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 q (p≥0, q≥0Ψ. ,   = 1  q = 0   

      
— μ 

            (8.50) 
   = 0  q = 1     

—    

      (8.51) 
               

(8.50Ψ   μ 

        (8.52) 
 ,    r=0   (8.50)  (8.52) 

      μ 

                                  (8.53) 
 ,       

     .    
    -    

,       
.    r   (8.52)    
 ,    (8.50).  ,    

  h    ,     
(    Ψ. 

       
.    (8.52)  (8.45)   
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  ,    
  k+1: 

       (8.54) 
   ,   

                                     (8.55) 
 

        (8.56) 
 Jm

k+1 —       (8.45).  
   x

(0)
k+1    

 ,      
 (8.50).      
 (8.50)  (8.52)    ,  
      (8.50)  

,       (8.52) — 

. ,    
  (8.53)    

  xk+1   (8.52)    
,    (8.50),   ,   

  , . .    
     ,   

 (8.57) 
   ,       , 

 ,  . 
 ,  ,   (8.52)  

(8.50),      ,   
  h   r ,   

   (8.46)    . 
   (8.48),    , q  r,  

    .  ,  
       
 

             (8.58) 
    (b-1=0Ψ,    (b-1≠0) 
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   (8.58Ψ      
   μ 

            (8.59)  

       : 

                                            (8.60) 
     ,     

 , 

 
   ,   (8.50) 

   , 

                                                       (8.61) 
 

 
       

 ,     ( Ψ 
   (8.60)  (8.61)    
   

∆xn-i= n+1-i — xn-i,    і = l, 2, ..., k. 

  μ 

                                           (8.62) 

                                         (8.63) 
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      -

 ,     
 ,     

     +1 

       
 μ 

                                                         (8.64) 
 

 

 
          -

  

                                            (8.65) 
     

                                         (8.66) 

(8.67) 
—  ,      
tn,  

 
 (8.60), (8.62Ψ  (8.65Ψ     

-    (8.1Ψ   
   (8.βΨ,  

  tn+1.      
  (0)

n+1    
        

(8.61),   (8.63Ψ    (8.64). 
 (8.60), (8.62Ψ  (8.65Ψ   ,   
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(     h),     
  . ,     

(k =βΨ        ,   
  μ 

(8.68) 
   (8.60), (8.62Ψ  (8.65Ψ   

     k ≤ θ ( . 8.2,   ).  

 
. 8.β.          

   —  ( , )   
( ); ( ) —   

 

 

,   k≤β    - , . . 
       

 Re(h )<0,   —    
     (8.45Ψ.  k = 3, ..., θ ,   

, (α)- , . .     
   еarg(—h )|<α,   ,—  

,        
  ,      

    ,   .  
. 8.1   α     k≤6 

     q = hj/hj-1. 
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 8.1 

(α)-      
 

 
       -

 +1,   ,   -

. 
1.  -   ,   

                        (8.69) 
       

     

                     (8.70) 

 xn+1(h)  2n+2(h/2) — ,    (8.69) 

   h  h/2    tn+1. 
2.      ,    

 , 

                     (8.71) 
     . 8.2,   k≤7.  

       

                                                     (8.72) 
         

 ,     .  
    ,  , -

  (8.60), (8.62Ψ    (8.65). 
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γ.       , 
        

   — ,  ,     — 

 (8.51): 

                                            (8.73) 

      (8.45). 
 (8.73Ψ   k+1     

k.  (k)
   (8.73Ψ     

  ,      
  1β-    . 

   (k)   α   A(α) 

   . 8.2. 
 

 8.2 
A(α)-     

  

 
4.    ,    -

  « »  xn+1, xn+2, ..., +l.  
       

 tn = t0 + nh,   = ml + j (j = 1,2,...,l  m= 0, 1, β, ...Ψ,    
    μ 

    (8.74) 
,       

 (k = γΨ μ 

 
,    [xml-2, xml-1, ml]

t
 ,  

       
[xml+1, xml+2, ml+3]

t
, a    .                                        

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 44 

      
 ,  ,   (4.48Ψ, (4.50) 

 (4.ηγΨ,    . 8.3. 

 8.3  

(α)-      

 

 
       

,      
     h . ,   

     k≤25. 
  .     

   ,  
    .  k-  ,  

  +1    x(tn+1)  
     xn-k, — k +1, ..., —1, 

       

                       (8.75) 
    (8.75Ψ     -

  +1,      
   .    k-  ,  

 

                                  (8.76) 
  (k+1)

( ) — (k + 1)-     x(t)   
 t  <  <tn+1; 0(h

k+2
) —  ,  h    

k + 2      ; Ck+1 — , 
  . 

,   —  (8.51) 
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   (8.60Ψ    

 
     k = 1 2 = 1/1β  . 

 ,   (8.76Ψ    -

 ,       

   . 
 ,      

    , , 
,   (8.65): 

(8.77)  
      

xn+1(h)  xn+1(h/βΨ,     tn   
tn+1     h      h/β,   

                                               (8.78) 
 k —    . 

,     ,   
    μ   k 

   k + 1.       

 
    

                                                        (8.79) 
,    ,  μ  

  ,    k  -

  k + 1. 
 ,    (8.61), (8.63Ψ  (8.64Ψ  
   ,     (8.60), 

(8.62Ψ  (8.65Ψ,        
   μ 

                                      (8.80) 

 ,    (8.80Ψ     
(0)

+1,        
  (8.βΨ.   (8.80) 
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    (8.77Ψ,    
(8.64). 

       
( Ψ  m ,    

      -

  +1   * +1    
 . 

         
  (t0, t0+T)     

 m    .     
       

                                                        (8.81) 
  ,   -

  (8.81)     , 
 ,     ,  -

      .. 
    ,   

 (8.81)  ,   
       

. 
,    (8.1) 

 
       (8.60) 

 
  μ 

         (8.82) 
 ,    ,   

,    +1  * +1   
,  ,       
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—         ,   

     (8.80Ψ  (8.76).    
   

(8.83) 
,    (8.82Ψ  (8.83Ψ,  

    ( Ψ  

                             (8.84) 
 

 
 ,       (8.84) 

      
 ,    

    L  U   
       

(8.1θΨ  (8.17Ψ.     En+1   n+1 (  
Ψ       ,  

    . 
   (8.84Ψ    En+1 

       Emax  
      

                                                   (8.85) 
  = 0,5 (0 <  < 1) —  ,    

, 0 = 0,1 m    ,min≠0. 
 (8.85Ψ  ,        

(8.84Ψ  n+1  n+1,    (8.76Ψ  
h  , . .  

                          (8.86) 
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   ( Ψ.   (8.76Ψ  
 (8.81Ψ,     

        
  h: 

                                                      (8.87) 
   . 8.3  k = 1, β, γ,  4. 

 
. 8.3.      

         k    
 

   ,   >     
(   Ψ     

,  b<  <  —    (  -

Ψ,  <  < b —       <  — 

     .    
  . 8.3     Ck+1  x

(k+1)
(tn+1),  

       k  
   h        

.    . 8.3,    
         

         
     k  

.     
        

                   
  . 

       
   ,    

  .    k  
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    .   
      « »  
 ,     

  .  ,    
  . ,     

  ,        
  « »     , 

  hj-1              
     « » ,  

     hj.   , 
 « »         

 
     

 
      ,     
    q = hj/hj-1. 

        
 .      , 

 ,      

                                                      (8.88) 
    (8.87Ψ  (8.81). 

     (8.76Ψ  (8.80Ψ  
        

    

                                                (8.89) 
  ,   

    : 

 
    k    

 ,    i  (i = 1, 2, 3). 

   h      
(8.88Ψ.         

  ,      
      

       
. ,     . 8.1   

    ,     
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        (k + 1)-  

    . 
      k = 1   

   .   
         

 .      
,  ,     , 

 ,         
      

 ,    . 
         

 ,     ,   ,   
   .    

     .   
        . 

   h  k   
  ,     

. 
   (8.77Ψ    (8.65) 

       
  1,β.....(k + 1)-  μ 

                                             (8.90) 
    , 

     , 

 
     ,     
і (i = 1, 2,  ..., k + 1Ψ . 

        

                                                         (8.91) 
 і = | і |; 

 
 —     ;   i —   -

  . 
           ,       
,   
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 .      

      -

       
(8.64Ψ   (8.65). 

 ,       
  .    

     
        
  1-   (k + 1)-      (     

(k + 1Ψ     (k — 1)-   (k + 1)- Ψ,   
     . 

  .   
      ,   

   .   βη   
        . 

5.      
   ( і = —0,1;  —0,5;  —1;  —4;  

—10; ±j100): 

 
       = [0,   20]

t,      
  h0 = 10

-2
. 

5.    ,   
          

 μ 

 
    =[0, 20]

t,  
  h = 10

-2
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D6.      
    
( i = 0; —1,0 → —8,6; —3·10

7 → 4·107
, 

  →   i     
Ψμ 

 
   m  = 1,     

h0 =γ,γ • 10-8
. 

4.                 
  μ 

 
   m  = 10

3
    h0= 10

-3
. 

       
,   

 
5.                  

  μ 

 
   m  = 10

3
    h0 = η•10-5
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,   
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    ,   

   = 10-4,   . 8.4.   
   ,       .   8.4: 

 8.4 

    = 10
-4 

 
1  —       (8.59Ψ  (8.60), 

     GEAR; 
2  —   ( Ψ       

(8.62), (8.63)       (8.80),   (8.88),   (8.89); 
3  —       (8.74Ψ  

 (8.80), (8.88Ψ    (8.89Ψ,    
STINT; 

4  —         (8.73) 

   (8.88Ψ  (8.89Ψ,    
DIFS UB,        

  (8.79Ψ  μ 
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         . 

,      
 —  (   Ψ  ,  . 8.4  , 

        
  . 

   ,    ,  
    .  (    
 Ψ  ,     
       , 

        , 
  ,    ∂f/∂x   
    . 
 5       

,  ,         
  =10-4.    

      , 
    .   

     10
-7

,   5   
 β, γ  4    . 

 . 8.5     (k = 1),  
   (k = βΨ   (k ≤ θΨ    

 5.  . 8.5 ,     
,   ,      

       
. 

 8.5 
   5    

   10-7
     

 
- ,    ,  

     (   
Ψ   ,    
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.    « »  ,  
    ,   

       . 
      -

      
      

  .   ,     
     

   ,     
  ,      

       
     ,   
     .  

   ,   
« »    . 

    MINSTEP,   
      , 

   .  MINSTEP  
,        

  («   »Ψ,   —  
 . 
   ORDER,   -

    k≤θ,     
       

   . 
 REJC,     -

        
 .       

 ,     10—β0%  
 . 

  CONVTA    
 ,      , 

,    .  ,  
      

,      
 .       

 .        
         

 .     
 TRUN,     

        . 
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  .     

      
     . 

    , 
     , -

  ,   , 
  DAMP     
     ,  IVZ  
    ,  TAYDC  
         

    . 
 ,    -

     
   ,   -

    .   , -

       
    ,  

      
       

.    ,     
      -

 ,       
 ,      

     
. 

    
.      

       
 ,    

    .  
,      

   ( . 8.4, ),   
-  μ 

                                               (8.92) 
 

                                                   (8.93) 
 R, G, L, , , j —     ;  

0 <  < . 
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. 8.4.     μ  — ,  

 —   
     (8.60Ψ  

     ,    

                             (8.94) 

                        (8.95) 
    (8.92Ψ  (8.93Ψ   

 (8.94Ψ  (8.95Ψ    
 ,       

tk+1: 

                                       (8.96) 
 

 
 Z, Y, E, J,    (8.96Ψ,   

,     (8.60Ψ   
(8.73Ψ  (8.74). 

  (8.96Ψ    -

  .     ,  
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 Z  Y       k   
     .   

  ,     (8.96) 

  . ,  -

   ,  

                          (8.97) 

                          (8.98) 
  —        ( Ψ,     

. 
   (8.96)—(8.98Ψ    

 βn — 1    μ  

               (8.99)                            
  (8.99Ψ ,    

     ,     
     ( c. 8.4, ). 

 Zα  Z         
       

 (8.100) 
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(8.101) 
          

Z , Zα, Z1, Zn      . 
  ,      -

,   (8.97Ψ  (8.98Ψ   
  ,   

   ,   
   .     

      
, ,    . 

 

8.5.     
 .     

    , -

       
 ,    . 

       
     . 

      ( Ψ 
AV=B     , 

      -

    ( Ψ.     
   .     

    ( Ψ.   
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( ,  Ψ     
   .    

V = (V1,V2...Vl,VL), 
 Vi —    i- o ; l —  

; VL —    (L =l+l).  
    

 
      L .  i-   

  Vi,      
       

 
 i  BL —     . 

,      
 L   ,   α>1   (8.43) 

  .  ,      
       
    . 
       

       
     . 

    i-     
      . 

,       
  ,    . 

     
       

 .        
 ,       

   μ 

 
 V  Z —   ,    

 (      
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   V  Z).     
 h          tk 

 
 

 
  V(tk+h)  Z(tk+H).  h<H.     

    V   Z(tk+h),  
      , 

  p+1     Z(t). 

  —   .    
 =1,   Z(tk+h)     

    Z(tk)  Z(tk+h).  
    V   —  

    V  Z    ,   
     . 

       
        

  ,     
 .    

    ,  
.      

—         
( ). 

      
.      
  .      
    ,    -

  .     
   ,   
  . 

       
     ,   . 8.5.  

 
. 8.5.     
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  I    ,  
  —  ,  F —  

     .  
   — '  b—b'     

 . 
      

       μ 
1Ψ         

   — '  b—b'; 
βΨ           

  . 
      — 

      
.  1  ,     

  .  β  ,   
       1 , 

,   ,  . .  ,  r 

 ,       
    (   

       0Ψ,  
      r—1. 
      

    , 
        

.       
 .      

 r       
      . 

      
       ,  

      . 
      

 -      
.      . 

      
  .  

     
   ,  . 8.6. 
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. 8.6.      

   ,   
     A,    .   

 ,         
      .   

    ,   
      

    Д0, ].   
      

,         
   (    Ψ. 

,       
  Д0, Ж      

         
    ,   

   .    
     . 

        
   [tk, tk+HjЖ,  Hj —  , 
       j-  

  .  Hj   
 ,     . 

    .   
        

 я    . 

       
  ,   

  .    
     -

  .      
 —      

   .     
-       

 —  .    
  -     

,      
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  ,   
    .  ,   

      
 ,     -  

   ,   
    —  . 

      
      
      ,  

  .     
       

   1  2,    
    q,    q —   
      1  2.   

   ,   i-  

     1  ,  
  2 —  ,   (i +l)-  , ,  
  1 — ,    2 —  -

.         q  
        q. 

  .   
      h   

  .    
  ,      

   h.      
,   h       

 .     , 

 ,       
   ( Ψ, . .  ,    

   ,   
     .  

      
   ,     

       . 
      , 

    .   
    .   

   
                                                      ||∆V||< ,                                   (8.102) 
 ∆V —    ;  —  

 . 
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  (8.102Ψ      ∆V  
  ,     ,  

  (8.102Ψ      
 ,      . 

  (8.102Ψ     ∆V   
    ,   

   ,      
,   (8.102Ψ . 
 ,    ,  ,  

  ,      
   . 

 .   — 

      
      

.      
   μ 

1.  . 
β.     . 
γ.              

 . 
       
.       μ 

Ml —   ; β —   
 ,    I   ( . . 8.5Ψ  

     , 3 —   
.  Ml  β    ( . . 8.5). 

  μ - ,  
,  ,   

 ; - ,  , 
   .  
   ,   

  I .    
       

 ,    ,  
        

 Ml  β       Ml 

  ( Ψ.    
     ,  

  I   - . 
,       

  Ml.      
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 Ml  3.        
,      , 

       
  .      3  

         , 
     ,    I 

  ,     .   
—     β     Ml, 

      
 . ,      

       t   
.       

    
    Д0, t ]. 

 

8.6.      
   

 
   .   

       
    (6.93Ψ, . .    

.     ti   
  Vi=(v1i, v2i, ..., vni)   Ui . 

 Vi  Ui      (6.94Ψ,   
 v'ki,         

 ti+ k,  k —     
vk    .    -

 ,     (6.94Ψ   
  V  U,    

 ti+1=t1+1 ( ,      
Ψ.    . 

       
, . .   k  k≈0,    (6.94) 

     
 vk ,       

      .  
     ,    

 (6.93Ψ,      
         

 .   —     
                                                     V=F(V,U).                               (8.103) 
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   (    
Ψ       

. 
      (8.103) 

      k = 1.  
  ( Ψ    V0  

    (8.103Ψ,     
 V1.     V2  

 V1    (8.103Ψ  . .   
       
 Vi = Vi-1,   i —  ,    

i= im x,  im x —    .   
      

 -      . 
        , 

   k- o   Vi     
  i-        

       Vi  
  i-  , . . 

vk,i = F(v1i, v2i..... vk-1,i , vk,i-1 ,..., vn.i-1). 
      

  U     V* 

   (8.103Ψ.  V*    
       

,    .      
   (8.103Ψ   , 

    .  
   ,       
     .  
     V   

V.       
   V0 = V  ,  ,   
      -

        . 
      

,       
  . ,     

   . 
    .  

     
      . 
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 0   ,     
  .  r  ,    

      r —1.  r  
    r.     
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    .   
       

  ,      — 

  ,     
       .   
  ,      
      . 

      
  . 

     
 ,   ,   
    k ,  k=1 

    k =2  .   
         =s/k 

   ,  s —    
  .    -

        , 
        

  . 
     

   ,    
   .  

       
     ,    
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    .  
      .  
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,       
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    ,    

.       -

  .     
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 —   Ψ  
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8.7.    
 .    
       

,       
   .   
       

     X,     
  Y  . 

       
  ,    
  ∆xi   X   

    ∆ j  .  
   (  

) i- o  xi  X  j-   
 j    

aji = dyj/ xi ≈∆yj/∆xi; 

    
bji= ai i / j , 

 i   j  —    xi  yj 

. 
      

.   —   X,    
  +l    . 

     , 
  ,    

 ,    —   . 
   , ,  aji, 

      i, 

 i  +∆xi  i  —∆xi (     
   Ψ.  aji   

  j,     ,  β∆xi. 

      —  β   
  . 

  ,    
,      

 V(t),     .  
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 Y       
X    . 

        
  (  - ).  k-  

      xi 

 X   xik     
 Yk,    .  
   N    

 Yk      
   . 

        
 

 
     ξ ,  

   Д0, 1Ж,     
xik  xi,    p(xi).  

  ξ   , 
      . 

  ξ    F(xik) 

   xi,   

 
  F(xi) ,    

    , , ,  ξ  
ik,         

   . 
  ξ    
    k   

  U = ( 1, 2, ..., Ψ     
 ik  ik.    U , 

      
  i,     -

   Z     U  Z. 

      i  
    ik,      

Zk = AUk      —    ik 

  . 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 73 

  ,       Z 

(  U)  X,      
      

       . 
   Yk   

 ,     
  .    

    j   i 

,      
 j  i.    
     xi  j, 

 ,    , 
       -

. 
        

 N.      

      
  N=50-β00.    

 ( ,       
  ,     Ψ  

      
.       -

 .       
      

. 
   .  

     ,    
  ( Ψ  

     . 
   .   

  X=( 1, 2, ..., ),    —  
Y= ( 1, 2, ..., ),  xi —    i-  ; j —    
j-  .   k  X   

    Yk  Y. 

 {Xk, Yk}    . 
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    .  
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( ),  ,     

    , — 

. ,     
  ,   ,  ,  
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   ,  β    
  2

+q
  ,    

   (  q —     Ψ. 
      .   

   k,     
 . 

       
  .    
 ,    

  .     

 «  », «  »,  
       ,  

«  »,    -

  . 
      -

 .     
     .  

        
   .   

       Xk   
,      .   
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(0),    -

 (8.123Ψ.    i
(0)  , -

  ,   -

      
  (8.121) 

 
   (8.120) 

 
. 

  (8.121Ψ  ,     
— μ 

 
  

 
   ≤1      -

 (8.8Ψ  (8.9). 

     
       .   

      

    , 
  i

,      

 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 85 

  j-      Wi
, 

  

                                           (8.124) 

 j-      1,  
 .  j    , -

,    ∂ i(( i
)/∂ i
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(8.130Ψ  (8.126Ψ  

                  (8.131) 
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 ∆ i+1

 [
i
(0), 

i
+

1
]    [

i
(0), 

i
]  g[

i
(0)]  

  i
(0)   .  
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     i
0=yi,   

  i == 0. 
 -    , 

  

 
     (8.7Ψ    

     

 
 xmax —    i

0. 

   ,    
  

 
,  i+1

0 =y
i+1

,   . 
      -

,    ( , W)   
       

             

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 89 

        
   . 
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    .   
        —   

« »     .   
      -

 Ks   ,    
    . 

     s  
   , . .      

     (   
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       .  ,    
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  . 
      

( Ψ    μ 
—        ; 
—                 

  ; 
—      ; 
—     ; 
—               . 
          

   ,     
. 

         —     , t — 

  ,  t × t —     
    .      t × t     

  t × t,     —         
( ,  ,    Ψ     

.      
R={r1, ..., rj, ..., r },  rj  t × t     
P={p1, ..., pj, .... ),  S = (A, R)  U = (A, R, Ψ  

    .  
                  U1=(A1, R1,  P1)  

U2=(A2, R2, P2).   U1,  U2     μ   
A2 = A1 ∆A,  ∆A —  ,   R2 = R1 ∆R,   ∆R — 

   , P2 = P1 ∆P, ∆P —  ,  
 U2   ,   U1,    U1 

  ,  U2. 
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  .     
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F = { f1,  f2,…, f }. 

      f  fi≠ fj i≠j,     
  

 
 

 zij = 0  fi R fj  zij = 1  fiR fj. 
      R      

  . 
      ,     

        I 

        (  — 1Ψ μ 

 
  ,   ,     

  k    , 
    0   — 1. 
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—      R* — -     

 R; 
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1 [F] = [L0,  L1,...., Lm], 
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7.               
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      ,  
       4  
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7, 8, λ ( . 8.13).  
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 θ, 7, 8  λ.     θ, 7, 

8  λ ,       
  μ 

    θ 
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      7 
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                             (8.139) 

        .  
 (8.139Ψ     ||bij||  ее ijее.  

