adikcyeMo 3HaueHHs E;, oyHKuii a,[f Ta 3'CYEMO iCHYBaHHS
nNpocTUX nepioanYHuX po3s’askis [1] 3apavi (1)-(4), ansa akux iMnynbcHa
Ais 30iCHI0ETLCA 0aMH pa3 3a nepiog 1, TO6TO 3'ACYEMO AIKUMKU MaiOTb
6yTn oyHKUil @),,, wob po3s'ssok 3agadi (1)-(4) 6ys npocTum
nepioguyHnNM.

Teopema. Skwo 3apaHi  ¢yHKuii o, Ta 3HayeHHs E,
)
. . 2 .2 2
3a/[0BOJIbHSANTL HEPIBHICTb J(a o (x)+ yij (x))dx >8E,, 10 3agaya
0
(1)-(4) mae npocTuit nepioanMyHMI PO3B I30K.

HoBepneHHsa. Po3B'asok 3apaui (1)-(4), 3 dikcoBaHUMU PyHKLiaMM
a,f ta E, 6yne npoctum T -nepiognynnm 3 iMnynscom npu £ =0,
AKLWoO 6ynyTb BUKOHYBATUCS OQHOYACHO PiBHOCTI:

ROn(T)+a:¢On'SOn(T)_i_a:l//On' (7)

ne

e—vt (%n + l//Ont)’ npu V2 — (Clﬂ«n )2 + b,
R, (t)=1 e (pchot+y,shot), npu v >(ak,) +b,

e (py,co80,t +y, sinat), npu v:<(ald,) +b,
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e (Won —VPy, —VWo,t),  npu V= (aﬂun)2 +b,
e (0w, —ve,,)cho,t -
_(Vl//On - a)n¢0n )Sha)nt)’
e_Vt ((a)nl//On - V¢On )Cosa)nt -
_(Vl//On o a)n¢0n )Sina)nt)’

\/v2 ~(ak,) =b, npu v*>(ak,) +b,

npu V' > (aﬂ.n)2 +b,

npu v’ <(aA, )2 +b,

n \/(aﬂ.n)z +b—v?, npu vV’ <(aﬂ.n)2 +b,

ne A, - Bnachi snauenns Ta X, (x)=sin(A,x+6,) - naci pyHkuii

sagauic  X"(x)+A°X(x)=0 .  X'(0)-hX(0)=0
X'(Z)+hX(Z)=O. Xn(x) YTBOPIOIOTb  OPTOrOHasbHY CcUCTEMY
2Ah

dYHKLIN Ha [O,Z], A, — BOAaTHi KOPEeHi PiBHSHHS tgﬂ.Z:iz_

A, =O0(zn)npu n -+, 6, =arctg%.

NincTaBuBWwM po3B'a3kn @, ,i/,, cuctemn (7) y po3s’s3ok 3apavi

(1)-(4)
ZROn sin(4,x+8,),

OOEPXKXUMO BUINAL NPOCTOrO NEPIOANYHOIO PO3B'A3KY

V’ZR D sin /1x+9)

ne 0<x<[,0<5t<T,
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(an(eVT—l)+T(van +8)+

+t(,6’n(eVT —1) —van)),

(cha)nt((anv+,6;)sha)nT—ana)n cho T+

npu vV =(a4, )2 +b,

R(t)=1 +ae”)+shot(Be” —amshal—  nmpu v'>(al,) +b,
~(@y+A,)cha,T)),
(cosaf((a,v+ B, )sine,T - a,@,cos,T +
+a,e” ) +sinwt(Be” —a,@,sinoT—  mpu v <(ak,) +b.
{ay+)eosa))
e’ +e vl -2, npu v =(al, )2 +b,

D = T 4 vsho T - (a)n + l)cha)nT + a)ne‘VT, npu v: > (axin )2 +b,

. _ 2
e’ +vsino,T —(w, +1)coso,T +w,e™", npu v:<(al,) +b,

PiBHAHHS ONs 3HaxomKeHHs nepioay I Mae Burnag,

0

> (R?(T)(4,sin(4,1)cos(4,1+20,) +h(sin* (4, +86,) +sin’6,) +

n=1 (8)
+/1nzl) £S2(T) A —sin(4,1)cos(A,] +29n)J 4B,
A
ne
((an +T4,)e” —an)Dn‘l, npu v =(ak,) +b,

R(T)= ((an cho,T+ B sheo,T)e” —ana)n)Dn_l, npu v >(ak,) +b,

((an cosa, T+ f3,sinw,T)e” —ocna)n)D‘1 npu v <(ak,) +b,

n
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(B, -ve, +vBT)e" +a,(v-1)-8,)D,", v =(a4,) +b,
(w01, (vet,T - sh20,7) +
S:(T)=1+((@, ~va, )cha,T +(a, —va, )sha,T)e” —  v*>(a4,) +b,
~a,(ve, +5,)) D},
(¢ (@8, ~va,)coso,T —a, B, +
~(@,a, +vp,)sinw,T) D},

IcHyBaHHA po3B'A3KiB piBHAHHA (8) ans Te(0;+oo) eKBiBaNeHTHe

V2 <(ad,) +b.