      

                                         (8.140) 
  

 
—        ||aij||;   

     (8.139). 

   (8.140),   ||bij|| -

 μ 

                                   (8.141) 
  cij   μ 

                                            ij = ij ( j/ibij + i/jbij),                        (8.142) 
 j/ibij = (bij — min bij)i —      

   ij=1  i-      , 
      bij≠0; min bij — 

  j  i-        
   ij = 1; i/jbij = (bij — min bij)j —  
       ij = 1  j-  
    ,     

  bij≠0; min bij —   i  j-  
        aij =1. 

    || ij||. 
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(8.144) 
  ||aij||

5
1             

 
   : 

            (8.145) 

              (8.146) 
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  (8.146)    cij = c12,   
ij= a12 = 1,   . 

  (8.144)      ,  
 12    

 
(8.147) 

    (8.140)  
 (8.147),       || ||

6
1     

cij = 0    ij = 1. 
 ,      
      ,   

   || ij||      
. 

      
        

 ,    . 
      

 . 
1.      || ij||

n
1    ,      

,           
 ,     ,      

,   ,  . 
β.     ,    ,    

      ,   
  ,      ,  
 ,  . 
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γ.       .    
 ,    ,   

        N .   
  || ij||

n
1   ,     

   . 
4.             

,   .  . ,  
 ,     ,   ,   

       aij ≠ 0.             
 ,   ,       

( Ψ.    ( Ψ    .  
      N .  

   ,        
   .     
 ,     ( Ψ.  

,    || ij||
n

1     
 . 

η.    ( Ψ     
  N    || ij||

n
1. 

θ.      N  (  
Ψ   N    || ij||

n
1. -

        .      ( Ψ  
 N         aij ≠ 0.   

   ( Ψ   N     N . 
7.      .  

( Ψ  N   N    ,  

     ( Ψ,   
( Ψ ,       

. 
8.       N   N   

 . 
      

 (8.147Ψ.      ,   , 
 ,     

, .     
.     θ.    1. 

 θ         
 N .  16 =1.  .    

,   14 =1.   4    
  .     1  

  4     N . 
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   .     η. 
   2 (   ηΨ.   η    

 35.  .    γ    
    13.  .   1  

  .    2 (   
Ψ.    .     γ. 

  (   γΨ  3  . .    
   N .    N      

,    N . 

(8.148) 

  (8.148Ψ ,      
 1, 2, 3, 4,   . 

    ( . . 8.12), 

        . 
        

 .   ,  
    .  

8.15.    
   

      ,  
 ,    -

       . 
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    . 

        

       , 

       . 
 ,       

   ,     
  . 

       -

    ,     -

    .   
       

      
.   ,   
        

    . 
      ,  

 ,         
  ,       

.       

      . 
1.  .     

     , « » 

  . 
  ,      

 ,      
   S =||sij||.             c   

    μ  

 
    

                                              (8.149) 

        
        

μ 
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                                (8.150) 

       -

       
,  n . 

2.  .    
    ,   

      . 
   (8.150Ψ   N  

   

 
       

     . , 

  «  »,   
.       
   (N>0Ψ.     

     (N=0Ψ.   
   N (N < 0). 

 ,     ,  
      

. 
        -

   ,   
   

2
. 

 ,   ,      

,      
   = 2 / .     

ρ1 — ,  —   i-    
. 

     
   μ 
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  2   « » 

 ,      ,   
 .      

   c     . 
3.   .    

   D,    
     .    i 

 j          
     .  

  D    

 
      D,  

 

 
 Dmin =  (  — 1) —      

 ,   . 
      
 —  μ 

 
 D , D  d     

   ,      2
  N  

        
,       

. 
4.     .   -

              . 

       μ 

 
 zm  —    
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       0  1. 

 . 8.19     .  

 
 

. 8.19.     
,   . 8.19, ,   

  — α=1.    
      ( . 8.19,   ) 

5.  .       
        

  . 
      

     .    
       . 

         
   ,      
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  — ,   .  
    —   

,   ,     
,         —  

            
 ,    .  

     . 
6.  .     

      ,   
  .     

 ,      , 
        . 

         
    , . .  , 

       . 
        , 

       ,   
  ,      

    ,   
 .     

   . 
         

     .  
     .   

       
   ( . 8.13):  — ;  — 

;  — ;  — ;  —  «  
»;  — . 

      
    .    

  . 8.7. 
 8.7 
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      . 8.7,          
. 

1.     N < 0,     
( , , Ψ N = 0,    

   ( ,  «  »Ψ — N > 0. 
β.     ( ,   ,   Ψ   
N = 0    2.   

   . 
γ.            (    D)    

  «  »,  — ; 
   ,    α, 

   D. 
4.    ,    

  N, D, α,     2
  

R,    ,     
       
   . 

         
      — 

 . 
         
        
. 

       
       .  

      
        

        
.         

        
    ( , 

,   .). 
      

.         
  ,     

.  ,  ,    
            

. 
      

    , , 
,       
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   .   
        

      , 
  ,   
       

.        
 . 

      
      
,        

.          
      . 

        
 ,     

      ,  
   .     

,        
.         

  ,    
 , . .    , 

    ,  
     .   

   R  ,   
   . 

    ,   , 
  ,      

      =  + 
2
. 

   Rin,    

  ,    

                                                                   (8.151) 
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  —   . 

    RiT2,   I  
  ,   μ 

                                                          (8.152) 
    

 
 [ ij]

2
 ,  i-    j-    

2
. 

   (8.151)  (8.152) μ 

 
    

 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 131 

  ,      , 
  , , -

     ( Ψ, 
     .  

       
 , ,    ,   (  Ψ 

      . 
        

  ,      
  ,  ,   .  

 ,       
 ,       — 

  ,     
    , 

      . 
      

     .  
      

 , 2
1  . .   ,       

    0.      
: 

 
    

 
 
   [aij]

k
 — ,  i-    j-   

 Ak
 = ([aij]

1
 = ij). 

       
   ,        

       
   ,    
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    ,     
        . 

     ,  
     ,   -

.        
      .   

   ,    μ 
«       

     ...»  . . 
       ( . 

8.20Ψ,      ,   
. 

 
. 8.20.      

 
 ,      ,  

  i- o     .  
   ,  i-     j- .   , 

        
 ,       
   . ,   ,  

     .   
,    ,  

 ,     ,   
 . 

      « » 
    ,  -

,     .  
  ,    , 

     
 . 
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 ( Ψ R.    —   
,    . 

,    ,   
 ,     

  ,   
.         

    . ,   
        

0,    — 1,   
                                               Jn=H0-H1,                                     (8.153) 

  ,   
,    , 

  (   
). 

      
       

,         
   (   -

  Ψ.  
                                          J  = log n — H1,                                  (8.154) 
  —   ,  

                                                    (8.155) 
   J     

R=1/ ,         
 J  > 0.    .   

     
  .   (8.155Ψ   

 k   Hk.   Hk    
     

                                             ∆Jn = k – ( k - 1)                            (8.156) 
  ,    

  .   
    ∆J  ,   

   (   « »  
∆J  < 0Ψ,     . 

      , 
 ,    
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.       , 
   . 

,   k-      
 ,   « »   ±∆Ri,   

(k + 1)-      .   
i-      k-   

 
 i= ∆Ri /R0i; 

 (k +1)-   — 

 
,  (8.156Ψ,   

                                                (8.157) 
 (8.157Ψ ,     -

   ,      
,        
   . 

    .  -

 ,       
  ,     . 

      
  ,    .    

       
      
   —  .    

 ,       ,  
  ,   . 

     , , 
 ,   ,     

 . 
       

   .   ,  
   ,   —  

( Ψ  .     
    . 

     
μ   ,    
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   ,   ( Ψ, 
     ( . 8.21Ψ;   

    , . .   ,  
      

. ,  1, 2, 3    ( .8.21, ). 

 
. 8.21. μ  — ;  —  

,     1, y2, y3  
  ( . 8.21, ).    

      
 . 

1.       . 
  .     

  ( , )        
      .   ( , )  

μ 
Ψ   ( , ) = 0; 
Ψ   ( , ) +  ( , z)>  ( , ); 
Ψ    ( , ) = ( , ). 

     μ 

 
      ,  
,     ,   

,     —  
 .     ,  

      . 
β.     .   

  ,      
  . 

 ,      
. ,    ,   
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    ,    
 . ,     

  ,      
   ,      

 . ,    ( . 8.21Ψ   
    2, 3, 4.     

   1  5 ,    
    3  y4.  

      . 8.22     .  
        . 

 ,      
. 
 

 
. 8.22.     

 

       
, ,      -

  ( . 8.23Ψ   6, 7, 13. , 
  (   Ψ 8, 7, 13    

       . 
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.  8.23.        
      ,   ,  

 ,      -

.          
   . 

            
 «  »?    -

,      
 ,    ,    

       
 (  Ψ.      
  ,   , 
 .       

 ,     , 

    . 
          -

   ,   ,    
      . 
  ,      . 

 ,    
 ,  ,     

,       , 
      . 
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     ,  
       
      

. 
 

8.16.    
 

        —      
   , . .  , 

        
.    .   
    ,    

   .    

. 
           

 .      
  . 

    1.        G (X,U). 
  β.     R1 = + ,   —  ; 

«+» —   ; R1 —   
, i -       

    i-     ,    
  . 

    γ.     R2 = R*
2
,      «Ω»   ,      

 R1×R2     -

  . 
            R = Rn = R1* , 

 R —    G( ,U), i-    
          

 ,  i-     .    R  
  × . 

     R   R1   n-  . 
 R1*

 k
 = R1*

(k-1)
,      R = R1*

 k
,  k < . 

    4.     R.  R = Q,  Q=[qij],  
 ,           i  j qij= 1,     
  , . .      

  .  R≠Q,         
  .   ,  ,   , 

    8. 
     η.             

 G0
(X,U),      
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G( ,U).  R
0
=( + +D)*

n
,     

. 
     6.             

G( ,U). ,     , 
  i,    i -    

R
0
.  R0

=Q,   G( ,U)     .  
      8.   R

0≠Q,   
   . 

    7.     G( ,U) (  )   
. 

    8.     =R+R
T
.   

, . 
     λ.       .  

,   i,    i -   
 . 

     10.     ,     
  Eφ A, φ = 1, β,…., . 

         11.    R+=(A
0

++ + + +)*
0
,  

 +—        

V=W/
1

Bφ  Bφ —    φ-   

 ,   . θ  7. 
     1β.     '   ( Ψ 

 ,       
. 
    .  

 ,     ( . 8.24). 
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. 8.24.     

 
     μ 
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(8.158) 
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(8.159) 
  

 
                           

(8.160) 
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    ,               

1=θ, 7, 8, λ, 10  2=3, 11, 13, 15, 16.  

  

                              (8.162) 
        S1={1, 4, 5}, 

S2=д1β, 14ж  S3 ={2}. 
    ,       
   ,     

(   Ψ 
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       ′
  ,  

   Ds     
 ,      ′

. 
           B1   2    

   

 
             

     (∆, ),  ∆ 

—   ( );  —  
  (   ).          

        
,       

  .     
   ,   

  ,   , 
   G (X, U),  

   ,   
(∆, Ψ. 

      ,      - 

   μ 
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                       (8.162) 

   (∆, Ψ   . 8.18. 
    ,   (8.160), 

    ;   (8.160)  
  .  

       
   , . .     . 

       , 
 ,       

 .       ,   
       

      ,    
  (     

 Ψ,       
      . , 

      ,  
          

. ,       
       

  ,   ,   
 (   ,    

 Ψ     
  . 

         ,    
     .  

      — -

  —      -

 ,    
 ,       

     , 
,       

    . -
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«  ». 
 

9.     
     

 

 
9.1.     

 
 « »      

      « ».  
     ,   

     

       
        

 . 
       
,       , . . 

        
 . 

      

( Ψ  (    
    ,     

       
    . .Ψ,    

        
  ,   . 

,      

        . 

 ,   ,     
         . 
       

 ,       
  (   Ψ   

  ,   . 
            

  .     
        

  ,   ,     
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   .   
       ,  

     

        . 

      
        

 .   
        

,        
   . 

        
 .        

        , 
,    ,   .  

      
        
,  ,     . . 

        
 ,     , 

, ,    
 ,   ,   

  ,   (   
Ψ . 

      
       

  ,      
     
,      

      ,   
    , 

     . 
       . 

     
   ,   -

 ,    -  
,     , 

        
. 

     
        

= (υ1, ..., υnΨ,       
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V= (V1,..., Vn). 
        

      
  X=( 1, ..., ),    

        

 ,   ,   
,   ,    

. 
 1, ...,     

 ,      ,  
  ,     

  ( Ψ    ,   
         

 ,      . . 
  F( )=F(x1, ..., xm)    

i( )= i(x1, ..., xm),.     , 
    1, ..., . 

      
 F( ),   i( ),  , 

      X.  , 
       

  . 
      

      
1,..., ,      

                                               F(X) = F(x1,x2,...,xm)                          (9.1) 
  (   ) 

   
                                         i( 1,..., )≤0,    i = 1,β,…, ;                   (9.2) 
                                               aj≤xj≤bj,    j = 1,β,…, .                             (9.3)  

  
                                                         i( 1,..., )≥ 0                               (9.4) 

         
    (9.2). 

  (9.βΨ  (9.4Ψ      
    ;     

        
                                                  i( 1,..., , +i)= 0                          (9.5) 

    xm+i,   
  (9.2) xm+i >0,     (9.4) +i<0.   

     , . . 
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 —  , =1,β,… q, q≤m. 
  ,      

,         
 , . . ≤ .  —     

   .  —    
,       

 .  = ,      
       .  

  F(X)    . 
   (  

Ψ   (9.1) — (9.ηΨ    

 .     
 (9.1)    ,    

   ,    
      ,   

    . 
      

      
 ( ,   ,   

 ,    . .Ψ  
   ( ,   
,   . .Ψ.      
      

. 
       

     
     

.     
        

 ,     
  , . .        

 
                                         i( 1,..., Ψ≤0,    i = 1,β,…, ;                   (9.6)                 
                                           aj≤xj≤bj,    j = 1,β,…, .,                          (9.7) 

    

                                                                (9.8) 
   ,  -

 (9.θΨ    (9.7Ψ       (9.8). 
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   —      -

,     .    -

    — -   -
.  

    (r)
     

x
r
1,....., x

r
—    ,    
   (r),     -

. 
 F(x1, ..., )      -

 , ,  -
   

   F( )    i( ). 

  (9.θΨ   
 (    — Ψ. 

 (9.7Ψ  ,   
   .  

 (9.θΨ  (9.7Ψ    ,  
         

     F(X),    F(X) 

  .    
. 

 9.1.     -

μ    
                                               F(X) = 1- 2,                                      (9.9) 
  

                             (9.10) 
   3, 4  5, (9.10Ψ   

 ,      
.    

                                                    (9.11) 
      = η,    = 3, 

 — =β,      -

    2
, . .  . 

     μ 
                                       j≥0,   j=1,2,3,4,5                                     (9.12) 

   (9.1βΨ    
   2

. ,  1≥0   
,  4≥0— ,    

   β 1— 2+1=0,   ,    
. ,  x4<0,  ,  

   (  . 9.1,    Ψ. 
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. 9.1.     ( Ψ   -

    ( ) 
 

    xi   . 9.1, . -

     OABCD.  -

   (9.λΨ     -

     . 
       
  .       

  ,    F(X)  
   .     

    ,    .  F(X) 

       ,    
  (   Ψ. 

     
  ,        F(X) 

       , 
  .     

      
,       

    . 
         

  .        
        

,      
      

. 
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9.2.     
   

       
      .     

      

 . 
 .      

     ( Ψ   
       

.        
       ( Ψ,  

       
  ,    . . 

      , 

      . 
      

     ,   
,     ,  

        
      

. 
,       

      
    ,   

       
    .  -

       

    ,    ,  
     ,  

       
 . 

      
 -  ,   

      
 .     

       
   -  .  

,       ,  
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    .  
      

    . ,  ,  
       

  μ    
 ,     

  ,   
.        

  ,    . 

       

,       
, ,       

    ,    
       

    ,   
 . 

         
 ,      
.      

         
   . 

     
        
 .    ,   

,     .   
      

,      . -

     ,  , 
     ,  
  ,      
.       

       

       -

 . ,   
    ,   ,  

     ,   
 ,       
. 

        
    ,   , 

      , 
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    ,  
   ,    

    . . 
 9.2.  .    -

    D = {d1, ..., dn}      
  Dk, k=1,β,…,N,    -

       
  F(X). 

   N     
  μ 

F(X)→min; 

                  (9.13) 
 Dk D —  ,   k-  

 . 
   

 
 ,     Dk  

, . . 

 
    (  >100Ψ  -

        
      . 

       
   .  

       
 N   ,     
   .   X  

,  xik (i=1,β,…,n, k=1,β,…,N)  
      di D  

 Dk, , . 

 
   F(X)   

    Di (    N -

Ψ,   N,    Di, -
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  . ,    
 F(X)  . 
 F(X)       -

 Dk, k=1,2,…,N.     
 μ    

                                   (9.14) 
  

                      (9.15) 

                                                            (9.16) 
 πij—     di  dj; υ(S)

i—  
 S   di; V

(k)
S—    S, 

   Dk,    υ(S)
i -

 di    ,  
  ( , , ,   . .Ψ, 

  (9.14Ψ  ,   
,     (9.14) — (9.1θΨ,  

   . 
 9.3.  .      -

,     , 
   .  ,      

   (     Ψ, 
    ( Ψ,    

        
.      .  

       
d1,d2,...,dn   q1, q2,...,qm (m>n)   

,      -

     .  -

  

 
        

μ    
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                                    (9.17) 
  

                    (9.18) 
 lks —    qk  qs; ij —   

  di  dj. 
  ,    -

    ;   ,  
        . 

 ,      -

      
 ,      

  ,    
  . 

 9.4.  .    -

        
 ,        

  ,   . 
     

  ,    
,  ,   . . 
     

      , 
      ,  

        . 
      

  ,   —   
      αk.   

 αk    Uk  |Uk|= k,   
  uk Uk     . 

   

 
      μ -

   

                                                      (9.19) 
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                                                   (9.20) 

                                         (9.21) 

              (9.22) 
 0 —    , 

   ; y(s)
ij—  . 

   (9.21),   (9.ββΨ       
. 

  ,     
     

  ,    
    .  -

        
 ,       

  ,      
.        

    , 
   ,   
,          

 . 
 .   

     
       

         
 . 

     
  .    

    , 
    .   

     
 (  Ψ X,   

  ,  .  
     

  (  Ψ  X  
    Y . 
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  ,    

m-      
 (  Ψ  k-  

 Ek
  .     

 k
   X  Y   

      
. 

      
     

 F(X),    . 

    
( Ψ     

    . 
     

     ,  
   

                                                     F(X)→min                                 (9.23) 
  

                                                  g(X)=0  h(X)≤0,                          (9.24) 
 g(X)  h(X) —    X,   

    X. 

        
,     .  

     ,  
     .  

       
      - ,    

      . 

       
       

                          (9.25) 
    

                                            (9.26) 
 yj

(0)
 —    yj; yj

( )
 —   

 . 
,    (9.βηΨ  (9.βθΨ    

 .     
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 ,     
   . 

      
     , 

       
       

   ,    
    .   

        
      .  
         

  . ,    
       

    ,    
,        

  .  ,   
     , 

    . ,  
        

    ,  
      

    . 
       

      
     

.       
.      

,     ,    
    . -  

      
      

. 
     . 

 6.5.     
 .   —   
  ( . 9.βΨ  . 
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. λ.β.    

 

        

  1, 2  3 (  Ψ,   
         

,    ,   
 . 

  F(X)     (  
 = 4η°Ψμ 

                               (9.27) 
 pg —  ,    . 

    z1  z2   -

     .   -

     
                                        K( )Z — S = 0,                                     (9.28) 

e Z=[z1, z2]
T
; 

   (9.29) 
—       

 ;  —  ;  —   
,   . 

         -

  ,     μ 

                (9.30) 
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   ,    
  

                                                     (9.31) 

                                                       (9.32) 

                                                  (9.33) 
    ,   

        
  .      

  I=
2
,  —  .  

 ,     
        .  

   i= ixi, i=1,2,γ,    
.      

                                                  (9.34) 
  (9.β8Ψ,  μ 

                                     (9.35) 
        

                                           (9.36) 
 z1

(0)
  z2

(0)—     z1  z2 . 
, ,      -

,      
                            — x1 ≤ 0, — 2 ≤0, — 3 ≤0.                              (9.37) 

           
    1, 2  3,  

 F(X)     (9.28),   (9.31) — 

(6.37). 
,   z1  z2     -

 .       (9.β8Ψ,  
   .   -

      ,   
 ,      (9.28) —  

. 
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9.3.    
 

 
       
      

X = д 1,... ..., )      -

  F(X)   ,   
    .   

        
   X. 

,        
  ,    

 .      
.        

 ,     . 
      , 

      

X,  ( Ψ   F(X). 

      ,  
    X. 

 F(X),   ,     
* ,  
                                                   F(X*)≤F(X)                                 (9.38) 
  .   ,   (9.γ8Ψ   

   ≠ *. 
 F(X)   X*  ,  
 >0 ,     S (X*)  
 

                                                  F(X)- F(X*)>0,                             (9.39) 
 S (X*) —   X*.    F(X) 

(9.γλΨ      
F(X)— F(X*)<0. 

 F(X)    X*  ,    
     .    
.     ,  

  — . 
     . 

    ,   
   F(X)  ,    

      
.      

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 163 

      
.        F(X) 

    X*   μ 

                    (9.40) 
 X* —  ,     (9.40Ψ  

,     —   
F(X). ,               

 
grad F(X) = 0, 

     

                                            
 ,    ,  

. 
     (9.γλΨ  (9.40) 

  ,       
      S (X*), . . 

                                       (∆ ) (∆ )<0,                                       (9.41) 
   ∆  = —X* — - ;      ((∆ =(X— *)  — -

); 

 
—    ;    —       . 

 (9.41Ψ    .  , 

  (9.41Ψ   ∆ ,  
 ,    (∆ ) (∆ Ψ>0   ∆  

—  .    
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     . 

    ,    
,   . 

      X 

        S 

   .  F(x1...,xm) 

   ,   
  S,    F(X),   
,      ,   

  μ 
1 = {( 1,..., ) | ( 1,..., ) —    S,    F 

ж; 
2={( 1,..., ) | ( 1,..., )—    S}; 
3=д( 1,..., ) | —  F(X)     

( 1,..., )}. 
 . 9.γ     

   . 

 
 

. 9.γ.    
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F(X)(a3>a2>a1>a0)     ,  

  ,    
 (  1 , 2 , 3     
,   3     Ψ. 

 ,    -

 .   ,  
   (     Ψ   

(  Ψ. 
,   F(X)   , 

    S,  ,  
    X1, X2 S        (0≤ ≤1)   

    F( X1+(1— )X2)≥  F(X1)+(1- )F(X2).  
F( X1+(1— )X2)≤ F(X1)+(1- )F(X2),   f(X)  

.     ,  ,  
     .   

      
  .   F(X) 

      (0)
= ( 1

(0)
,..., 

(0)
),  

  

 
. .       . 

 Fij(
(0)

)—          ,  
  (0)

. 
 F(X)       (0),  

 ,  , . 
       

  μ  ,    (0) 

   ,   
         

   ;      (0)
 

   , ,   
          

        . 
      

     F(X)  

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 166 

  ,  , ,   
      

  ,    
      . 

 ,    ,—  
 ,    

   . 
      

:       
   ,    

;      
    ,    

     —  ,   
 ,       

  ,     
,       

,        
. 

 

 

9.4.    
      

 
       

          
         . 

     ,    
       

,         
 ,     . 

       
:    ,   

,  . 
    X* ,  , 
, . .        

{X
(k)

}=X1, X2..... Xk,    X*. 
 ,   X*    

 {X
(k)

},    >0    
N,   k>N   |Xk — *|< .  , 

   S      
    .    
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 .      
  ,   (9.βΨ  (9.3). 

    ,     
  S( \S),   .   

 S,        ,  
  ,  -      E

n
\S. 

     .   
     S.  ,  -

 S   (9.βΨ  (9.γΨ,     
,          

 . 
Э      

     X*,    
   μ 

-        
        ; 

-    ( Ψ    
 ; 

-        
,   . 
       

         

.       
         , 

  —      
.         

. 
     . 

      
     F(X)   

  . 
  .    
      

 
                                                 Xk = Xk-1 + αk∆Xk,                          (9.42) 
 ∆Xk — ,      Xk-1, 

αk —  ,       
 ∆Xk.    

                                            ∆Xk = k /|| k ||.                                     (9.43) 
  — ,   ; ее k||—  

 ; k — ,    . 
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 (9.4βΨ  ,     
 ∆Xk.    αk   .  , 

    ∆Xk    αk, 

   μ   F(X) 

   д (k)ж,  -

  ,    .     
    ∆Xk   αk  
       

  . 
    X*,     Xk-1 

      F( Ψ (   
Ψ.   Xk-1      

 ,      ∆Xk, 

     Xk-1,    
   

(F'(Xk-1), ∆Xk)<0, 
  (9.40). 

   X* ,   
      Xk,     r, 

  Xk   Xk-1,    |Xk — Xk-r| < . 

,  ,  ,   
      

   r ,   
  . 

   .   
    (   — Ψ. 

       
, . .  k  (9.4γΨ      

 ,  . 
 0 = ( 1

(0)
, …, 

(0)
) —    ( . 9.4, ).  
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. λ.4.      
  ( Ψ,    ( ), 

    ( Ψ      
  ( ) 

 

 

   X1   0   
    x1, . .  

1 = ( 1
(1)

, 2
(0)

 …, (0)
), 

 

 
   2   X1   

F(X)   2  . .      X  

    1  . .   αk 

    . 
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 r       , . 
. r = . 

      
  (  ),    

        
  .      

     -

     ,   
   . 

       
  ,   

      (β —1Ψ  
     .  

   =β   . 9.4, .  

       
.       π0  

 0    (  X1),    
 π1,  π0,     2,  

  π1   .   X* 

           X1X2. 
        

  ,    
,     . 

     .  ,    
   Xk-1  Xk   

( Ψ,    Xk-1,   
 . 

       
 .     

       
       

.      
    F( Ψ, . . 

Pk=-gradF(Xk-1). 
    .   
     Xk   

   ,    
  .       

        
  . .,    ,   

  F(X).  . 9.4,      
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,    .   

grad F(Xk-1)        Xk, , 
, grad F(Xk)   Xk-1  grad F(Xk-1). 

     ,  
    Xk-1     

  αk=const. 
 ,  F(Xk)>F(Xk-1),     

       . ,  
,        Xk-1  

         
α/β.       ,   

        
. 

      
      .    

  ,     
  (9.4βΨ      
 αk.  ,      -

    . 
       

     .    
      

       
 ,       . 

  .     
     

.       
       

 .        
    .     

   ,    
  . ,      

      
  ,       

  , . . < , >=0.   k+1  k+1-  
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     , 

        ( . 9.4, Ψ.  
       

      , 
        -

 . 
    .   
      . 

       
       

.   

 
       . 

     αk=l. 
        

     0    , 
        

 F(X).       
      . 

       
      

       
 ,      

        
   .   

    . 
      , 

    .   
       

     .  
 — .       

 
 k —     ; hk — 

 ,     
  — k grad F (Xk). 
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 —        . 

   

 
 ∆Xk-1 —      

 (k—1)-  ,   - ; (∆Xk-1)
T— 

  ∆Xk-1, . . - ;  
 

— - . 
       

  0,   0    
.  hk     . 
         

  ,     
  . 

  .     
    .     

  ,   
  .     

   ,    
 .     

  [ , b]  ,    F( )  
 . 

       
   N,     

 . 
  k-        

 Д k, bk], ≤ k ≤ bk ≤b.      
[ k+1, bk+1Ж    k  x'k ( . 9.ηΨ   

 
 k —  ,     
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. 9.η.      

  
 F(xk) <F(x'k),        

 [ak+1, bk+1]=[ak, x'k),  F(xk)>F(x'k),    [ak+1, b k+1] = [xk, bk], 

 F(xk) =F(x'k),       . 
    

 
   —   ,    . 

 ,      
  

                                                      (9.44) 

 (9.44Ψ     
      . 

       
    μ 

 = Lk/ Lk+1 = 1,61803... 

    ,   
    .  

      .  N 

     LN=l/
 N-1

. 
,       
       . 

     
 ,   F(X) (  

 —  Ψ,    . 
      
    F   

 X   .    
     

    .   
   k,  , , 

        k-1. 
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     .  
,       (  

, Ψ   . 
  .   , 

     
      

 ,     
 . 

         
     

 .       
    F(X)   

Qi(X)≤0, i==l, 2,…, n,     
                                           (X,t) = F(X) + tR(X)                         (9.45) 
 .     ( , t) 

 ,      F(X)  
  S     . 

  (9.45) R(X) —   , 
  μ R(X) =0,  X S,  R( )>0, 

     k  Qk,(X)>0, (k =1,2,…, n), t —  
  —  . 

  R(X)     

 
 

 
. 9.θ       

.  

 
. λ.θ.    
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  S   R( )≥0,   
 F(X)  ( , tΨ .  ,  R( Ψ<0,  

( , t)  .   X1  X* —    
 . 

   ,     
   ,     

    . , 
  ,    
    . 
                  

 
       S.    

 S      R(X)  ,   
     S   . 

        
     ,   
  —   . 

 ,     
       

. 
 

9.5.     
    

 
 

      
      

     
,   , . . ,  

      
     .  

        
 .   —  

     j,  
     , 

    —  yj
(0)

.  yj
(0)

  

       

yj.         
μ 
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                                                                        (λ.4θ Ψ 

                                                                     (λ.4θ Ψ 

                                                           (9.46 ) 
 (9.46 Ψ  (9.4θ Ψ      (9.4θ Ψ, 

    ,    
      (9.4θ Ψ. 

     ,    
  ,      

  xi  

                                                          (9.4θ Ψ 
,        

Z0. 
      

        
 Z       .   

 —    Z    
     Z0  Z . 

       μ  
  -   X Z0,  ;  
    . 

        
    ,  

   .    
     Z0    

 ,       . 
      sj 

  j-    .   
 sj      

.      

 
  —  

 
 Mj —   ; j —   

 j. 
 ,  j     

 ,      
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 . 

       
       
  ,      

    sj.     
 F(X)     ,   -

       
 μ 

 
       (9.4θ Ψ. 

      
        

    .      
      

,   . 
      

  Z     Z0.  
     μ 

    1.     Z0,   
   (9.4θ Ψ           , 
   yj (X)≤ yj

 (0)
. 

   β.   X Z0. 
   γ.   αi,   gi,    

     . 
        

      

 
 i —   i; αi =g1/gi. 

       
   ,   . 

 Z0  Z      
   U0  U1. 

       
 U* U0,      

,      
  U0    U1   

 . 
    ,   

  j(U)    ,  
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U1 U0.        
   100%-   .   

      aji = ∂ j /∂ i .  
                                                 sgn (aji) = const,                             (9.47) 

  U0, i=l, 2, ..., ;  —   . 
 j-     U0,   

                                                                (9.48) 
  ,    U* . 
       

                                                                (9.49) 
 hj — ; aji       

 (9.48). 
      , 

   ,    j -   (9.49): 

                                                        (9.50) 
 j — . 

   (9.47Ψ  aji     
 U .    (9.48Ψ  U0,  

 j(U)        U : 

(9.51) 
  

 
 (9.η1Ψ    

                                      (9.52) 
   (9.η0Ψ   (9.ηβΨ  

    (9.η0Ψ    (9.52): 

                            

                                                        (9.53) 
 j      ,  

   U*     (9.ηβΨ.   

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 180 

    , ,     
    U0. 

   U1 U0,   
  U0 ,   

  q   j.     U1  
  , ,  q, 

   U*. 
 ,       

      
 

 
  

 
     ,   U   
  . 

,        
    .  

    +1    
  .     

    U      
j(U ),   (9.η1Ψ.    

        
   aji.     

  (9.ηγΨ.       
      . 

      (    
Ψ  ,    

 ,  .     
  ,   

 . 
        

  .     
 N       

    UCT.    
   Up UCT,     

  U0.       
i*  UΩ   UCT   -

    ip        Up. 
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     UCT    
   ( , U0 UCT  UCT   

Ψ      ,  
 U*        U0,  

   U     
    Up    

.        
  ,     

     
.  

     

        -

       
    . 

     
     

 ,    . 
,   k-     

    j.  , (k+1)-  

        
  ,     

   xi.    

 (k +1)-       j  
   . ,    

        k -  
, . .       

  Y*    j,   
  j

(0)
   . 

     j
(0)

  
         
  .      

      ,    
,                       

 .        
  (k +1)-        

    ,   — 

           . . 
 , -        

     
     

    k-     
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    (k+1)-   . Э  
      

     
  -   . 

 

9.6.     
   

      
.      

       
   ,  , 

       
   -   

. 
        

     ,  ,   
    ,   
  ,     

      . 
       

   -    , 
    ( . 9.7).  

 
. 9.7.      

      -   
  

 

             ,    
  X(t)=( 1(t),...,xn(t))  ,   

 F    .  
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     F, . . 

 
 h1(t), ..., hm(t)     

        
      

 μ 

 
 bj —      

. 
 ,      

      -

    R* (t),  
  F( (t), R(t)     

. 
      .    

    R* (t),  
  .     

 ,   R* (t)  ,  
  .  R* (t),     

   ,   
   ,   

         . 
 ,      

      
      

,      
       . 

       
 . , ,    

      
,     , -

   ,    
      . .  

     , 
       -

  ,  ,    
 .       

    .  
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.      . 

    —  ,   
 ,    ( , )  
        
   .    

   ,   . 
9.8.         

 ( )  ( ),       

        -

 . 
  ( ),   

  ( | ).     
     ( , )  

     ,  

                            (9.54) 
 ( )   ,   , 

       
    ( . 9.8).  

 
. 9.8.   

 

     ( ),  
   . 

       
,      

                                                  (9.55) 
   b  ,   

   ( , )   ( ),  
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                                    (9.56) 
 (9.ηθΨ   (9.ηηΨ    

    a  b: 

                     (6.57) 
  = [ ( — ( )ΨЖ      . 

          
b. 

 (9.η7Ψ   

 
  . 
       , 

        
   r = /( ),   

        , 
      

.      -

       
 ,    , 

  ,  
   . . 

      
       

    
     

. 
 9.6.     

      
.     

  ( Ψ.    
 —       

  Θ   S  . 
       

     
      Θ  S 

       
       . 

          . 9.9. 
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. 9.λ.     μ 

1—    Θ  S; 2 —  
; 3—    ; 4 —  ; 5—

 ; 6, 7 —     ; 8 

—          ; 9 —  ; 
10 —   

 
          

       μ      
    6;    7 

   8   
;   4  ,    

       
;     7   6. 

        -

   4.      I, 
  .     

9      8;  
  7 ,     

S.  ,   Θ  S    
   .  

   Θ(S)     — 

  ,     . . 
    1   -

    2,     
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(     ,   
Ψ. 

        
 .  Θ  S —   -

      .    
     

 
      Θ =kS + b, -

  . 
     -

,      
  . 

    

 
  ,  

                (9.58) 
    S*  ΘΩ,   ΘΩ  

   I  . 
 Θ  = 40±β / ; ST = 10±β ; Θ =3S + 6;    
  = 50. 

   (9.η8Ψ,  Θ*=40,44 / ,  
S*=10,48 . 

  Θ  S    . -

    I =0,8 .   I =0,8    
      I.  

     I   
,     ,   

 ,  . 
 9.7.     

  .  

      
       

     ( Ψ, 
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  ,     
   . 
        

 ,    .  
      

,     (  
 )        

. 
,    As = (α1, ... ..., α ) 

  s.        
    

 
 T (s)

 —         ; 
 —     (  = const); 

1
,

i i
t t —  

   αi   αi+1; ∆ti —   i- o 

  . 
     -

  ,       

 

 
 ,  —     , 

 ,  ;  
(s)

   
(s)

 —  
    ; q —    

 . 

        
,   

 
 ,     -

    . 
     ||tij|| × ,   

 tij       αi  
 αij. 
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 ,      
 (     αiΨ.    

      

 
  

                          (9.59) 

                                   (9.60) 
 ui, j —   . 

 (9.ηλΨ   ,   
(9.60) —   ,    

  . 
       . 

 

 

9.7.     
    

   
   ,  , 

   ,   
 ,       

      . 
      

   ,  
    .    

        

      , 

   μ   , 
        

 ;    
      , 

     , 
 .  

        
      

  ,     
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       -

      
. 

,         
 ,  , , 

, .    ,   
   ,    

   . 
      β2

  . 

,         
  (     

            
Ψ. 

       
       

 ,      
  .     

     , . . 
       . 

,  ,  ,   

     .  
  ,  ,    
, . ,   

 ,       
       . 

         
,        

  . 
     .  

       
   ,    

  « »     
    ,    

  . 
      

 V.       
  V   

S = {Si|Si P(V)}, 

 P(V) —   V.                     
    S.  
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r:S→R, 
 R —     , 

   V,  r(Si) —  ,  
  vi  vj     ,    

,   ,     V, 

   Si|; 

 
  —   Si. 

 r ,   Si≡ Sj,   
r(Si)=r(Sj).    S/r   

   S  r. 
    S    

    , , 
,      S,  

       
,     .   

μ 
—        

; 
—             

 ; 
—        ( Ψ,  

    ,    
     .    
 Sg,    μ 

 
    ,   

       
         
.   ,    

        
 .    «  

»    . 
,  Si

G  Sj
G   SG,  Si

G ≤S
j
G 

   ,     Ea  S
i
G 

  Eb  S
j
G ,   Eb.  S

i
G ≤S

j
G,  

  S
i
G « »  S

j
G , , S

j
G 
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« » Si
G.  , Si

G —  « » Sj
G 

   ,  Si
G ≤S

j
G     Sk

G,   
S

i
G ≤S

k
G  S

k
G < S

j
G.    

« ». 
   

rG:SG →R*, 
 R* —       

,    V.    
      . 

 SG/rG    , 
      rG. 

     
 ,    . 

    SC   
 ,     

,    . 
      , 

  ,   
.   ,    
       

.    ,   , 

   ,   ,  
  ,    .  

    -  - . 
,  ≥      (   

   Ψ    
   . 

  ,   ,    
  SG,     -  

      
. 

       
     ,  

    . 

- ,   ,     
 ,    , 

« », . .  -       
      

  ,      
       
,   .   
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. 
- ,   ,    

   ,      
      

  ,       . 
      , 

 «  », «  », «   
 »  . .,     

    —  ,  
  μ 

—     ,   
    —    V    ( ,      

   ,        
); 
—        

   .   
   —  X ( ,         
      Ψ; 

—    V   f,   
   (  Ψ    
       (    Ψ ; 

—               (   
 —     

); 
—     b,     

      Д0,  1Ж,        — 

         
     (     

  ,    
 Ψ. 

    ,   
 ,      

 . 
        

  ,     
  .   ,  
      -

       
. 
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    ,    
     

 .    
 (     

   )    , 
     (   

Ψ    ,  
  .    

 (   Ψ     
        

    ,   
. ,  ,  

  ,   
  (   Ψ,   

    .      
       

,      
   ,   

        
      

 .  ,    
   ,   . 

,        
       -

  .   
         

    . 
    ,   

      , 
       

  . . 
    , 

,       
     ,  

      . . 
  ,     

 ,      
 . 

        
       

.  ,      
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(    Ψ « », . .   
 (    Ψ .  
 ,        

   .  ,   
     ,    

    . 
    , 

     ,  
    ,   

   . .       
        

 . 
,      

,        
,         
,     ,    

 . ,      
   V = (v1, v2,  v3, v4): 

 

 
       

  ,  . 9.1. 
   9.1 
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  ,  0,β. 

        
S0=(v1, v2,  v3, v4). 

 ,  S0        
 . ,     

  ,    
. 

       
   ,    

    . ,  
 

 
        

 .        
      , 

  ,      
        .    

        
. 

,     , 
       . 

9.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 197 

 
. 9.10.     

 

       
   ,      
 ,      ,  

         
.     

,       
  ,   . 9.11. 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 198 

 
.   9.11.    ,      

 
 

9.8.     
     , μ 

1Ψ     ; 

βΨ     ; 
γΨ          

   ; 

4Ψ         
. 

      ,   
      ,   

 .    
,    ( Ψ  

 ,      
    . 
          

  , ,   ,  
    .   

            
    . 

       
       

(  Ψ.     
   .      

,    μ 
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    1Ψ       ;  
    βΨ       ,  
   ;  

    γΨ        
 ( Ψ;  

    4Ψ        
 (  Ψ;  

     ηΨ        ; 

     θΨ       
  . 

        
μ  

  Ψ   ; 
  Ψ    ; 
  Ψ  ,     

( , , -   . .Ψ.  
        
  .  ,   ,    
      .    

          
 . 

,        

;  ,    ,      
 ,      

 .      
  ( Ψ   (i = 1,2, ...,IΨ    

(j=1,2,...,JΨ,     (k = 1, 2, ..., ), 
     (l = 1,2,...,LΨ       

   .     
  -   ,  

      ,   
   ( Ψ ,   ,  W, 

   .     
 μ xikjl = 1,  i-   ( Ψ  k-

   j-     l-   ;  
xjl = 1,  j-       l-   ; 

jj'=1,       
 j  j′; xikjl = xjl = jj'= 0 —   .  ,  

         
    ( Ψ    

     ,  . 
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 jl, xjj'   xikjl     

      
 μ 

 
      

 μ Al —     
      ; jj' — 

   ; Aikj'l —   
     ( Ψ l-  

 ( Ψ  k-    j′-     l-  

 ; ij(i+1)j′  — ,    
  i-   ( Ψ,   j-  ,   

(i + 1)-   ( Ψ,  j'-  ; tikjl —  
 i-   k-    j-     l-  

 ; tij(i+1)j′   — ,     i-
 ,   j-  ,  (i + 1)-  ,  
 j'-  ; Pikjl —    (  

Ψ,     ,  
 , ij(i+1)j′   —   , 

   Pikjl ; We —   ; —
  . 

  ,   
      

 . 
        

  ,      
 ,       

( Ψμ 
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  μ 

 
      

μ 

 
       

,     , -

    ,  
    .  

 
(9.61) 

 

 
—        .   

     : 

                                  

                          (9.62) 

        
       -

 (       Ψ,  
,     .   

        
μ 

                                            (9.63) 

 μ 

                (9.64) 
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    ,    
      
.       -

 ,  ,    
        

      
       
. 

 

9.9.   
        

.         
      

 ,  ,     
   ,  

         
    . 

    .   
      

 ,   .   
    

 ,      
         

.  ,      
    ,    

,          

 ( Ψ. 
    (  

   Ψ     

                                                             (9.65) 
 Fi —     i-   

. 
 Fi   μ      

                                                    Fi=uiT- i(T).                               (9.66) 
 ui —      i-  

 ; i —   

                                            i(T)= C0i i + si ,                                (9.67) 
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 C0i —     i-   

; st —      

i-   . 
 Fi≤0  i-     -

,       
. 