BiALWYKaHHIO HyNiB GYyHKLIT

F(0)=e Y (R(T) (4, sin(4])cos(4] +20,)+ 421 +

n=l1

+h(sin’ (4,0 +6,) +sin” 6, )) +
A1 —sin(4,1)cos(A,1+26,)

+87% (1) 2, —4E,, T €(0;+0).
MaloTb MicLe rpaHuLi Th_glof(T) = 4(Eu (+0)— EO) > () (ocKinbku
E,<E, (+0) npu BMKOHaHHI CMiBBiQHOLWEHHS (6)) Ta

lim f(T):—4EO<O. 3BiAcK @YHKLIA Ha MPOMDKKY 3a TEopeMmol

T—+o©
BonbuaHo-Kowi [9, C. 168] Mae npuHaMHi OAUH HYNb. TaKUM YUHOM,

Ans 3apaHnx  ¢yHKuin o, Ta 3HauewHs E, icHye npoctun T -
nepiogMyHU po3B'A30K 3agaui (1)-(4).
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SIMPLE PERIODIC SOLUTIONS ONE EQUATIONS OF STRING
OSCILLATION WITH IMPULSE INFLUENCE

The necessity of study of differential equations with an impulsive
action arises in cases where the construction of a mathematical model
of existing physical, technical, biological, ets. processes with rapidly
changing perturbations can be neglected by the duration of the
perturbation duration. This work is a continuation of the started
research published in [Pulse action problem for one string oscillation
equation. Prokhorenko MV, Prokhorenko SV, Moroz MV, Solyak LV -
Bulletin of NUWEE. 2019. Is. 3(87). P. 119-127.]. The process of
impulsive vibration of a string with a control functional is studied.
Let's look at the equation

u, =a’u_ —2vu, —bu (OSxSZ,OSt<oo), (1)
with initial and boundary conditions
u(x,O)z(pO(x), u,(x,O)zl//O(x) (OSxSZ) (2)

u, (O,t) - hu(O,t) =0, ux(l,t) + hu(l,t) =0 (O <t< oo). (3)
where the function u(x,t) - string snake at the moment of the hour
t, a,b,c,v,l,h=const>0, ¢, € C? [O,Z]. has a lumpy-continuous
on [O,Z] derivative of the third order and satisfies the conditions of
the rules ¢, (0)=¢,(/)=0, ¢@(0)=¢;(/)=0 ; function
W, € C' [O,Z]. has a lumpy-continuous on [O,Z] derivative of the

second order and satisfies the conditions of the 1//0(0) = 1//0(1) =0.
For consistency of initial and boundary conditions, we
require 9, (0) = ¢} (/)=0.

The law of impulse action is determined by the ratio
376



BicHuk
HYBIM

(4)

(u (x,t + O) —u (x,t - O))‘Eu(t)_EO = a(x),

(u, (x,t + O) —u, (x,t - O))‘Eu(t)_EO = ﬁ(x) (O <x< Z),

where regulatory functional £ (t) determines the total energy of the

string oscillation, which is determined by equality:
1

B, (0)= 2] {(am) + () Joe s L2 (0.0)+ 02 (10)). @

0
critical value £, >0, a € C? [O,Z],ﬂ eC' [O,Z] - specified functions
for which o| =/ =0, a"

iy =0, third derivative
of the function is & and the second derivative of the function [ are

x=0,/

_ !
x=0,/ 0, a

lumpy-continuous on [O,Z].

Conditions for the existence of periodic solutions with one
momentum per period are determined. There are boundaries

lim f(T) = 4(Eu (+0) - EO) >0 (because FE <E, (+O) and

T—>+0

lim f(T) =—4FE, <0). Hence, the function at the interval according

T—+o
to the Bolzano-Cauchy theorem has at least one zero. Thus, for the

specified functions of functions a,ﬂ and meaning EO there is a

simple 7 - periodic solution of the problem (1)—(4). It is shown that for
given functions of alpha functions and values of the regulating
functional at 0 — there is a simple periodic solution of the problem, the
law of impulse action describing the implementation.

Keywords: differential equations; impulsive action; feedback
oscillations.
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