     

   ,  
 

                                            (9.68) 
      
 (λ.65), (9.68Ψ,    -

. , μ 
 1F (X) —      

 ;  

2F (X) —  ,     

  ,     . 
 

                                      F = 1F  (X)gl + 2F  (X)g2.                       (9.69) 

 g1  g2 —     (  ,  , 

 g1 = g2 = 1). 
  ,    

  ,    
μ 

                       (9.70) 
  

 
—      (  

   ). 

    F(X*)  F (X*)   
(9.68Ψ  (λ.70Ψ       

   xi. 
     X   

,  xi=1,  1-      , 
  xi = 0,   ,   ,     
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 μ 

                                                                     (9.71) 
   (λ.68Ψ      

      
μ 

                                                       Fi i≥F
( )

.                                   (9.72) 
     

                                                       Fi i≥F
(t)

,                                   (9.73) 
 F

(t)
 —    ,   

    . 
  (9.70Ψ   μ 

                                                                 (9.74) 

                                                                  (9.75) 
      

       -

 μ 

 
       
     ,   

  
′ < . 

,   ,    
      -

  = min (cm, ' ),      
 

                                                                        (9.76) 
       

      
    .  
   ,     

    ,  
      

.  ,    , 
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.      

                                                                       (9.77) 
  —      

  (λ.7θΨ  (λ.77Ψ,    
    

                                                                       (9.78) 
 ,     

      
 μ 

     -         
  —     (λ.68), (9.71), 

(9.72), (9.78); 
     -      ,    

    —    
(9.68), (9.71), (9.73), (9.78); 

     -     —  
 (λ.70), (9.71), (9.74), (9.75), (9.78). 

  ,   ,   
 ;      

,    . 

 

9.10.     
 

       
         

  .     
         

   .   ,    

—             .    
     ,   , 

 . ,      
  (    Ψ,     

 —     .  
  — .      

 ,    .    
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,      . 

,       
  ,    ,  
 .  —    

,    .    
    ,   

,      
. 

 —  ,   ,  , 
 ,        

,   . ,   
    ,   

    ,  -

 ,       
  —    .    

      , 
      

 .     
      , 

   .      
       

 . Э    
,      

. 
       

 ,   -  
μ 

Э  1.    ( Ψ 
  ,    . 

  μ      

 ;      ; 

       .  
     . 

Э  2.    ,  
  .   ,   

  ,      
       

,        .  
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     , 
   . 

Э  3.        
.      , 

         
   ,   . 

      
     (   

  Ψ.        
     . 

         
       

  .      
    (  

 —  Ψ,   
  ,     

,        
   . 

Э  4.       . 

 ,       
      

  ,     
        

 .     ,    
          

. 
       

    ,  
       

 .     , 
  .       , 

 ,  ,   , 
    ( Ψ,  

 ,    (   
  Ψ   . . 

       
       

  γ-   4-   .     , 
        

 .     
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 ,      
     a    

,     . 
Э  5.   .    

      ,   
  ,   
.   ,    

        . 
       ,  

        
 .       
    

    .  ,  
   ,   , 

    ,       
  .     

      
,      . 

   ,    
    ,    
       

 ,     
      .   

       
    . 

 

9.11.    
             

  ( Ψ 
           

,       , 

       
 ,    
  ( Ψ    

   . .    (λ.65), (9.70Ψ  ,  
        

  .      
       .   

    

                                               X = ( 1,....., k
),                              (9.79) 
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  k, (k = 1, ..., k )    
   k-  ,   ,  

   X    
. 

  (λ.7λΨ        
,     . 

        
  (λ.7λΨ     

 .       
        

   .     , 
         

,       
    ,     . 

       : 

      . 
        

        
      .  

  (9.68), (9.70Ψ μ 
   

                    (9.80) 
   

                                         (9.81) 
 i ( )  i —      

 i- o       
       ; ( ) — 

 ; ci —         
   i-   . 

 xi     
      ( Ψ, 

   .     
      

       
 .  ,     

     .   
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    ,    
       . 

, ,      
,      

      , , 
 ,       

       
 .   ,    -

     
   . 

      
(9.80Ψ  (λ.81Ψ     

    μ 
-     

                                        (9.82) 

-         

                                                             (9.83) 

  0і
—       i-     ; 0 — 

    . 
    μ 

-         

                                                                  (9.84) 

 (
0і

 —    i-   ; 0  — 

     ); 

 -     

                                                                  (9.85) 

 (
0

€
і
 —    i-       ; 

0
€  —     Ψ. 
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      μ 

                                                                  (9.86) 

 
і
 —     i-       

;   —   . 
       

 

                                                                     (9.87) 
  —        

. 
    .  -

         
    ( Ψ   

 . ,  ,     
 ,   μ 

                                   (9.88) 
 

                                                     (9.89) 
 (A)

 —     . 
   .     

      . 
    μ 

                                    (9.90) 
 

                                                        (9.91) 
 (0)

 —    CAK. 
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    ,  
 CAK.       

μ 

                                                                    (9.92) 
 Ni —   ,   i-  

 CAK; N —      
  CAK. 

       , 
  CAK.   —    

,      CAK; 

i
N —   -   (  = 1, ..., ), 

 i-   CAK; N  —   -

 -  ,  

                                   (9.93) 
    

     .  
  i-   CAK    

   
i

m     
(  Ψ -  ,    

                                     (9.94) 
 m  —     -  ,  

        
   CAK       

        ;   

     
     . 

    . 
   i-   CAK   

  ( Ψ  ,   
   .     
   

                                     (9.95) 
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і
 —   (   Ψ  

-  ,       
      i-   CAK; α  — 

   (   
Ψ  . 

         CAK     

                                                                   (9.96) 

 it  —     i-   CAK; 0 — 

        
CAK. 

    (    
  Ψ  CAK 

       
 (λ.82)—(9.88), (9.90)—(9.9θΨ,     

   (λ.80Ψ,     
   (λ.82)— (9.87), (9.89), (9.91)—(9.96), 

     (λ.81). 
       

  ,      
(9.80). 

  i-  .      
 

 
   

 
  

( 1) ( 1)max
t

r r

i i
i

r r  

  μ 
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   ,   
tі
= 1, 

( )

t

t

іr  = 
( 1)

t

t

іr      (λ.80) 

.         
,   

tі
  ( )

t

t

іr = 0,     
 ,   . c  

    t ≤ . 
     CAK  

   CAK.     
   (λ.7λΨ    

  CAK       

                                  (9.97) 
 0 —      

   ( Ψ CAK; k — -

,     
     CAK   i- o . 

   ,      
  xk,     . 

 (λ.97Ψ     

 
 

 
 

 
 xk = 1   

= 0 [1 —  (X)  (— k xk), 
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k = —ln [(u0 — )/  (X) 0]. 

   , ,  , 
 k= k (X).       

  k      X  
 k       CAK. 

 ,   k  X    
,     . 

  k    .   
xk = 0   = 0 [1 —  (X)],   (X) = ( 0 — )/ 0. 

  (X)    k,  
    k: 

                                            (9.98) 
         

  CAK. 
  k  ,    -

  CAK       
  . 

      CAK 

   (λ.80Ψ  (λ.81Ψ  
  

 (9.99) 

 

        (9.100) 
      
 (λ.99), (9.100). 
    .  І — 

  ξ-    (ξ = 1, ..., ): 

                                      (9.101) 
 Mξ —    ξ -  , 

    ; k = 0, 1, 2, ... —  
. 

       CAK 

                                                              (9.102) 
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    :  

   -     CAK 

                                                                (9.103) 

 (
0k

C —  k-   CAK; 0C  —    
  CAK);  

    -    

                                                                  (9.104) 

(
0

€
k

C  —     k-   CAK;   

0
€C  —    Ψ. 

     

                                                                (9.105) 

 
k

C  —    k-   CAK; 

 —      
 CAK. 

    CAK 

                                                                   (9.106) 
  —    CAK.  

           CAK 

                    (9.107) 
 

                               (9.108) 
   CAK 
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                    (9.109) 
      

                                    (9.110) 
            

 

                                                                   (9.111) 
 Nk —  ,   k-   ; N 

—      . 
               , 

  : 

                               (9.112) 

 
k

N —   -  ,   
k-   CAK; N  —    -  

. 
     

     : 

                                 (9.113) 

 
k

m —     (  
Ψ -    k-   CAK;  —   

   -  ,    -

        
 CAK        

    . 
     . 
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          (9.114) 
 K  (  = 1, ..., ) —   ,   

   ; 0 —  
 ,      ;  

lk(xk) — ,    
              

          

 
  

 
 lk (0), lk (1) = 1; 

k k
 —   -  , 

       k-  
 CAK,  

 
α —        –    

 . 
      CAK.  

    CAK   
    ,     

         
.       , 

  CAK  μ 

                                                                 (9.115) 

 kt — ,     ( Ψ k-

 . 
,       

.       
      CAK.  
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і
І (ξ = 1, ..., Ψ ,     ,  
  ,        

 CAK        
 .       

,      , 
   . 

 , (  = 1, ..., ) —   ,   
   .   

      -  . 
 -   ,    -     

      .   
       ′  ′′  

  (k', k′′) , . . 

 (9.116) 
 ,     

       
  (λ.99Ψ   (λ.101)—(9.107), 

(9.109), (9.111), (9.115), (9.11θΨ   .   
      

.     , . .  
      

  (λ.100Ψ   (λ.101)—(9.106), 

(9.110)—(9.11θΨ.  (λ.99), (9.100Ψ    
,   (λ.101)—(9.11ηΨ,   
 (λ.107)—(9.111), (9.11θΨ,    

. 
       

   .    
     (λ.100). 

      
.   t-  .   t- o   
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 1-   

 
 

 
    

 
  

 

kt {k1,…,kt-1}   
( 1)

t

t

kr -    ||rk
(t-1)

||  

,     ее ( )t

kr |е,    -

 .   
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 (A,t)
 =

 (A)
    (λ.104Ψ   (A,t)

 =0   
;  (0,t)

 = 
 (0)

    (λ.10θΨ   (0,t)
 = 0  

 . 
    F ( ) ,  

 || ( )t

kr || =0.    X*   
        

  CAK. 
       

    C . ,  
      

  . 
       -

 μ -1, ξ = 1; -2, ξ = β; -3, ξ = 3. 

        
 ( k = 8Ψ,    -1  J1={k = 1, 2, 3}; 

-2 J2 = {k = 4, 5, 6}; -3  J3 = {k = 7, 8ж.   
   = || Ck || = || 5, 8, 15, 5, 8, 10, 2, 1,5|| (Ck 

   Ψ.    -

  = θ0 . .  k   

  =|| k|| = || 0,1, 0,β, 0,γ, 0,β, 0,η, 0,1, 0,0η ее.   
      

|| Nk || = || 20, 22, 25, 20, 22, 22, 2, 2 ||,     -

   N = 11η .   

       (  = 1)  

|| N1k || = || 7, 10, 10, 7, 8, 8, 1, 1, |е,      
   N1 = 4γ .   

       (  = 2)  

|| N2k ее = ее 1γ, 1β, 1η, 1γ, 14, 14, 1, 1 ее,      
   N2 = 77 .  -

        

0 = 1η . .,    = 10 ,   
  (

 =4,1 . 
      

1=1,  — 2 = γ,  — 3 =λ.  
    μ k1 = {k = 4, 5, 6},  

k2 ={k =7, 8}. 
      

. 
 μ 
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μ 

 

 
 μ 
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 μ 

 
 μ 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 224 

 
 1β-    ,     

    .    
(12)

 = * = || 0, 0, 1, 0, 0, 3, 6, 0||,   ,   
    μ  ,   -1 

  {k = θΨ;  ,   -3  
 (k =7). 
  , ,     , 

        
 ,     

        ,   
      ,    

 ,     
,      . 
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9.12.      
 

      
        

    

                                            (9.117) 
  

                          (9.118) 

                                                         (9.119) 
       xj —  ,  j= 1, 2,…,  ( ≤ ).                                (9.120) 

     (9.120Ψ , 
      , 

  (9.120Ψ   = ,     
 ,  <       

. 
  .     
       

      — , 
 - ,    

      (9.117) 

    (9.118Ψ  (9.119). 
- .    (9.118Ψ  

   xm+i≥Q    
  ,        

 
        , 
    .   ,  

    . 
       ,  

,      , 
  . ,   —    

. 
  ,   -   

     (9.117Ψ   
 (9.118Ψ  (9.119Ψ.    
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  -  —     
, . .  ,     

   ,     
 .      

 ,      
         

   .  ,  
   ,  -

. 
      , , 

      F( Ψ.  ,   
   ,   ,  ,  

    F( ).   
.       ,   

       
,        

F( ). 
 ,        

 ,       
,      F(X)   

.       
       , 

      , . . . , 
 -         

    « + »,  ,     
 ,        

      . 
       

   .     
  ,     

     ,    
  . 
  .    

    , 
      (  

 Ψ ,  ,  
      

 ;     -

 . 
 .     
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   .     

      .  
     , 

      
   . 

     
 ,           

 ,   
   . 

 ,      
    ,   -

       . 
       

  ,     —  
«   ».      «   » 

   . 
 .      

       
   ,     -

        
 ,    .  , 

     , 
 ,         

    -    
 . 

      
     -

   ,  μ  
   Ψ ,     ;  
   Ψ ,       

;  
   Ψ ,      

       . 
           

    , 
       . 

   (  Ψ.  
     

      
,     -
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.      , 
    ,  

   .  
 ,      

 .    ,  
    . 

 ,    ,  
,      

  ( . . 9.1Ψ.    
    ( Ψ  

  ,    . 
       , 

      ,   
    ,   

 .     
       ,  

      . 
      

  (9.118),    . 9.12.  

 
 

.   9.12.         
 

,     ,  , 
  1,  ,      

 ,      2.   
   ,   . 

     3. 
       
   ,    
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   (9.118Ψ       
 ,               

(  1  . 9.12Ψ.     
,   ,   

    « »   
(  — ).        

   ,  -

     .      

  ,    
      -

  . 
,      
,       

(9.117) — (9.120Ψ.   

                                                                  (9.121) 
,     ij  bi  . 

  [ ij]   ij, . .   
,    ij   .  

  j   (9.119Ψ,   j, 

  (9.121Ψ,    -

  

                                                             (9.122) 
      (9.122Ψ   

, (9.122Ψ    μ 

                                                           (9.123) 
,  (9.123Ψ    , 

   xm+i: 

                                                (9.124) 
 xm+i — , . 

 ,       
 (9.124Ψ,      

. 
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  (9.124Ψ  (9.121): 

                                     (9.125) 
 f(aij), f(bi) —    ij  bi. 

,       
   (9.125Ψ,    

xm+i= —f(bi)   . 
  (  )    

. 
1.        -

   (9.117) — (9.119Ψ      
(9.120). 

β.     ,        
.           -   

 .    (9.125Ψ   ,   
               

   . 
γ.         

 (9.125Ψ,      
       β. 

   γ   (9.125Ψ   
 xm+i>0      

   .      
  ,    γ   

      ,    
. ,      -

       
.      

      . 
 .       

.       
  ,      

 .     ,   
       

    .  
  ,     

.  « »   
     . 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 231 

   (9.117) — (9.120Ψ. ,  
        

 ,       
  

                                                  (9.126) 
         

.    j  ,  R  
  ,  Lj≤R ≤Uj-1.    

      
                                           xj≥R + 1  x j≤ R.                            (9.127) 

 ,       
 xi = 2,6,         

,        (9.127) 

 3≤ x1 ≤U1,    —  L1≤ x1 ≤2. ,  
      ,  

  (9.120Ψ.  ,  
   ,    
  . 
         

  .  (9.126Ψ   
 xj      
    ,    

      
,      

  .     
  ,   . 

     
      .   
 (     t)    

F*t(X)        
 ,  .  

      F* (X)  
     Fopt ( ). 

  1      (9.117) — (9.119). 

  t        
.         

     Ft opt (X)≤ Ft*(X), 

          
  .      

 (9.120Ψ  Ft opt ( )>Ft*(X),   
  Ft opt ( )   t    
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    .   
      

   (9.120Ψ,   
  j       

        
     (9.127). 

    ,    
    Ft opt ( )=Ft*(X),  

 ,       
.         

 ,    . 
         

 (      Ψ. 
,       

  F*V(X)     V  
,      .   

          
   F  opt ( )  F  opt ( ),   F*(X) 

  

F opt ( (X) = min { F  opt (X), FB opt (X)}. 
        ,  

 V, . .      
F* ( )  F*B (X)    F  opt (X)  FB opt (X),   

  V,  ,    
min{F*  (X), F*B (X)}     Fopt(X),   F*V (X). 

 ,       
       ,  

   .  ,  F*B(X)<F*A (X), 

        . 
       D   

  F*  (X)  F*D (X),   ,   
F*D(X)<F* (X),      
D.        ,     

,                   
F *(X)=F0(X).         

  ( . 9.13). 
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. 9.13.           
 

     .  
 ,      ,   . . 

               F*(X)<F0(X).   
,   F*(X)≥F0(X),   . 

            
 F*(X)<F0(X),      , 

        
  F0(X).        

 ,       
. 
         

     . 
,    ,   

         
 ,      

    . 
     -

       
 . 9.β.       

     . 
 9.8.      

   .  
      

      μ 
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-     ,  
        

; 
-       -

         
; 

-    ,    
       -

      -

 . 
     
       

      
.    D=|dij|  

×n      .  
   ,     

       . 
   ,       i 

 j   dij  .                                                           
  μ   

 
        

       
xij {0, 1ж,        

 
  

 
    

      . 
 9.9.    

     
 Э .    

  ( — — Ψ  , 
    ,    

        
   . 

       ( Ψ  
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={ 1, ..., },    ci C    
 gi,          -

 Cl, l=l, 2,…,u, (u≤n), a     Cl C  
   Cl,    l-  ,   
 l,   . 

        -

 L = {L1, ..., Lp), p≤ , no      
   C(Li)  C  ,   C (Li). 

           Li L .  

  Li L     i , . .  
 l      Ll = {(i, j)},  

i=1, 2,…, p, j =1, , 2,…, ml,    (i, jΨ   
  l.    (i, j) Ll μ 
   (    Ψ;   

 ij      ;  bij   
  a      

   hij        
  l   ;  ( )k

ijr   k, 

     , , ,  
   ,    . . 

      ,    ,  
    ,     

 .  , ,   , 
, ,    .,  

 ,      ,  
,  ,   ., 

 . 

       

         
 ,      

 ,       
   . 

 ,       
    ,     -

      . 
   .   -

μ 
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 ,     (   -

        -

 Li L ,  ( = ),       

  L      
(      Li   i): -

   

                                         (9.128) 
      

               (9.129) 
     

                                           (9.130) 
          

     

                                         (9.131)                       

 ijt  —      
Li  j-  ; gi —      -

   ; Rk, ,  —   k-  , 
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    ; Tl—   -

  ,  l-  . 
 (9.128) — (9.131Ψ     -

   .   
     ,   

,   ,     
 ,      

   . 
       -

    . 

 

9.13.     
   

     
 ,     , 

 ,  ,  ,  
.    

      

       
        

 -      , 
      

,  -     
     

. 
      

     . 
      

      
       

    
 . 

        
  ,     

                     . 
. 

     -

      
       . 
   , 

   .       
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      -

.        
         

   ,   
    .    

   ,   
  .     

       
   .     

        
,     
   . 

      
 ,     

    
     . 

,       
 ( Ψ       

    ,    
   ,        

   ,    
     .   -

     , 

  ,         
 ,      

    ,  
   .    

,       
      

     . 
     — 

    ,             
        .                                           

   W={w}    
  =дπαж.   w W  

  .     
 W*  W,    πα  

   w0 W*.   
 W*        

  w W.     -

  w,       
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  W*,     
      

 ,    W*. 
   .     

 X.     
 

 
 ( ).       

  W(X) P(X),     
 W(X)   W0(X) W(X)  

 .    . 

 

 
 l-     ,  

 

 
 q-   .  q=l+1,   

    .   
  1  2.  p1  l1-   

 p
1

1l
  (l1 + 1)-    p

11
1l

,  2  l2-  -

  
2

2l
  (l2+1)-    

22
2l

.  

 ,    W(X),   
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 ( 1Ψ< ( 2Ψ,    - . 

 w0 W*,    
 ,     

μ   -     
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 ,      1 

       W*.  ( i) 
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 ,     
     μ 

1.     W    
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. 
β.        

  w W,          
  . 

γ.           
  . 

4.   ,      . γ 
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    ,   . β. 
  . β, γ  4  .   -

         
,       
,        

      
     ( ). 
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,      
      . 
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 .     «  — 

», . .   i—1-     
  i- o . , ,     

    ,   
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 . 
       

       
  Ni   

 
 ij —   j-   i-   ,   

  

 
 Rik —                   i- o . 
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 ,      
    . 

     -

      
 .      

     . 
    .  
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      .    
 ,            

   . 
      . 

    G=(X, U),     l 

 G1, G2,..., Gl         

 
   G   i    

  ρ( iΨ Д ,    ρ( i) 

 i    ,    
Ж.    ,    , 

     .  i   -

       G1.    
   i.  е  i |= n1  G1 ,   е  i |> n1,  

  G1  ,     
 G   .  е  i |<n,    

xj  i |,   

 
 ak —  ,   xk   

   G. 
   xj,  xj,    

 G1 .   G1   
    G*=(X*, UΩΨ,  X*  X\X1, U* = U\U1.  

  G*      , 
   G2      ,   G  -

   l . 
      

 ,      
         

  ,       
  . 

      (  
    Ψ  

         
    -  
.       
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   —     
       

  .  
     (  

,      . .Ψ  
      

  , . .   
  .     

         
  N(n, m)   

N(n,m) = n!C
n
m = !1(  — )!. 

         
    >15. 

     
.       

    . 
   ,   

         
,         

.       
  .     

  R  G=(X, U).    
     . 
  k-     Ik I ,   

I′k = I\Ik —     .  
     (k+1)-    μ 

 Ψ          hi         
 

 
Ψ    fi     
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  ,      

   ( ),    
.      

  ,    
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 ( 2

) —  (n
4
). 
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   ,    

      ,   
   ,    -
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 . ,       
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      ,    
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   F=F(f1,...,fr)    . 
    ,    , 

     Fij=m (i, jΨ.  
     b,   

   m(ib, jb). ,    b, 

        , 
      .  

  ,     b. 
      .  

      
    ,      b 

               
  .     

 .    ,   
  b,      

.  . 9.14      
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 ,         
. 

 

9.14.    
    

    ,  
  (i = 1, β, ...,Ψ,       

(j = 1, β, .,.,Ψ.       
,     , 

     .  ij —  
  i-   (  Ψ  j-  

, tij —     j-  . 
      

 
     

        
μ 

                                                        (9.132) 

                                                     (9.133) 

                                                (9.134) 
 (9.132Ψ   ,  

(9.133) —     
 ,   (9.134) —  

 ,     
.      μ 

Ψ    (    G (J),  J — 

 ; 
Ψ   ,      

 ( Ψ  (    G (J),  J — 
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    ( Ψ ; ρ j — 
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                     (9.135) 
      (λ.135Ψ.  

    .   
  ,    
    ( 1, 2, ..., 

1j
, ..., j).  

1j
 

   ,       j1, 

      . 
,    ,  
    .  x

1j 2j
 

     ,    
   j1,   —   j2,   

       . .  
   (  Ψ   

    .    
     x

1j
,

2j
, ..., 

іj
, ..., j    

     μ 

               (9.136) 
             

μ 

                  (9.137) 
 j1, j2, ..., ji, ..., j  —   ,   

  1, β, ..., i, ..., . 
    (λ.137Ψ    

        
        

  .     
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 .     .  
μ   
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 8 = 20. 
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      3 = β0,   

 (0)
  T

(0)   ,    
    .    
      μ 

                            (9.138) 
   r (r = 1, 2, ..., i, ..., J)    

       (λ.138Ψ,   
   (0)

  T
(0)    , 

  .     (0)
  T(0).  

  

 

 
 

 

  (1)
  T

(1) ,     
    . 
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 (λ.136Ψ  (λ.137Ψ   . λ.15. 
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. λ.15.     (λ.136Ψ  (λ.137) 

 
       ,  

—  ;  ,   
.      
     μ 

1—3, 2—3, 3—1, 4—1, 5—4 (  — Ψ.    
. λ.13        
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    ,      
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9.15.        
         

    .      

    ,   
.  

       
.    {i} = {1, 2,…, }  

  ,   -

      .  i-    
 {k} = {1, 2,…,  k} .    

 k-   .    
  ,      

   . 
          

.  
           

     
 ,      

 ,         
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   . .Ψ. 
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   ( ,     

        
,     , 

    ,  
     Ψ. -

        
     ,   

       
       
 .        
       
     .    

      μ 
«  »  «   ». 

μ 1, 2  3—   -

 ,    .   k-

       i- o   
 yik   k 1 2,    

  —  Yk. 
    i-     

,   k-e   ,  yik = 1, 

  ,  yik = 0   k 3.   k-e  
 -       yk = 1 

  k  . 
 yik  yk, k = 1, 2 ,…, k    . 

      

                                   (9.139) 
 yik — yk   ( Ψ  

( Ψ k- o  i-  .   
   ,    і- o 

      , 
 —    . 
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     .    
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    ,    
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  .    
   .  , 

     .  ,  
     

 i-  ,      
     . 

 ak —    yik — k  
 .  

 
        

 ,   i-  .      
  ,    , 

  ,      ,  
     , . . 

       i-  
.     ,     

, . .  yik — yk      
k K1    k 2 ,    

,        
k 1    k K2 .    

   yik   k = K1 K2    
 . 

      
   .      

(k  K1)       . 
  1

1
  ,    

       
 yk. 

  1
2
  ,    

       
 yk    Ak.    , 
          

       
 ,       

,  ,  , 
     . .   

       
 . 
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3
,    

     yk,      
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   Bk. ,    
      , ,  

k ≥β00 ./ ,      k = 1θ0 ./ . 
   1

4
,    

     yk   ,   
       k. 

, ,  ,   yk =10 

,        Ak = 1η . 
      k = 8 . 

  ,   ,   
   . 

   1
2
,    

     yk. ,   
       

 . 
   2

2
,    

     k   Bk.     
   ,     

       
 ,  . ,  

        yk = 10
-2

, 

        , 
     Bk = 10

-3
, 

   2
3
,    

     yk,      
  Ak.  ,     
  yk = 0,η ,      

 Ak = 0,θ . 
   2

4
,    

     yk    Bk,   
      Ak. 

      2
2
  

        
Ak = 10

-1
,       2

4
. 

       ,   
       

   yk = 0,8 ,   ,   
   ,  

        = 0,γ ,  
   yk    Ak = 1 . 

 Ak  Bk       CAK 
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   ,    
  ,    -

      
 i-   . ,    -

        
 i-       

 gk  k-  . 
  

                                                           (9.140) 
c       

     i-  . 
      gk  

Lk,        
,   CAK  ,   

 , . .     
 CAK. 

    -

   ,   -

  ,   yik: 

 
 

 
(9.141) 

 ∂  ( k)/∂ k. —   ∂  (yіk)/∂yіk   yіk = yk.  
 k = 1, β,…, . 

  (λ.140Ψ  (λ.141Ψ,  

                                        (9.142) 
 ,   gk    

  ,  
    k-    

 ,   nk   yik — yk  -

  .     
   . 

      
                                               X = || 1,...,  ||,                              (9.143) 
   xі=1,       

і-  ,  xі=0 —   .   
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  .  

                         (9.144) 
 gk    (λ.142Ψ.   

 (λ.144Ψ   

                                  (9.145) 
 yіk /yk,    (λ.145Ψ,   

   k-    і-  ,   

 
      

 i-       .  
    і   

    (λ.144Ψ  (λ.145). 

    μ 

                                                                     (9.146) 
     ylk   

 μ  
 1

1 

                                               (9.147) 
 2

1 

                   (9.148) 
 3

1 

                                                 (9.149) 
 4

1 

                  (9.150) 
 1

2 

                                                  (9.151) 
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 2
2 

              (9.152) 
 3

2 

                                             (9.153) 
 4

2    

                (9.154) 
      k 3     

  

                                                              (9.155) 
 ,       

     (λ.147)—(9.155Ψ,    
      . 

         
      

     , 
. .      .  

   , ,  
 ,   ,  

,  , ,   
  (k K3)  . .      (λ.144Ψ  (λ.145) 

  k     ,  
      .  

  0  ,    
    ,  (λ.144Ψ  

(9.145Ψ       

                       (9.156) 

                       (9.157) 
     . 

        
         

 (λ.146)—(9.155Ψ       
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  (λ.156Ψ  (λ.157Ψ, . .   
      . , 

   ,   
  . 

       
  (λ.139Ψ      

 yik    yk.   
   (  λ.147)— (9.155Ψ   μ 

                                    (9.158) 

 
(9.159) 

                                  (9.160) 

(9.161) 

                                      (9.162) 

(9.163) 

                               (9.164) 

(9.165) 

                                     (9.166) 
      yik  yk 

       
 . 

       μ 
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          (9.168) 
 Ak = Ak / yk; 
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                                           (9.169) 
 Bk = Bk / ykt; 

        (9.170) 
 

                                            (9.171) 

         (9.172) 

                                          (9.173)
 

 

                                     (9.174) 

                                              (9.175) 
      

,     (λ.139Ψ    
.    .  

   ,   yik  yk  
     .   

  yik  yk    
 aik   bk. 

 ,    yik  yk  -

     ,   .  
      yik,   

 yk,      
    (   k).   

       
( Ψ ,      
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,        
     ,  

      . 
,         
      . ,  

        yik  yk     
  ,     -

   ,       
        

  . 
       

 .   ,    yik  yk 

   Y   , 
      

.   ,    yik 

 yk,        
  ,  

     . 
       

     . 
     (λ.156)—(9.157), 

    .    
    . ,    

 (λ.140)—(9.141Ψ,     
 (λ.156Ψ  

 
   gk = ∂  ( 11, .... ynk0)/ ∂yik   yik = yk    k K0, a αk = 1. 

     F(X, Y)   -

   ( 11, ..., ynk0).      
,       

  ( 11, ..., ynk0).      
      

     .  
         

     yik  yik — yk, . . 
   yik /yk  (yik — yk) / yk,  . 

 ,      , 
   ,     

      
    gk. 
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     gk   
       

. 
       

    ,   ,  
  . 

      
    . 

1.      , . ., 
        

.        
 

                                (9.176) 

 —  ,    ; Wk  — 

,     -  
 (  =1, Ψ   k-  , 0 ≤Wk  ≤1 (  

  ,     
Wk ); q k — ,    -  

,   k-  ; qk  —  k-  

,   -  . 
         

  ,    (0; 1Ψ,  
(0; 10Ψ, (0; 100Ψ,        

    .      
  . ,     

       (0; 1Ψ. 
     ,   

    qk    
,        

   .    
         

         
   .    -

        
 qk : 

 
 (9.177) 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 263 

 qk  —   (0 ≤ qk  ≤1Ψ,  
  -   (    qk ,  
  - o    k-  Ψ; 

qmax —   ,     
 . 

,        
(0; 10Ψ, . . qmax = 10    ,  1-   

  k-  ,    ,   
  

1kq =0,8,  2-    
        

  
2kq =0,4.    

1kq = λ,  

  
2kq = γ.    (λ.176Ψ μ  

1kq = 
2kq = 0,8; 

2kq = min {1/0,4; 0/3} = min {2,5; 3,33[ = 2,5 

        

1kq
1kg  = 0,8·9 = 7,2;    

2kq
2kg = 2,5·3 = 7,5. 

β.              . 
  ,      
,     . 

  k-     μ 

                                   (9.178) 
      ,     

   ,     
   . 

γ.               . 
  ,     

 ,      .   
μ 

                                        (9.179) 
        

 ,       c  ,  
 Wk     . 

4.      , . ., 
        

.    gk   μ 
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                                                       (9.180) 
     ,   

     ,   
  Wk   qk    ;  
       ,  

 Wk      , 
 qk    ;   

      ,  
 qk    . 
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10.1.    

 
10.1.1.     
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.       

    
,                      

. 
     ,   

      
  ,   

    .  
  ,  ,   

     ,   
 . 

     -

     ,      
    ,   

,        
.   ,  ,  -

       
   ,  -

   ,    
. 

     ,  , 
     

 (    , -

  ,     ,  
        

, ,    ,  Ψ. 
      

 ,  , ,    
,       

. 
    ,    

,   « »      
 ,       

,      
.       

       
      

  . 
   ,   
,      ,  

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 267 

 ,      , 
.  ,    ,   

     .  
,  ,    .  

  ,      
   «  »  «  

». 
   ,    , 

 ,         
     , 
       .     

         
     . 

    ,  
  ,    

( Ψ .   ( . 10.1Ψ    
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       ( Ψ; 
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    .    
      ( Ψ; 

- ,       , 
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    ( Ψ. 

  (   , 
   Ψ,    
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,      
      (    , 

    Ψ.     
      

 ,  
   . 

 ,     , 
  , μ  , 

  ;    
       

 ;   ,   
       

-  .    
     μ - ,  

  ,   
 ,  - ,     

 —        
       

 . 
  . 

      ,  
 ,   , 

 ,   ,    
,      

.  ,       =f1(b, ), 
 l=f2( ),   ,     

 ,   , b, , l, 
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  ,  ,    
    ,    

,   « »    
  , « »    
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  ,     b,  

  —    .  
     (  = f(b, ))  
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 ,    

( ,    Ψ,  -
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   ,  
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     ,   

   . 
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         ( αΨ  

  ,      

 

 
     α    

 ,     μ 
α = α(  α), 

            μ 
α = α ( α). 

       .   
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Ψ.        
       — 

         (Iα,   α): 

 
 ,       

    ( . 10.2): 
- ,       
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. 10.2.     

 
  ,     

      
  ,      

     
 .    ,   

       
.      ,  , 
   ,   

,    ,     
     .  

       ,  
,     
. 

       
  ,      

      μ  
; ,    ;  

.         
 , . .   

     , 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 274 

 , ,  ,     
        . 

  ,      
        

 ,      
,      . 

         
      
.      ,  
   μ 

-       -

        ; 
-          

   ,     
. 
 ,      

     
 ,  ,    

     ,    
   , . 

,         
    , 

   ,   .   
 ,   ,  ,   
  , ,     ,  

 ,    , —     
  . 

    ,     , 
         

    , 
   .     

  ,     
   , ,   

    ,   ,   
      ,  
       . 

 ,      , 
      ,   

    ( Ψ -

   .    
  « »  ,    

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 275 

,       ( Ψ, 
   ( Ψ     ( Ψ, 
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μ 
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  .      
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 4 ( .  1  Ψ. 

 

 

10.1.1.2.     
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.   ,    
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     -

       
 .   ,   

  μ 
                                        : (  = ).                               (10.1)                        
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i>≤ (≥)< j

>;   
i, j

 P                          (10.2) 
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(      — )    
  

                                             = < , , , >.                              (10.3)                        

,   ,      ,  
      N  -   

  k
 , k = 1, 2, Nλ,  Nλ —  

 .     . 
       

  (   Ψ 
 ,    

,    .   
        

  . 
 j-        , 

  (10.3); 

                                      mj = <fj, j, j, j>,                                  (10.4) 

          -
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;}{ ,1 mNiif  

              

1 1 1
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m m mN N N

i i i

i i i

P P ; 

                   ,,...,2,1);(Pr mpi Ni
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     ,   

    .   
       . 

    ,  
    ,    — , 

     . 
 ,   ,  ,  

           
,  ,     . , 

     
    ( ),   ,  

   ,     . .,  
        .  

        
      ,   
       

 .         
     . , 

        
    ,    
  . ., , ,     

       
. 

       
.  ,     

       
       

«  »,        
     ,   

 . 
        

,  ,     . 
.,  « » ,    , 
. . ,       

       
 .  ,   

      μ 
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ji
Ø  ji ≠Ø (i≠У\   i, j= 1, 2, ... , Nm). 

         
       

 . 
,        

      
,        — 

     . 
       

« » (4.1Ψ     . 
      

 ,    
   : 

                                       .                                              (10.5)                         

 . 4.β.1      
    .     

  ,     
   ,    

 ,     , 

      . 

 ,    ,  
         

 . ,    
        

  ,    
        .   

      
    

      
μ 

 = {mj}i=1, 2,.....Nm, 

       -

μ 
                                        mj = <fj, j, j>.                                     (10.6) 

      
     , 

  ,    ={ , ж   
   — д , , z, ж: 

д , , z, ж, 
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   = дfj}j=1,2,....., N m —     (VΨ     
      (F): 

{V,F} 

      
     ,    

—   —    «  »  
  - .     

,       
 ,     , 

        
 . 

 

10.1.1.3.     
     

    .    
  ,    
    {fi} i=1,2,....., N m ,   

— ,       fi 

  i,   — i.   
  , ,    

      ,  
,     ,   

     .    
     ,     

        
   ,   
   ,   . 

  j-      
  j = {t1, t2, ..., tN j

},    
 ,    .   ,  

      μ 
*  **,        *  
ΩΩ,      ,  ,   

 μ 
* = i,   m** = mj, i< j. 

   ,      
  .     
  . ,      

 ,      
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.  ,     , 
    ,  

       
   MTj={mi}

jTi
,  

        
   .     

 . 

      -

  ,    
   μ 

1 :{D  ,R , }  ', 

2 :{Cx , Cx , Cx  , Cx  }  Cx  , 

3:д , D , R , , λ , 
α

}  
α

; 

4,:{ 
α ,  αж ; 

5:д , λ , , ,  αж  i  , 

 D  —  ; R  —    ; 
 —    ;  —   

 ;  —    
  (  Ψ;  —   

   α = 0;  —   
 ;  —    ; 

 —     . 
 1    μ 
Rr 2 /D  ; 

′  = 1/2 ЭР K0H, 

′  = f1{ , ′ ); 

 = f2( Ψ; 
  = ′   (1 — 

2
r  COS

2
 K0HΨ +  , 

 r  —     ; ′  — 

     ; ′   — -

     (  Ψ; 
 —     ;  

f1{ , ′ ) —    ′  = f1{ , ′ }; 

 f2( )-      = f2( ). 

 . 10.3  ,    , 
  . 10.4, —  —    

 ,       
 . 
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. 10.3.     
. 

 

 
. 10.4.   . 

 

 

      
 ,       

.       . 
         

 ,     

—    .     
     .  

   ,       
  ,       

     ( .  1),   
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.       

    ,    
       

. 
 ,    , 

      
   . 

 ,   ,   
       

,      
,         , 

,  .     
   . 

      ,   -

  , ,        
       

 .   ,    
  ,       

.        
        

     .    
       

,       
      

,        . 
 . 
 ,       

     (I, ),  I —   
;  —   .  , 

       
  Sij     

  ,      
,    ,  

    

                                                    I = { ij, zij, ij};                                (10.7)                        

                                            = { k
1
ij , k

2
ij ..., 

ijkN

ijk }.                   (10.8)                        

       
    μ 

                                                I = { ij, zij };                                    (10.9)                        
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                                                     = yij.                                           (10.10)                       
    j=fj( j),  fj 

   .   
 (I, ),   = j, I j.   ,  

          ,   

                                        I pj, T — ;                                 (10.11)                        

                                                   (pj\T) I,     pj = j  j.  

       

j — fj( j)=0      pj,    
.       

   pj\ j    
, 

    mj,   е jе>1,   
 ,   е е=е jе,    

(10.11Ψ,   mj   е jе -

  pj.   mj     
 ,  ,     

 .  е jе      
mj. 

  ,     
     

,   ,     
.           

,    , . . 
                                           mj = <fj,pj , е j |>.                                  (10.12)                        

,        
,      , 

 ,    ,  
 .      , 
     (     

Ψ.          
 ,   .   

       
   . 

      -

      , 

   , 
        μ   

  ,    
 ,    — ,    

;       -
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 .       
  .  . 10.5    

  ,   
  ,   . 10.3. 

 
.  10.5.        

         (□ — - , ○ — 

- Ψ 
 

       
          (10.12). 

         
       

 ,    .  
     

       
     

.       
        

   . 
 ,     

     
        

   ,    
   . 
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10.1.1.4.    –   
    

    
     

 ,    
      

  μ 
1Ψ   ,    

 ; 
βΨ        

      . 
   ,    q-  

 ,     
  q     

Mq,      . 
     

          
 .     (d) 

   ,      
         
 (vΨ.        

  ,   
 ( ,    

Ψ,    ( Ψ .  
    Pq      

    — dq  vq, . . 
                                          Pq={dq, vq}.                                             (10.13)                       

 ,    v   ,    
   zq ,   dq —   

,  q-    (Sq).  
,   μ 
                                             dq (xq, yq, Kq);                            (10.14)                          

                                                 vq  zq.                                        (10.15) 

      Pq 

   ,   dq. ,  
   xq   ,  ,  

, —   xq, yq,     
 dq   yq.   

      
 .    

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 287 

   , ,    
  . 

,       
,      , 

      . 
   ,    
, . .      
 ,  ,     

    ,    
 .      

     . 

, ,      
        

     -

,   —      , -

  . .,      
   ,  -

 . ,       
 ,     

       (   
,    Ψ. 

        
 ,     

  .      
     , 

    .  v   
μ     — ;  

   —   .     
,  ,    . ,  , 

           
  , . . 

                                             = .                                      (10.16)                        

         
 .   ,    

  ,     , 
     ,   ,  

  . .    (10.1θΨ   
  ,  ,   

. 
     -

,      ,  
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     ( Ψ,   , 

  Hm ,   ρ ,   
  (m Ψ.    ,   

  ,   ,    
       (10.16): 

                                m  = m ( , , ρ , Hm , , v1).               (10.17)                         

  v1       
,     (10.16). 

       
      

 -    , 
   ,       

. ,     
   ,   

        μ 
  (m Ψ,  (m Ψ    (m ), 

     μ 
                                        m  = m  + m  + m .                        (10.18)                         

        
      ,    

  (ρ , Hm , P ,   .Ψ   , 
    .    

  (10.18Ψ, ,  m ,    
 

m  = m  (mT, ρ , Hm , P , , , , , , v2)                 (10.19) 

  —   ;  —  
;  —     . 

  ,     
          

     
   (    Ψ  

. 
  v    ,  

 ,     , 
       . 

    ,  ,   
   ,    

. 
    Mq = <dq, vq, fq>: 

                                        fq: { d'q, vq } q, 
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 d'q = dq\λq,     ,    
,   ,   : 

                                             dq.                                           (10.20)                          

 ,       Na 

 , . . д< i>}i=1,2,..., Na.     
  v      

      I (   
I = I ({< i>}i=1,2,..., Na , fq, dq, vqΨΨ      
Mq: 

                              vq = arg min I({< i>}i=1,2,..., Na , fq, dq, vq ). 

       

 . 
 ,  fq     

      .  

vq = vq ({< i>}i=1,2,..., Na ,  dq ). 

       
{< i>}i=1,2,..., Na       

q   ,    ,   
,  dq.  vq     

vq = vq(dq, dt, vt) 

  

                                                     dq dt,                                        (10.21)                         

 dt —   ,     
  . 

 (10.β1Ψ    ,   -

      Mt = (dt vt, ft)  
  Mq.    

    ( Ψ -

,    . 
      

  Q: 

Q:{dq, dt, vt} vq. 

 vq      
 dt/dq,      

    

                                                vq = Q(dt\dq, vt).                             (10.22)                        

      
      

 (10.14Ψ  (10.1ηΨ   (4.7). 

 ,     
 —    , 
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     . -

 
kqqq MMM ,...,,

21
      

         ,אּ 
   .  .  אּ, 


k

i

qi

1

 אּ=

 ,  (10.16)—(10.18Ψ    
  m . 

   אּ     
  ,אּ     

   : 

i >j  i   j di dj. 

        
(10.16), (10.17), (10.19).       

 .Ψאּ) 
     ,  -

 v,     ,   
       

  .  ,    
  дfi} i=1,2,..., Nm   (10.ββΨ,  

      . 
          

  ,   
 ,  ,    .אּ 

    —  . 
     
  (10.β1Ψ. , ,  (10.16)—(10.18) 

  .    (10.18Ψ  -

,   ,  , ,   (10.19), 

     (10.16), (10.17Ψ  
  . 

 ,Ψאּ)     , 
  i(ּאΨ,      

   {m}i.    i(ּאΨ 
   ,     

   (10.β1Ψ      
    .   ,  
       
 . 
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 ,       ( , 
  אּ  ,      , 

Ψμ 
                                       Mi  Mj   i<j,                                (10.23)                         

  —     .  
   .  ,    

,   Mj      
  Mi,      Mi\ Mj. 

   (10.2γΨ ,  

                                                M1= ּ(10.24)                                          ,א                        

. .        
   . 

 ,      , 
    ,   

       
.  ,     
  ,   . 

  ,      
     , 

   , . . 

=Ψאּ)
1

M
N

i

 ,(iאּ)

 Nּאּ    — א 

  (10.β4Ψ ,     -

     .  
       

   ,      
 ,        

 . 
Ψ=дאּ)      1, 2, ..., MN} 

       i (ּא i ,  

i=1, 2, ..., N).   j
i i    

  ,     
  . ,   (10.β4Ψ,  

,     i-    
       . 

    Mi      
      μ 

- ,      i-1, . . , 
    Mi-1; 
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- ,      , 
. . ,      i \ i-1. 

    mj Mi,    
  ,      

      — 

   j.     
M( 1)       

,       
i\ i-1 (i=2, 3..... N—1Ψ. , ,  , 

   ,  ,       ,   (10.17), 

        (10.19), 

       
    ,  ,    .  
   ,   

(10.18), (10.19). 

         
  ,   . 10.6.  

       
   . 10.5. 

         
   .  ,  

    ,  
        
  ,     

   *= 1 ( *),   ( 2 ( *)) —  
,  .  ,  *,   , 

    ,    
 ,    ,   

 2 ( *),  *     
   . . 
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. 10.6.    

 

 ,     
   μ 

-  ; 
-    ,  -

  ,   ; 
-  (   Ψ. 

       
       , 

       
. 

 
10.1.2.      

  

 
10.1.2.1.     

 

 

        
     , 

   ,      
,     . 
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  μ   ,  
  ,   

    . 
         

    
,         -

      
        

     . , 
- ,       

     ,    
        

  .      
       

       
 -  . 

- ,   ,  , -

    , -

    ,  -

,    , z.   
 ,      

.        (  
   Ψ,   

(   , z ,      
  Ψ.   , ,    

      , z, . . Y = Ø. 
- ,      

     
   ,  

   . 
,        

  ,  ,       
 .     

     -

   , . .   
         

. 
     ,   

     .  
    ,     

,      
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  j   е jе    
      χj   fj,   

  ,    
    j. 

     , -

-        
 μ 

j(Pj) = 0, j=1, 2, .... Nm, 

 

j(Pj) = j - fj(χj), j=l,2,...,Nm. 

         
,      , 

,        
.      

,    ,  
. 

 -     -

 .    -  
  L,   - ,   

    L, —   (L): 

P(L)=
Lj

jP . 

    L    J (L), 

   .   (J, L) — 

   (LΨ,    μ 
 (J, L) = P (L)\J. 

    L  [1, Nm]     

 : 

                                     |L| = | (J, L)|;                                         (10.25) 

                                     |L|<| (J, L)|;                                           (10.26) 

                                          |L|>| (J,L)|;      (10.27)                        

 ,  ,     
,          

       .  
 L,  μ 

-    (10.β7Ψ,     
 д i(Pi)=0}i L.  J     

,        
  ,      

; 
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-    (10.βηΨ        
  (10.β7Ψ,    -

.      (J, L)    
   J      

д i (Pi)}i L; 

-      (10.βθΨ,  
  ,    -

      (J, L)  J. 

   μ 
-  I  ,      

L [1, Nm]    (10.β7Ψ,  ,  
       L; 

-  J  ,   ,  

 L
~

 [1, Nm]  ,  | L
~

| = |  (J, L
~

)|; 

-  J  - ,     

                                  (J, L
~

) ;                                             (10.28)                         

-  J   - ,     

                              (J, L
~

) ≠0; (J, L
~

);                         (10.29)                         

-  J  ,    L [1, Nm]  

  (10.27). 

       
          
,     

      J. 

  ,    -

  .   ,     
    (I, TΨ,  I   

    ,  T —  
   . 

         
   ,   

  ,     
   .  ,  

  I    ,    
        

.       
  .        (I, ) 

    (  Ψ  
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.       
  д i (Pi)}i=1,2.....Nm        

(I, )       
  . 

      
       

      , 
      (I, ).   

    ,  
  (I, ),    , 
     .  
     ,  ,  

   . 
            

   —      
 (I, ),    ,    

д i(Pi)}i [1, Nm]     
   (I, ),   ,   

. 
     J  I,    ,  ,   

        
 J   - . 

      ,     
 .    μ 

J= | , z|;    = . 
    ,    
 J        
μ 

   1Ψ    J ,      
 , z      ,    

       ; 
    βΨ   J     - ,    

   ,  .  1; 
    γΨ   J - ,     

     , z,   -

   . ,   
         

,        ; 
    4Ψ   J  - ,    

 —    ( L
~

, J),    
 ,    ,      
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 , z, —  .     ,  
   ; 

    ηΨ   J ,     
   , z.     ,  

      
 ,     , 

. .    . 
  ,   ,   

,      , 
  .        

  .  ,  
   J     

   ,     , 
       ,  

  ,  ,  
.       

     J   
        

 .     
. 

       
J,    J1  J2 {J1, J2  J}.  ,   

    ,  
 ,    , 

   φμ J1  J2. 

 ,      J1  J2 

,       Ji
j [Јi

j, Јi
j],  

i = 1. 2, ..., Nj, Nj —  Jj, . . 

Jj 

jN

i 1

[Јi
j, Јi

j]= J*j,  j=1,2. 

 μ 
J

i
2
 min

 = 
1 1

1
*

min ( ),
J J

J  i=1, 2, ... , N2; 

J
i
2
 max

 = 
1 1

1
*

max ( ),
J J

J  i=1, 2, ... , N2; 

,   J2*∩J2** = Ø (  J2** = 

2

1

N

i

[J
i
2
 min

 , J
i
2
 max

 ]),    
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    ,   
 ,  ,     . 

  ,  J2* J2** ,    
  J2 « » ,  J1

*, . . 
  J1      .  

J2* J2**,         
     J1. 

     
    J   
.      , 

, - ,     J , 
- ,       

    .     
    . 

   ,   
     

 .     
    ,   

  , ,  ,  
,      
        

 .   ,    
   , 

   ,     
   z, . .    

 (10.ββΨ.     
  . 

     Sij  Si . 

,       Sα [Sij, Si ]  
 ,      

       
   Д ., ,  (10.7), 

(10.λΨЖ, . . yα  Iα  .   c   Sα  

  ,     
  yα        

 Iα ,    Iα      
yα  .      -

 yij  yi       
 Iij  Ii .   ,   , 

    ,     
 Iij, Ii     .   
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  ,     
 yij, yi     Iij  Ii . 

,  

J=Iij  Ii  

 ,     ,  
     
 . ,   

     .  
      ,     
        

   J,    
    ( . 10.1). 

                                                                                 10.1. 

 
     -

   .     
     -

   ,  ,  -

     . 
      . 

4.β      
   Sij    

 ,    
   Sij   zij.  

       Sij  
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 ,    
    zij. 

      
     z  

 v.       
  (10.ββΨ.    
    (10.β0Ψ,     
    ,  

    ,  (10.β1Ψ.  μ 
       
   ,      

 ,       . 
,   Sij      

ij, ,  ,   ij,  vij   
 ,       

dij   μ   Mij    

=אּ)  ij)∋ ij. ,  ,  
    ,  

  ,   
  Sij. 

,    ij,     Sij  
       
=אּ)Mij = 1 , (ij = אּ)     ij). 

    Sij  S n (  > i)  ,  

P
~

n∩( dm/ d1) ≠Ø (m=2,3,…,N
ij

) 

 P
~

 —  ,    
S n;  dr —   r-       

( ij) (
 
d1 = dij);  N ij

 —    ( ij), 

        -

,       
 —  .     ,   

}=(אּ)     ,Ψאּ)1  ,...,Ψאּ)2
r(ּאΨж,  ,      

  אּ    ,  
  (α)  ,  

 
j r

j

d d ,   (r + 1)-    

  .  ,   
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(r + 1)-       Ψאּ)  
   אּ     

,  r(ּאΨ, .     ,    
        

 . 
     , 

  r+1(ּאΨ     
 ( ΩΨ,  Ω —     
 ,  r(ּאΨ. 
 ,   ,    

      
 « »     

   , , -

,     ( Ψ   
      , - , 

    ,    
  ,      

    . 
 

10.1.2.2.  N    
    

     -

        -

    J,   

    .    
     μ 

   ,   .  
       

   ( ,  
       

    Ψ.     
      

(  ,        
  ,    

 Ψ. 
     J 

( , , Ψ,   -

      .   
  ,(J)אּ     
   J0, J

+
  J-

: 
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=(J) אּ

J

J

J
0

 

 J
0
, J

+
, J

-
 —    , 

   . 
  J  (     J+

),  
     ,  

 . 
   J

+
    

St(J
+
).    μ 

1Ψ       
     

  I,     ; 
βΨ       

     
 ,    . 

     ,  , 
    « »  ,    

.     
   ,    

,   ,    
; 

γΨ       
     

       
. 

,    J
+
     

       
.   St(J

+
)    J

+
,  

       . 
    J+

     
 . ,   , 
  μ 
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;0),,(

;0),,(

;0),,(

;0),,,(

5544

4213

3212

43211

xxxf

xxxf

xxxf

xxxxf

                          (10.30) 

 J = д 1, 2, 5, 6}   = д 2, 4ж.  L = д1, β, γ, 4ж, . . 
        

(10.β7Ψ,    J  . 
J = (J) אּ ,

+
.   St(J

+
) = 2, a St (J

+
) = {x1 x3, 5, 6}. 

  J  5, 6.    J = {x1, x3} , 
   L = д1, β, γж    (10.β7Ψ.    , 

  J  5, x1,    J = {x3, 6}  -

.     J = {x1, 5}; J = д 1, 6} 

 . 
   i-    -

  J
+,      -

 ,   USti (J
+
) St (J

+
): 

| { USti (J
+
)} | = St(J

+
); J

+
\USti (J

+
) = J

0
. 

 ,    J   
 St(J

+
), St(J

+
),   {USti (J

+
)}i=1,2.....N

J
 (  Nj+ —  

     J+,  
   J

+
       

Ψ.      ,   
       

, . .    Nj+ > 1. 

     ,    
   USti(J

+
),    

   . ,   
   ,      USti(J

+
) 

       
,             

    . 
     

   USt(J
+
)   

 rij ( . . 10.β.βΨ, . .    
,      

   . ,   
     

   ,    
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  ,      
.        St(J

+
), 

   USt(J
+Ψ     , 

,      . 
     

  St(J
+
)      

     ,  -

.   ,     
USti(J

+
) (i=1, 2, ..., Nj+),  ,     

   . 
    J    

,     J
-.   

  ,       
J

-,     J.    
  ∆(J-

): 

J
-
U∆(J-

) = J
0
. 

 ,     J-
   

  . , ,    
    (10.γ0Ψ.   J = 1   

= д 2, 3, x4, 5, 6}.     L, . .     
 ,  (10.25), (10.β7Ψ  . 

J=(J)אּ ,
-
.     

 д 2}, {x3}, {x5, 6}  .       
 ∆(J-

). 

   ,    ∆(J-
) 

 ,        ∆(J-
)  

 .     
,   ∆(J-

)       
,         J-

   - , 
. .      

 .    ∆(J-
)  

   )(J .  

  )(J  ,  
 ,    ,  -

      -

   .    
,       

  ,   — )(J . 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 306 

, ,    J    
 (  J

0Ψ.    
μ 

1Ψ    J
0
   , 

  L
0
.     -

        
; 

βΨ   ,     
 J0

    L0.      
(J0

, L
0Ψ.         -   

 -   J
0,    

(10.β8Ψ  (10.29). 

  ,       J
+
  

J
0, . .    USt (J

+Ψ,   L0
  

(J0
, L

0Ψ  .     
     ,    

. 
,      
 J,      

    .  
        

   ,    
   .  , 

,     
      

 ,   .  
     , 

, ,      
      . 

     J   
      

   N: 

                            [1, ]:{{ ( )} , }i i i Nσ P J ,אּ} ,ξ, }         (10.31) 

                                                        
J0 =אּ

 J
+

J
-
; 
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      ,    

 N        
  ,    

,    ,  -

    .   
         

    .  . 
    ( )  — {S l} l , 

     — 

 Sij (ij ). 
     

     
  .    Sij   

    ,  
     Mij —  ,  

   Sij, —    
. 

  J,     
     .     

J          
.    J ,    

 N,    LT
=L

0
(J

T
)  (J

T
, L

T
), . .  

        
.      , 

      , 
    Sij. 

    ,    
 Sij,    μ 

,\)(;\ TTij
JLPLLL ijijij
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0( ) ( ) \ ( ); ( );iji T ij ij

P L P L P L L L J  

ijJ  — ,     J
+
  

  Sij
. 

 i j ∩ T ≠Ø,   ,     
 {ml}

ijLl
   дml} TLl

   . 

     mα   m  , μ α = . 

  ,  dα d , ,    ,  
   дml} Rl , (  α R, (R/α) T,  

mβ {ml} Rl
),  

Rl

l dd      
Rl

ld d      R' R,  

 m   дml} Rl
       

) 1 . . , = אּ  ) = mβ , 2 ( ) = { ml } Rl .   

      дm }, {mlж   
      

,       m   (  
  ,   SijΨ.     

   ,    
  ( \l

l R

d d ) ,    ,  , 

        
{ml } Rl .   

,       
       

 . ,  L
T
  (L

T
, J

T
 )   

        , 
      ,  

     .  L
ij
  (L

ij
, J

ij
) 

        
    Sij. 

     
 ,    

  Sij    N ( . 10.7). 

       
   , ,  

,       
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   д i( i)}i [1,N],   
 . 

 
 

. 10.7.      
   N. 
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 ,      -

 ,     . 
        N, 

    J = {xij, zij}.  , 
J=(J) אּ  - 

-,  Yij , a Sij  ; 
J=(J)אּ  -

0  ij∩ (L
0
, J

0
)=Ø,  Sij   

; 
J = (J)אּ  -

0
, ij  (L

0
, J

0Ψ   Jij ∩  (L
0
, J

0
) = Ø,   Sij 

 , . .   yij,   ′ij = ij ∩  (L
0
, J

0
)  

 ,     ( ij= ij\ ′ij )    
     ; 

J = (J) אּ  -
0  ij   (L

0
, J

0Ψ  ,  е Yij| = 1,    Sij 

 ; 
J=(J)אּ  -

+,      
,      Sij. 

        
    ,     Sij  

.      
      

   Sij: 

1Ψ  Yij=Ø,    St(J
+
)  St(J

+Ψ  
         

  ,     
   .  

       
 .        

          
,   ; 

βΨ     , ,  I = { ij, zij}, 

=yij,      
        yij (  

    yij   yij′′); 
γΨ     ,   

  (  Ψ   
   ( , ,   

 I = { ij, zij, yijж,  = ij,     —  

I = { ij, zij, yij, -αж,  = α, α , -α = ij ( . . 10.8) (   
   yij   yij′)  

 ,       
. 
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.  10.8.       

     ( Ψ 
     

 

      (I, )  
   N,  ,   

  .    
    μ 

1Ψ   ּא = J0, (L
0
, J

0Ψ,      
  ,     

      
,       

  ij; 

βΨ  ּא = J-
J0 = אּ   ,

,   (L
0
, J

0Ψ,       
   ij    

.       
  .     ∆(J-Ψ,    

,     , .  
  ,      

  ,    

 )(J ; 

   γΨ  ּא=J
+
,      

 ij, zij, yij.       
 ,   ij, zij,  ,   

    yij.    
      ,   

,     N 

,  St,      
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 .  ,   St  
 — USt           
 yij,      

 .  
       -

       -

  N.     
 ,   Sij  S l, 

   J   J=Iij I l,    ּא(J)=J
-

J
0
, 

      
.        

      
  .  St(J

+Ψ    
 , a St (J

+
) —  « » , 

    . 
     USt(J

+
),   

N,    St(J
+Ψ,   

  .    
   . 

,     
       

  N.    , 
       

  ,  ,  
,      

     
       . 

 

10.1.2.3.   ,   
     

  
 ,      

  ,   -

 ,     
 N. 

    G( , Ψ,   -

        
 — ,    J. 

  ,  -   

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 313 

  L     -   , 

   G (L), L  [1, N]. 

             
 (L) = д i} Li    G (L),    d(G (L)) 

   μ 
d(G(L)) = |  (L)|- |  (L, J)|, 

       (LΨ  L: 

d(G(L)) = |L|- |  (L, J)|, 

,    N     

   L  [1, N],     
 μ 

                                    L  = arg  
],1[

max
NL

 d(G(L)).                         (10.32)                        

μ 
1Ψ   d(G( L ))=0,     ,   

(10.β7Ψ     ],1[ NL ,   L = L   
 (10.βηΨ.         

J, . .  
Ψ ּאJ) = J

0
; L

0
 = L ;  (L

0
, J

0
) =  ( L , J)  ; 

βΨ   d (G ( L )) < 0,        
J,   .   . ּא (J) = J

-.           д i (Pi)} Li
 — 

         ,  
  J-

  J0
  — d(G ( L )) , . . 

| )(J |= -d(G( L )). 

   )(J    -

   , .    
      d(G ( L )),   

        
,     « »; 

γΨ  d (G ( L )) > 0,      
 J, . . ּא (J) = J

+
: 

St (J
+
) = d (G ( L )); 

St (J
+
) = J ∩  ( L ). 
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    USt(J
+Ψ  ,  

 d(G ( L )).      
{USti (J

+
)}i=1,β,…, NJ ,      

, .   ,      
   « »    

 St (J
+
). 

 ,    (10.γβΨ  -

   J,     . 
,    N,    

    ,    
. 

       
        . 

     ,   
       

    ,    
 (  , , Ψ  
   ,    

(   Ψ —    . 
      

  ,       

      
  L ,      -

 ,       
 . ,   LN   

-    (LN = {1, 2, ... Nm}),   L* 

   —  L   LN,  

                                             d(G( L ))≥0,                                     (10.33)                        

  

                                            d (G (L*)) < 0,                                  (10.34)                         

  

L* = LN \ L . 

    L      
     (10.γβΨ,    (10.γγΨ.  -

,  L  = Ø,     ,   d(G ( L ))  
 (10.γβΨ ,   J . 
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,        
 LN     L   L*: 

L ∩ LΩ=Ø 

     L  L* = LN , 

   (10.γβΨ  (10.33), (10.34). 

     -

   L   LΩ,  -

  .     , 
   G(LN)     

   ( Ψ.  
         

G ( L ).        
 G(LΩΨ,      G( L Ψ.   

,       
 LN ,   L , 

 ,    
 ,     

      . 
    μ 

1Ψ ,       (L1  
L2,  L1  L2 = LN , L1 ∩ L2 = ØΨ    L   L*; 

βΨ       -

 ; 
γΨ        

        L . 

 ,      L1 

 L2     (10.32)—(10.γ4Ψ, . . 
     
    . 

      G (LN) = д  (LN),  (LN)} 

    g(LN)=д  (LN), LN}.    
     -  (LN)  

-  LN.    L(L≤LN) 

   - ,   
-     g (L). 

   -    
 μ 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 316 

                                   d(g(L))=|L|-| Lе  L LN.                   (10.35)                        

    G (L)  g(L) ,  

                                         (L)  L  L LN                        (10.36) 

 

                                        d(g(L))≥d(G(L))  L LN .             (10.37)                        

      
.         . 
    G(LN)=д (LN), (LN)}   

  g (L1Ψ = д  (L1,  L1}  g (L2Ψ = д  (L2,  L2}: 

                                                L1 L2 = LN;                           (10.38) 

                                                 L1 ∩ L2 ≠Ø;                             (10.39) 

                                       L1  L2 =  LN =  (LN);                       (10.40)                              

.                                                          L1 ∩ L2 = Ø,                           (10.41) 

,  

                                d(g (L')) < 0  L'  L1                     (10.42) 

                                              d (g (L2ΨΨ ≥ 0;                              (10.43) 

                                                  L1 ∩ (L2) = Ø,                       (10.44) 

 

                                                     L1 = L*;                               (10.45) 

                                                       L2 = L .                             (10.46) 
   . 

,     .   
 (10.γ7Ψ  (10.4γΨ  ,  d(G (L')) < 0 

 L'  L1, . . L1 —     L*. 

  (10.40), (10.41), (10.44Ψ    

 (L1 )   (L2) =  (LN), 

,  ,   (10.γθΨ  (10.40Ψ,  
 

 L2 =  (L2) 

 d (g (L2))=d(G(L2))    (10.37) d(G(L2)) ≥ 0, 
. . L2    L . 

 ,    (10.45), (10.4θΨ ,  
  L1  L2     

(10.42)—( 10.43). 

 ,   (10.44), (10.45) d(G (L'))<0   
L'  L1   d (G (L2ΨΨ ≥0. 

  (10.γ7Ψ  d(G (L2ΨΨ ≥ 0  ,   
d (g (L2ΨΨ ≥ 0. 
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Ha L1   ,      
, . .   (L1 Ψ∩  (L2Ψ       

g (L2): 

                                  (L1 Ψ∩  (L2)    L2;                                (10.47)                       

                                   Ll =  (L1 )\  (L2).                                        (10.48) 

,        

L'  L,   d(g (L')) ≥ 0.   , 
 (10.47Ψ, ,  d(G(L2 L'ΨΨ ≥ d (G (L2ΨΨ.   

  (10.4ηΨ,     
     (10.42). 

 ,     LN  
    — LΩ    — L , 

. .  ,   (10.32)— (10.34), 

         , 
  (10.38)—( 10.44). 

         , 
  (10.38)—( 10.4γΨ,   

.          
(10.44Ψ ( . 10.9Ψ.       -

  . 
 

 
. 10.9.       

     (— — — — — , 
  (10.44); —. —. — — ,  
  (10.44Ψ; □ — - ; ○ — 

- Ψ 
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    g(L1Ψ  g(L2Ψ   
    , -

  . 
 

10.1.2.4.     
  g (LN)        

    {gq ( q,   q)} Qq : 

                                (10.49) 

          
  . 
     gq ( q, q) 

  Tq = {tgi}i=1,2.....Nqt (  Nqt —     
gq),  ,          , — 

   Vq = {vqi} i=1,2.....Nqv (  Nqv —     gq). 

       
μ 

1Ψ           ,     
gA ( , ) = {gai}

ANi , y μ 
-        

(    ); 

-     ,  
  (VA  ); 

2)          ,        
gB ( B, B) = {gbi}

BNi , y μ 
-         

( B  B); 

-     ,  
  (VB  B); 

γΨ          ,       ,  
gC ( C, C) = {gci}

CNi , y : 
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-   ,  ,  -

  (е C ∩ C | = 1); 

-     ,  
  (VC  C ); 

4Ψ          D,        
gD ( D, D) = {gdi}

DNi , y μ 
-     (d (gD) = 0);  

- ,     D,     gA  
gB: 

                               (LD)∩( A B) = Ø.                                       (10.50) 

       
.     

iag ,    
      ,  , 
                          d(

iag )=1-N a
i

t   (i= 1, 2,...,NA). 

    gA,  
iag (i =1, 2, ..., 

NA),    

                        d(gA) =  )(
11

A

i

A

i

N

i

ta

N

i

Aa NNgd

                   

 (10.51)

 

 

    , , D ,  

                                d(
ibg ) = -1   (i=l, 2,...,NB);                           (10.52) 

                                d(gB)=  )(
1

B

i

N

i

bgd =-NB;                            (10.53) 

                             d(
i

g ) = 0   (i = l,2,... ,NC);                             (10.54) 

                                d(gC) =  )(
1

C

i

N

i

cgd = 0;                              (10.55) 

                                                  d(
idg ) = 0  ;                                (10.56) 

                                           d(gD) =  )(
1

D

i

N

i

dgd = 0.                    (10.57) 

,           
,       D — .  

      gB  
  g (L*): 
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gA,  gB g (L*), 

   D,    (10.44Ψ  (10.50), 

  g ( L ): 

gD g ( L ). 

      .  
,      

                                            (LC) ∩ (  B)=Ø,                          (10.58)                        

     gD.      ,  
    gB, gA    gD. 

      
      

      L .  
       

    ,   -    
   .       

( Ψ μ 
{

(0)
 ,

(0)
B}=  (LN) 

 ,   ,  -   
,     g

(0)
A, g

(0)
B.    

  (0)
: 

(0)
= (LN)/{

(0)
A, 

(0)
B}. 

          
    (0Ψ

    
 .       
  ,      

  .         
  (10.η8Ψ,        

,   D.  ,      
       — , , D. 

,      (е (0)
|Ψ  

  gA  gB,     L*, 

  gD,    L .   
,       

  gD      
      gA, gB, . . ,   

   D,  gA  gB   .  
       

D   (10.49). 
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 ,    -

 . 
  j       gqi 

 j ∩ qi ≠Ø.    ,     
       ,   

   : 
A
 = д a

 μ a
  ;   |

a
 ∩ A|> 1};                                              (10.59)                        

AB
 = д ab

 μ ab
  ;   

ab
 ∩ A≠Ø ; 

ab
 ∩ B≠Ø };                   (10.60)                        

B
 = д b

 μ b
  ;   |

b
 ∩ B|> 1};                                               (10.61)                        

D
 = д d

 μ d
  ;   

d
 D};                                                    (10.62)                        

E
 = д e

 μ e
  ;   |

e
 \ D|= 1},                                                 (10.63)                        

 q
 —  ,    q

 (q= a, b, ab, d, e). 

,           
 ,       

 ,  ,       
  , ,  , 

. 
      -

  ,        
g(LN)  ,   (10.38)— (10.46). 

    ,   
,   ,      

      . 
       

 gA.        
   μ 

a
 = 

a
 ∩ A 

  gA. 

 ,      a
, 

   ,     
  gA.     At

: 

                                      
At

 = д t
:е a∩ |>1}.                           (10.64)                        

     (gA, t
)      

 .     μ 
1Ψ    t

   gai  gaj,  

 ∩ i ≠Ø   ∩ j ≠Ø ( . 10.10, ). 
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. 10.10.   

 
 

     gA   ,   
  —   .     

  gA,      (10.η1Ψ,   
; 

βΨ   gai  ai,      
       at  gai, 

         
 ( . 10.10, ).      gA   
,      gai , ,  gA 

  .       gA 

  . 
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 ,   gA  at
    

 gA     ( . . 10.10Ψ   
 μ 

                                     T: {g
( )

A, 
at

}  g
( +1)

A ,                    (10.65)                        

  —  . 
    A,    
        gA, 

      .    , 
 Al,   ,    
  gA       gai. 

   - ,    
 ,   

l
j
ai  gai (l

j
ai ∩Vai = Ø, j=1, 2, .... 

ial
N , 

  
ial

N —     gai.  Al
  

  μ 
                   

Al
 = { 

Al
 : 

al
 l

j
ai ; gaj  gA;   j  [1 , 

ial
N ]         (10.66)                      

  ,   A0,    
   : 

                                        
A0

 = 
A
\ 

At
\ 

Al                               (10.67)                        

  gA  l
     gai 

 ,       gai, 

       l
j
ai,     

l
j
ai  .  ,     

  gai   l
j
ai.    l

j
ai, 

  l
,      ( . 10.11, ). 

  ,      
, . . l

j
ai ∩ ai ≠Ø,  gai    , 

   l
     ( . 10.11, ).  

   gai    ,  
   d (gA)   . 

      gA  l
   

    μ 
                                      L : { gA

( Ψ
,

l
} { gA

( +1Ψ
, g }.            (10.69)                        
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. 10.11.                         

 
 

 

  gA  al
     

 gA,       gB. 

      gA   
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,    ,    
 0

      ( . 10.12). 

 
. 10.12.   

 

 

 

  ,   gA     
  d (gA)  .     

d (gA)         , 
,  , ,  —1, . .   
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  . 

    gA  0
  

    μ 
                               : { g

( )
A , 0

}  {gA
( +1)

, gB
( +1)

}.          (10.69)                         

 ,   (10.65), (10.68), (10.69) 

       A  
  gA. 

       
      .    gA  gB   

 μ  gai    lai, 
AB

A
~

 ,     ab
   gB 

 ,      ab.   
 gA    ,  lai∩ ai≠Ø, gai  

   ( . 10.13).  

 
. 10.13.   B 

 

       
 μ 

                   B  : { g
( )

A , g
( )

B, 
b
}  {gA

( +1)
, gB

( +1)
}.            (10.70)                        

   b
  gB   . 

     

                                                 
ibB

b
g)(                          (10.71) 

       b B
 

       .   
       

B1
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       B
 , 

  μ 
                                               

 B
 = 

B
 \ 

B1
.                                 (10.71) 

 

   1
  gB     gB 

 ,   (10.71Ψ,   
  1

     ( . 10.14).  

 
. 10.14.   B1 

 

         , 
,      

 ,      gc,  
,  .      

  μ 
                         B1 : { g

( )
B, 

B1
}  { gB

( +1)
, gC }.                    (10.73)                        

   B0
  gB,  μ  gbj  gbi,  

     b0∩ B, —   
       b0

 ( . 10.15). 

 
. 10.15.    BO 
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         . 
       

μ 
                                  BO : { g

( )
B, 

b0
}   gB

( +1Ψ
                        (10.74)                         

     E
  -

 .   E
  gD,    

  gC,   ,   gC,  
  ,  « »    

,         gA  gB. 

 ,  ,        
 gA  gB.  ,     

    gai  gA  gbj  gB,  -

   μ 
                                            

j i

l

a bg g Ø.                           (10.75)  

         E
 

  A
  . 

 gai     gai  
,    ,      

    ( . 10.16).  

 
. 10.16.   EA 

 

   d (gA)   .  
      μ 

                              EA : { g
( )

A, 
ea

}  { gA
( +1)

,gC}                   (10.76).                        

 gbj  eb
      

  ( . 10.17Ψ      
μ 

                                  EB : { g
( )

B, 
eb

}  { gB
( +1)

,gC}                (10.77).                          
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. 10.17.   EB 

 

,     D    
  .       

      (10.41Ψ,    g(L2) 

 gC,    g (L1) —  gA  gB.    
 gC       D ( . 10.18).  

 

 . 10.18.   C (©-  ; 

- ) 

              μ 
1Ψ    gC -   ,  -

      gA  gB, . . 
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                  )(~;
~

:
~

{
~

BA

C

C

ccC
ggg Øж; 

βΨ   
~

 ,      

   gC   - ;    

  ; 

γΨ    gC,   -     
      - , 

  gC,   ,   , -

  gB,  « »  gB   

;  ,    ,   gA, 

o       gai  gA,  
 ,   ; 

4Ψ , ,     1Ψ—γΨ  
,     , ,  
,    . 

      
  gC , . .     gB, 

  (10.η1Ψ     D. 

       
 μ 

                  C :  { gC, g
( )

A , g
( )

B }  {gB
( +1)

, gD
( +1)

, gA
( +1)

}.      (10.78)                        

  (10.65), (10.68)—(10.70), (10.73), (10.74), 

(10.76)—( 10.78Ψ    ,  
D,       , 

    . 
 D

       
    D.   

   . 10.1.2.5. 

10.1.2.5.   N 
  N     
.        

 ,    ,     
   .     

   , —אּ   
,     

 J.        
  , ,  J  

 ,    ,    , 
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 St, USt  J .    N 

μ  (L
0
, J

0
), L

0
 —  ,    

    J,   ,  
     ,   

      
     . 
  ,     

     L  ( . 10.19).  
        

       , 
    . 

       (   Ψ    -

  , , ,   , . . 
 (0)

A = (LN); 

g
(0)

B = g
(0)

D= g
(0)

C=Ø 
(0)= (LN)\ A

(0)
. 

         gA
(0)

    μ 
OST :G(LN) { gA

(0)
, 

(0)
}, 

      
    L . 

       ( - Ψ ,  ,  
 g

( Ψ
A , g

( Ψ
B, g

( Ψ
D      

    
( Ψ,  Ω ( Ψ

: 

*
( Ψ

 = 
( Ψ

\ 
1

1

)(
k

i

i
. 

        Ω     
(10.59)—( 10.63), (10.64), (10.66), (10.67), (10.71), (10.72), (10.7ηΨ  

       
  c   . 

            

Ω           
 . ,  (10.ηλΨ  (10.70Ψ   

        A,    . 

      Ω        
      

.         
  ,   — .  gC  

  C, . .   , 
     gC  gD. 
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. 10.19.      
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   Ω         
         

   gC,    ,    gC 

  gD .   
μ 

1Ψ    . 10.1.2.γ    
 , . .  L ; 

βΨ       D (  gD 

          
Ψ  

γΨ    gD  g ( L ). 

 ,      -

    Ω   
    .   

  ,   Ω   ( 1
, , A

, 
ab

),      gC,   
 . 

    Ω       
           

 .       
 ,        . 

          
    gD,      

C. 

 ,       
     ,      

  ,    
  , , D. 

       
 

( +1Ψ
 = D,   « »    

   gA  gB.       
gA, gB, gD,    D

,    gD.  
 

L ={ i: i gD  
D
}; 

L*={i: i gA gB}; 

d(G( L )) = |
D
| 

(L
0
, J

0
) = { i : i  gD, 

d
}. 

     
,    ,    
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 = е (0Ψ
| S|

m
|, 

  —   ; е (0Ψ
| —    

; S —    gA
(0)

; |P
max

| —   
,    i  . 

,  еPm е  ,    
  ,      

   .      
    е (0Ψе,     

   J.    , 
  = KS,   = е (0Ψ

| |
m x

| — ,    
  . 

  ,    
    N,  St  USt  ּא = J+

, 

  J -J =אּ  
.    ,  

 ,    
  J  ,     
.       
,      

     .  
USt J

+  ∆J
- (LN)       

, ,      J 

 ,      L  

, - ,  ,  - ,   . 
  St      

   J.       

St (J
+
) = J

+
 ∩  ( L ). 

  ,    USt. 

     d (G ( L ΨΨ > 0, . .   
D
 ≠Ø  gD ≠Ø,  D

  gD     
   N. 

    . 10.1.β.β,  USt(J
+
)   

    St(J
+
)   

St.       St(J
+
)   USt. 

    USt,  
,          

, ,       J
+
 

  .      
      

  USt      
 —      « » —  
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,     J
+,     

  ,      ,o   
  . 

  gD  D
   J

+
   

    (        
,  St = J

+Ψ.     ,  J  J
+
, 

  ,    , 
    D

.     PD
,  

   J  —  JΩ,  

J  = {J*:J* P
D≠Ø }. 

  ,  J
D
,    -

  J*: 

J
D
=J

+
\J  

   J+
  JD

  J    
. ,     J

+  J , 

        USt.    
 J+

       D, 

      —   D
, — 

     .   
   gD.      

   J : 

J  : {
D
,J* }  gD 

( +1)
. 

  JD
          

J
+.      . 

   J+
  JD

      
  ,    gD    .  
,    D    .  

     gB  gC  (10.η1Ψ  
       , 

   ,     
   D.  ,     

  gB       D
,  

   JD
      

USt,       . 
    USt   
  ,    

   J*  J+
  USt:                          

1Ψ   J* Ј ,    ,  
  J ; 

βΨ  J*  J
D
,    gD      

 C,    gC  gD  gB = J*; gA = Ø; 
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γΨ   (10.51) —    
    gB  ,   

P
D
\J*.     ,  J* USt,     

J* USt. 

    JΩ  USt  
      J

+
  . . 

     USt  
   μ 

St: {gD, 
D
, J

+
, r} USt, 

 r — ,  . 

     J .  
     , 

    J
-  

  μ 

J
0
 = J

- J . 

   ,   J   
  -   J0

: 

(J
0
, L

0
)  , 

. .       -

  ,  ,   
 . 

,       
     ,    

 .       I : 

I  = {i: i ∩  ≠Øж. 
  μ 

J i = J
-

 (Pi\ );   i I  , 

  ,       
, ,     .    

       . 
       L,  
  {St(J i)} Ii .  еPi| — St(J i)  

 J   i I      
 ,       
  е ∆J

-
 е.     i*. 

    J    
 ,   i*.  St(J i) = 0,    
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J = i*.    J       
   St  J+

 = J i*. 

      -

 ∆J
-
        

 μ 

J : {J
-
, , r } J . 

 ,   N   
      

 L, St, J. 

      -

   д i} 0Li
,   -

   .    
  д i} 0Li

     
  . , ,  . 10.20 

         
. 

 
. 10.20.       

      
.                                                                                                               

 

          
1 (      Ψ,   2  3 (  
        Ψ , , 

 4 (      Ψ. 
        д i} 0Li

 

    (   
-  Ψ   

.    ,   , 
 ,        

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 338 

  .    
       

  .   ,  
    N,   

  FOR. 

,    ,    
      -

     -

    ,   
 .      -

       ,  
          

  .         
      J, 

       -

 .     N  
 ,     ,  

       
 ,         

    . 
 

10.1.3.     
  (   ) 

 
10.1.3.1.     

       
  ,      

, ,    
   .   ,  

  ,  
 ,   .  

    ,  , 
   St ( . . 10.1.β.βΨ.   

,    USt St,   
,      

    
 .     

   μ    
   z,    v, 

     ,     
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  ,      
    . 
        

: ,   -

          
;     -

 . 
         

 4  10.1.1.  , ,  « » 
       

  ,      
     L

0
(J)\(L* LΩΩΨ (  J =I* I**; I*, I** —

       
, a L*, L** —   ,   

 ; L
0
(J) —     

   Ψ.   
        
.  ,    

        
   .   

,       ,   
   .    

   .     
   . 10.21.  

 
. 10.21.         
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   α,   (  α,  —   
,   α-   -  

 Ψ     
  -    

.       
      

        .  
       

  , . .     
 ( *),      ,   

    .    
     -  

 ,      
       ,   

  .  ,   , 
      ,   

    « »  
 ,       
.        

   .      
      

 . 
     « »  

     .   , 
 ,      

     
    . 
         

    -

   ,   ,  -

       
    . 

    -

      
 .     . 10.1.2 

      .  
    ,   

,   Sij,    —  
,       Mij 

 .       -
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,   —   
  .    ,  

  . 10.1.2.γ   ,  
     ,      

,  ij        . . 
 ,    N-    

Ψ = дאּ)   ,Ψ жאּ)Ψ, ..., Nאּ)Ψ , 2אּ)1
         

  ,   
 μאּ     

                                                        
i(ּאΨΨ Si   (i= 1, 2,...,N).                      (10.79)                        

   Si   , 
     Si-1,  . . 
,     (S1≡S1,1)  

        
    .   -

     μ 
אּ                                                  .                                        (10.80)                        

    ,  
 di \ di-1     1-

 μ 
                                          di \ di-1 yi.                                      (10.81)                         

  xi     
 di-1,       

  ,    Si: 

                           di \ di-1 xi    (i = 1, 2,.. ,,N, d0 x0 = x1).       (10.82)                        

 z,    ,  
 v: 

                                       vi zi  (i = l, 2,...,N).                            (10.83)                         

        
,      

Q: 

             vi = Q (di+1\di, vi+1)   (i = 1, 2,..., N - 1; vN  zN = z0).     (10.84) 

       
  ,   . 10.22. 

   Mi (ּאΨ  Fi     μ 
                      Fi : { di-1, di\di-1,  vi}  (10.85)                     ,(i = l,2,...,N)   אּ

    μ 
                                     FN : {d0, dN\do,vN}                          (10.86)                            ,אּ
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                              dN\d0 = 
N

i 1

(di\di-1) 
N

i 1

yi = y .            (10.87)                          

 

 
.  10.22.       

 

         

                           ),\,(minarg)\( 11
\

1

1

iiiii
dd

ii vdddFdd
ii

     (10.88)  

   i-   ,  
 

                       ),\,(minarg)\( 00
\

0

0

NNN
dd

N vdddFdd
N

          (10.89) 

    . 
 ,      

       -

    (10.88Ψ   -

       (10.84Ψ, -

      -

.        
        

.  ,      
  (    Ψ 

  μ 

                            )\( 0ddN
= 

N

i 1

)\( 1ii dd  .                           (10.90)                         
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   .   
      zi (  vi) 

   i- o  ,     
  (10.90).  ,      

    a      
    ,  μ 

                 Fi (xi, i , zi) = Fj (xj, j, zj) (i≠j; i, j=1,2.....N).            (10.91) 

        
    ,   

   . 
  ,   (10.79)—( 10.8γΨ,  i-  

 (10.8ηΨ  μ 
Fi : {xi yi, zi} K 

   xi: 

xi = { xi-n yi-n+1, yi-n+2,...,yi-1)}   (i = 1, 2,...,N, n=1, 2.....i-1). 

,   (10.λ1Ψ     
   (10.λ0Ψ   μ 

                                                   
N

i 1

 i = 0,                          (10.92)                        

 i       i- o ; 0 

        . 
       ,     -

  1 :  = F1 ( 1, y1, z1)  2 :  = F2 (x1, y1, 2, z2Ψ   
 1  z2.  

 
. 10.23.    , 
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 . 10.23,     
 , ,        

     1  2  д 1, 1}    
д 1, 1, 2},   

1 =  
1

arg
y

 min F1 ( 1, y1, z1); 2 = 
2

arg
y

 min F2 (x1, 1, y2, z2). 

         
        

 ,     . 
  (10.92),          

,  .  ,   
(10.91)  ,       

     
 . 

     
    ,   

,       
         

.  ,    , 
   ,        

  1, 2, ..., N    
  1( ), 2( ), …, N ( ),    

(10.92). 

 ,    , 
         

  .    μ 
-   д ( )жi=1,2.....N: 

K = Fi(xi, yi, zi)   (i=1, 2,...,N); 

-  x1 (x1 ≡ x0)  zN (zN ≡  z0); 

-     

Y i (i = 1, 2, .... N). 

   i (i = 1, 2..... N)   
μ 

                       i = 
ii Yy

arg  min Fi (xi, yi, zi )  (i = 1, 2.....N)               (10.93) 

 μ 
                   zi = Q( i+1, zi+1)  (i=1,2,...,N-1);                              (10.94) 

                    xi = {xi-1, i }   (i = 2, 3,...,N)                                      (10.95) 
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 ,     μ 

                                                   
N

i 1

 i = 0.                                 (10.96)                             

 

0 = 
Yy

arg  min FN ( 1 , zN), 

N

i

i

1

 

     . 
 

10.1.3.2.        
     

     
 .     

    ,      
       

   ,   -

     .  
    i     zi, 

     i- o,   
 .      

    — Si  Si +1,   
xi  zi+1  . 

 zi     (i- Ψ  
,          

,     Yi  
    . 

      zi 

      . - ,  
    i = yi (xi, zi)  xi+1 = xi+1 (xi, iΨ,  

      (i + 1)-  
      

Yi+1 =  Yi+1 (xi, zi
 
,  zi+1 );     i+1 =  i+1 (xi, zi, zi+1). 

- ,     ,   Yi+1  i+1 

   (i- oΨ ,  
   zi.      

yi+1 Yi+1    zi.   
      Yi+1,  
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 Yi+1  ,   Yi+1,Zi  
     zi .   Yi+1, Zi 

    Q (φ′′i ( i+1, zi+1)) = zi: 

Yi+1, Zi = { i+1 : Q (φ′′i ( i+1, zi+1)) = zi}. 

,    zi    
       

  ,     
   

Y'i+1 = Yi+1 ∩ Yi+1, Zi. 

  Yi+1   , 
 i ,     zi, a 

Yi+1, Zi  —    zi  ( . 10.24). 

 
. 10.24.    

    (Yi+1  —  
 (i+1)-  ,   i-  

    zi ; Yi+1, Zi   —  
 (i+1)-  ,   (ziΨ  , 

    i-  ; Y′i+1  — 

  (i+1)-  ,   
,     i-  , . 

.  i  zi,       i) 

 

  , . .   
  ,  

Y'i = Yi
izi

Y
,1

 (i = 2,3,...,N
s
, Y'1 = Y1 ), 

 
izi

Y
,1

=
121 ,...,,, izzziY       

 

Q (φ′′j ( j+1, j+2,…, N s ,z0))= z   (j=1,2.....i - 1) 

 ,  = j + 1, j + 2, ..., Ns, . . 
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1, izi
Y = {yi :Q (φ′′j ( j+1, j+2,…, N s ,z0))= zj;  j = 1, 2.....i-1} 

(i = 2, 3,..., N
s
). 

 ,      
,     

,       , 
   — Yi   

 ,    
  ,   — 

1, izi
Y   

,    ,   
    . 
     i-     

« »       Yi,   

1, izi
Y      

  ,    
.      

      
   zi,   

   . 
 

1, izi
Y       

  μ 
                     i = i ( 1, 2,…, i-1,…, sN

)  (i=1.2.....N
s
),  (10.97) 

 Ns
   

1

| |
sN

i

i

y  . ,  

, |yi| > 1, . .  (10.λ7Ψ    
  .      -

  (10.93) — (10.95) —  (10.λ1Ψ.  -

        -

  (10.λ1Ψ    
        

(10.96).  

,  
1, izi

Y   zi, 

     

 .       zi (i = 1, 2.....N
s
 — 1) 

     
 ,   zi    

   yi.      
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     , 

    yi  zi (i = 1, 2, ..., N
s
).   

      
 Yi       

,     ( Ψ 
     yi,    zi.   

 zi   Z
~

,     
      

       
μ 

iZ
~

  =  
sNiikYy ,...,2,1,

  Q(φ′′i ( i+1, i+2,…, N
s

,z0)). 

   
iZ

~
 ,  , 

      
   zi (i = 1, 2, ..., N

s
).    

     zi,    
 Q,   ,   ,  
  .     
       zi, 

  ,   Z, « »  
  Z

~
. 

,  Z   ,  -

 ( Ψ  , . .  
  (10.λ7Ψ.  ,   

    iz~ Zi  -

, . . ,        i-    Y
′
j=Ø 

(j>0Ψ.    ,    
      

zi,   z i ,  ,  « » 
 Z,    Z

~
 ( . 10.25). 
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. 10.25.   Z  Z
~

(------       
   Ψ 

 

,         
 z     , 

     ,    z, 

  . - ,    
    (  zΨ,   

    ,  - ,—  z, 

   ,    -

    z   
. 

        
  z,  ,    
      

 ,   
 z.       i-  

    « »  
1, izi

Y   ,   

     Yi,    
 « »     

1, izi
Y         

zi-1 ,       
 

1, izi
Y . , ,    

Yi  iy    ,   z, . .    . 
.       

      
  (10.λ7Ψ  . 

      
  ,       
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 , . .    

      
    .  

,    (10.λ7Ψ,  ,  
       

 ( . . 10.23). 

   ,   
   (10.λ7Ψ,    .  
,     ,    

      
       

  .      
     —  

Yi (i = 1, 2, ..., N
s
).   ,    

,        
 ,  .   

      
(       

Ψ       -

 . 
,   ,    

    iz  (i = 1, 2, ..., N
s
), 

    ,  
    . 

      
    ( Z Ψ,  

  .    
« »  ,    

   (Z). 
       

   zi,    (z iΨ  
    Zi     

    
iZ

~
, . .  

;   (z i) —   
 zi,      . 

   iz   -   
 ,  ,    ( . 

10.26). 
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. 10.26.   z   « »  

z   z . 

 

     zi,   ,   
 «  »  Zi.    
  .     

       
   z     

,      , 
  ,   

     
.        

    ,   
 . 

      
     

 ( Ψ    Z  
,    

 .      
« »     

     .  
       

       ,  
      

     
  . 
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10.1.3.3.    
     

       
       

     . 
        

       Z. 

,       
     Z 

      
,  ,  , « »  

 F( , , z),     
,   .      

          

 — F( , , z
HΨ  F( , , z

B
),    

 μ 
F(x, , z ) = 

Zz
min F(x, , z); 

F ( , , zB
) = 

Zz
max F(x, , z).  

   z
B
  z

H
    

 « »   Z. 

       z Z 

   ( , , Z): 

 ( , , Z) = [F ( , , zH 
), F ( , , zB

)]. 

  F ( , , zH
)  F ( , , zB

)     
     ,  . 

      -

       
,      z Z, . .    

      . 
      

  Y (x, Z): 

Y(x, Z)=
Zz

{y:V( , , z)≤0}. 

   Y(x, Z)  ,  -

  ,    *.    
  μ 

    

* = 
),(

maxarg
ZxYy

F ( , , zB
); 
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                                     * = 
),(

minarg
ZxYy

F ( , , z );                          (10.98) 

    ,    * 
       
  ,  ,   z Z, 

  ( Ψ    
F( , , z).    ,   z   

 ( Ψ.    F( , *, z ) 

 F( , *, z Ψ      
    Y(x, Z),     

. 
    Y(x, Z)  ,  

      
  .  ,  

 **,     μ 
-     

** = 
),(

maxarg
ZxYy

F ( , , zB
); 

-     

                                   ** = 
),(

minarg
ZxYy

F ( , , z );                          (10.99) 

   F( , **, z Ψ  F( , **, z Ψ  
       

,     
  .     

   . 
  ∆    ,  

   ,  
  .    -

      z Z.   
  μ 

-     

∆ = [F ( , **, zH
);   F ( , *, z )] = Д , ]; 

 -     

∆ = [F ( , *, zH
);   F ( , **, z ΨЖ = Д , ]. 

  ∆      
   . 

       
  μ 
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                                         Y ={y: (x,y,Z)∩∆≠Øж.                       (10.100)                         

     Y   
 ,     — 

   ( . 10.27).  

 
 . 10.27.    

 (    ; , Z — 

Ψ 
 

    -

     ,   
  Z,      

    .   ,  
   ,    

,        « » z Z 

  ,      
. 

      
 ,   -

   .   -

      
        

   ,     
  Y   .      

 «   » — -

,    —   
,       

 .  ,    
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  ,      

       
( Ψ .      -

    , . .   
,      

,        
   .    

   ,   
     . 

 ,    -

      
 .     -

    — St  Si+1, . .   
i  zi+1    ,   yi+1 

  yi.   μ 
xi+1 = { xi,yi}. 

      μ 
-    — ∆; 
-       -

 —  ( i, i, Zi)  ii Yy . 

 (10.100Ψ,      
(       

Ψ,      

iY  = {yi:Fi{( xi,yi,z i)≤F(xi,yi**, z i)}, 

  

                           iY  = {yi:Fi{( xi,yi,z i)≤ .                              (10.101) 

            
  .  ,  yi+1 

  yi,      
Fi+1 (xi, yi, yi+1, z i+1 )         

      (yi, yi+1).   
   ,    = Fi (xi,yi**, z i Ψ   

   i-  , a Fi+1 (xi, yi, yi+1, zi+1) —  
  yi, . .  (i + 1)-  . ,   

     iy~  

 (i + 1)-      y i+1   

Fi+1 (xi, iy~ , iy~ +1,zi+1): 
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          Fi+1 (xi, iy~ , y i+1, zi+1) =  
11

min
ii Yy

Fi+1(xi, iy~ , y i+1,zi+1),  (10.102) 

,  

Fi+1 (xi, iy~ , y i+1, zi+1)<F(xi, yi**, z i), 

        
 Fi+1(xi, iy~ , y i+1, zi+1).    (10.10βΨ  -

,   iy~       
μ 

(10.103) 

 

 ,      (i+1)-  
   yi    

  ( Ψ   -

    ,  ,  
     i-  

 ( . 10.28). 

 
 

. 10.28.      
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   ( Ψ   

 Fi(xi, i, zi Ψ  ii Yy ,    -

   Zi, ,   ,  
 . 

     ii Yy    
     ,  -

    ,   
     i- o  (i + 1)-  .   
       

      
y i  y i+1. 

   ,  « »   
        
ii Yy .      -

       
ii Yy .       
    πi Y i.    
     Y i  

   .     
       

    Y i
 .    

   
iŶ .     

πi = πi(Y i
 
, 

iŶ ), 

  
iŶ  Y i. 

       
i πi      

     ( . . Zi)  
,         
       

ii Yy .  ,       
     
,      

     ii Yy  ( . 
10.29). 
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. 10.29.    

       

 

      
    .  ,  

  yi πi,     
 zi ,   ,   
 ,    yi,   

    ,    
 zi . 

      
,       

  .   
        

 μ 
-    Zi  -

 ,    (i + 1)-  , . . 
 i+1. 

  Zi      « » 
 — zi    zi ,     

  yi  i; 

-     Y i  

   Zi; 

-   πi (Y i
 
, 

iŶ ),) Y ,  
    i-  ,  
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  (i + 1)-      
 zi  ; 

-      

iy~ ,       ;  -

   iy~ +1 ( iy~ Ψ     

Fi+1(xi+1, iy~ , iy~ +1, zi+1Ψ,   ,  
 i-  ; 
-       

,   i-  ;  μ 
Ψ           > Fi+1 (xi, iy~ , iy +1, zi+1),    

     

Fi+1 (xi, iy~ , iy +1, zi+1), 

Ψ      πi, . . πi \ iŶ  = Ø,  
  ,   zi ; 

Ψ        ,  
       

      (i+1)-     
. 

     
   ,     -

 ,   ∆    
       

μ 
                                     ∆ = i  - Fi (xi, y*i,  zi )                             (10.104)                        
    . 

     .  
       

,     (i + 1)-      
   « »  zi+1,  

 ,    Zi+1.    
      iy~  

 (i + 1)-       iy +1( iy~ )  Fi+1 (xi, iy~ , iy +1, 

zi+1),    Y i+1     μ 
i+1, Fi+1 (xi, iy~ , y*i+1, z i+1).     .  

,     Fi+1 (xi, iy~ , iy +1, zi+1) 
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    i,  z i,    i+1  
   i,   Fi+1 (xi, iy~ , y*i+1, z i+1) — 

  z i. 

        
      

   μ 
-   ; 
-   ; 
-    . 

     ,    
      

         .  
        

       
,   .  , 

      « »  
  ,      

. 
   .      

  ,  iy~ ,  (i + 1)-   
  Y i

 

+1,     
 i-  .  

      
,  «       
»  «    », 

  ∆.     
       

    . ,   
       

 ,     —    
. 

  , ,  -

       
 .  ,     
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     z   
   .    
,    -      

 ( ( ΨΨ     
(Y

 ( ΨΨ.        μ 
                                          Y

 ( )
i

( )
i ,                                   (10.105)                           

 
(1)

i = 0i (i = 1, 2, .... N); 
 ( )

 i = Y
 ( -1)

 i,   k>1 (i=1,2,    ....   N) 

 

                                

N

i

iYy
1

)(

0   .                               (10.106)                             

      
        
. 

     ,    
   (10.10ηΨ  (10.106). 

 

10.1.3.4.    
      

μ 
-    Zi = Zi( i+1, i+2,…, N, ZN), 

   , 
   ; 

-              

Y  i =Y  i (xi, Zi); 

-    πi(Y i, iŶ ) Y i   
  Y i       . 

       -

       
. 

     
 ,        

     
 — Zi (i= 1, 2, ..., N — 1Ψ,    

      j  

(j=i+1, i+2, ..., N).     
  

                         Zi Q( i+1, i+β,…, i+ , zi+ ), 
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                          = 1, 2, .... N-i;   i = 1, 2, ..., N-1                         (10.107) 

 ,    yi+ Yi+ , zi+ Zi+  (  = 1, β, ..., N—1) 

   z'i  Zi,     

                            Fi+  (xi, yi, yi+1,..., yi+ , zi+  ) = Fi(xi, yi, z'i),        (10.108)  

                                   = 1, 2, ..., N-i;    i = 1, 2, ..., N-1. 

,   (10.108Ψ  ,   
Zi (i = 1, β,…, N— 1Ψ , μ 

1Ψ   Fi(xi, yi, z i)      
Fi+ (xi, yi, yi+1, ..., i+ , zi+ ); i+l i+l ; l = 1, 2, ..., , zi+   Zi+ , 

        [1, N — i], . . 

                     Fi(xi, yi, z i) ≥F 
Di

i+  (xi, yi, yi+1,..., yi+ , zi+  )            (10.109) 

 i+l i+l; l=1,β, ..., ; zi+  Zi+ ,  F 
Di

i+ —   
   —   {yi, Fi}  

 Fi+  (xi, yi, yi+1, ..., yi+ , zi+ )  yi+l i+l (l = 1, β, ..., Ψ; 
βΨ  Fi(xi, yi, z i )     , . . 
                         Fi(xi, yi, z i )≤ F 

Di
i+  (xi, yi, yi+1,..., yi+ , zi+  )       (10.110)  

  l= 1, 2, .... ; zi+  Zi+  . 

   (10.109), (10.10Ψ  -

  Zi ,     
N

1

i+ , 

. .    (10.107Ψ.   

      μ 
            Fi(xi, yi, z i )≥ F 

Di
i+  (xi+ , ,  yi+ , z i+  ),   = 1, β, ..., N—1    (10.111)  

            Fi(xi, yi, z i )≤ F 
Di

i+  (xi+   , yi+ , z i+ ),  = 1, β, ..., N—1       (10.112)  

  ,         
Zi (i = 1, 2, ..., N — 1Ψ,   Fi (xi , yi, z i)  Fi (xi, yi, z i), 

  z i   z i.  Fi (xi, yi, z i)  
          

     .  
 Zi        

 z i,     Fi (xi , yi, z i). 

 Fi (xi , yi, z i)  yi i  ,   , 
      F 

Di
i+ (xi, yi, yi+1,..., i+ , z i+ ), =1,2,....,N - i 

 yi+ i+  (  =0, 1, ..., i - 1),   , —  
    .  

    z i      
 μ 

          arg min
i i

i
z Z

z V(A*, Fi(xi, yi, zi), i), i=1, 2, .... N-1,   (10.113) 
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                V(A*, Fi(xi, yi, zi), i) =  ∫     (A*- Fi (xi, yi, zi)) dyi;    (10.114) 
                                                                                  

yi i
  

            Z*i ={zi:Fi (xi, yi, zi) ≤ F 
Di

i+  (xi  , yi, yi+1,..., yi+ , zi+  );    (10.115)  

                   yi+l  i+l ;   l = 0,1, ..., ;    = 1, 2, .... N-i}, 

                                                  i = l, 2, ..., N-1, 

 * —  ,  μ  
                                       AΩ≥Ц  Fi(xi, yi ,z i). 

                                            yi i 

  (10.11βΨ,  (10.115)   -

  μ 
                  Z*i ={ z i:Fi (xi, yi, z i) ≤ F 

Di
i+1(xi  , yi, yi+1, z i+1  );     (10.116)  

                    yj  j;  j = i, i+1},    i = l, 2, ..., N-1. 

     

                    F
~

i (xi , yi, zi+1)= min    F 
Di

i+1(xi  , yi, yi+1, z i+1  );     (10.117) 

                                             yi+1
 

i+1
      

   (10.11θΨ   μ 
Z*i ={ z i:Fi (xi, yi, z i) ≤ F

~
(xi, yi, zi+1)}, i = l, 2, ..... N-1. 

C     (10.11βΨ    
  μ 

                       F
~

i(xi  , yi, zi+1 )≤ F
~

i+1(xi+ , yi+  , zi+ +1),              (10.118)                         
                                   i = 1, 2, .... N- 1;   = 1, 2, .... N-i. 

        
z i (i = 1, 2, ... , N — 1Ψ    F

~
(xi, yi, zi+   ),  

        
y i+1     F i+1(xi, yi, yi+1, zi+1  ), . .  

  (i + 1)-      i.  
,   y i       

, . .    Fi+1 (xi, i, yi+1, zi+1) no 

yi  yi+1. , ,      
  ,  .     

     

F
~

i+1 (xi, i,  zi+1)   z i.     
 ,     y i    

F
~

i+1 (xi, i, yi+1, zi+1)   i. 

,       
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F
~

i+1(xi, i,  zi+1)    ŷ i,     —  

Ŷ i. ,        ŷ i  i 

    ,     , , 
€ €€

i iy Y    Fi (xi, yi, z iΨ,  z i    
 (10.11γΨ  

Z i = { z i : Fi (xi, yi, z i ) ≤ F
~

i (xi, i,  zi+1),  i iŶ }; 

    

Fi(xi, iŷ̂ , z i)> F
~

i+1(xi, iŷ̂ ,  zi+1) 

 ,   
ii Yy ˆˆ̂    

(10.11βΨ    (10.118Ψ.   ,   
 z i    F

~
i(xi, i, zi+1), yi i 

,        
,  ,        
      

   .       
,    Zi ,  

  y  i+  i+  (  = 1,2,... , N — i). 

      
     . 

       ,    
     

 .      
Fi (xi, yi, zi)  yi i (i = 1, 2, ... , N)    

     i. 

   ,     
.    li i,  i —  

   Di, (    (Fi, yi)  
    ,     

{yi, F
~

i (xi, i,  zi+1)}, yi iŶ    ± argtg Lj,   Lj —  
μ 

                Lj =  
i

j

kkiiik

YyNik y

zyyyxF

i
j

i
j

),,(
maxmax 1,1,...,1

]1,[
      (10.119)                          

j= 1, 2, ..., N
iy ,   N

iy —   yi. 
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 j-       
(

, ( ))j j

Т Тy K y : 

l
j
i={

, ( )}j j

Т Тy K y , i=1, 2.....N-1. 

   i = {
j
y i}j   

iŶ : 

i= i( iŶ ) 

, , 

i = i( iŶ ) 

 ,   Fi (xi, yi, zi Ψ,   

 i( iŶ ),     F
~

i (xi, i,  zi+1)    

yi

iyN

j 1

[y 
j  

i, y 
j

i],  y 
j

i  y 
j

i  —       , 

,    j-   

   ( . 10.30).  

 

. 10.30.    (  —  Ŷ i;  

 —  Y i;   ○ —  li) 

 

  (10.11βΨ  (10.118Ψ,   
    Z i,     

μ 
       Z

*
i = { zi : Fi (xi, yi, zi Ψ≤ ( )( Т

j
yK ;  Т

j
y i }        (10.120) 

 ,    zi ,  
   ,   

  (10.113), (10.114), (10.1β0Ψ.   
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 i- o     
       
.        

  ZN: 

ZN:{i, F, }  z , 

     LIP: 

LIP:{i, L, Ŷ , , F
~

}  

        
    ,   

 д i F
~

i, (xi, yi, zi+1)}
ii

Yy ˆ ,  
iŶ  i   ± argtg Lj,  Lj 

    (10.119).  

  ,    
  .    

 μ 
 (y i) ≤ F

~
i ( i, i, zi+1)   (i = 1, 2, ..., N — 1), 

  ,       
,  ,  ,   

 F
~

i ( i, i, zi+1)    .    , 
 « »  F

~
i ( i, i, zi Ψ    (10.120) 

    F
~

i ( i, i, zi+1)   

iy i.   ,   ,   

 Ŷ i      ,   
  « »  ( . 10.31).  
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   . 10.31.     (  —  

,    F
~

i ( i, i, zi+1)    y*(
'
)
i 

  y*(
''

)
i) 

 

  ,  « »  Fi ( i, i, zi )  

   . 
     (10.113), (10.114), (10.120) 

  Fi ( i, i, zi Ψ   ,  ,  NZi  
    (NZi —   zi). 

    i 

                                                      | |≥ NZi,                                                     (10.121) 

    i —  Y


i.     Y


i 

    Ŷ I, . . Y


i = Y


i ( Ŷ i). 

   F
~

i ( i, i, zi+1)   |Y


i | - NZi + 1 

  Y


i   (10.1β1Ψ,    
  zi        

Fi ( i, i, zi Ψ.    Fi( i, i, zi Ψ   
  : 

-   yi Y


i, . .    
F
~

i ( i, i, zi+1)   ; 
-    Ŷ i  Y


i ; 

-    zi ,    
(10.113), (10.114), (10.1β0Ψ   Y


i. 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 368 

,        
  i Y


i    -

 ,    .  -

 Y


i     : 

Y


i = Y


i (Y i, Y


i). 

     
        

Fi ( i, i, zi ),       πi, . . 
πi≡Y


i 

  ,     
   i  ,     

-    Fi ( i, i, zi ), )  iy i ,   
   PR: 

PR:{i, F, Z , ,  ж π. 

,    Fi ( i, i, zi )   F
~

i ( i, i, zi+1)  

.  ,      
Fi ( i, i, zi )   F

~
i ( i, i, zi+1)   ,   ,  

NZ i ,        . 
 

Yi
+
 = { yi: Fi ( i, i, zi )  = F

~
i ( i, i, zi+1), iy i } 

  , ,  

                                                | Yi
+е≥ NZ i

,                                   (10.122) 

   zi     
 Fi ( i, i, zi )   F

~
i ( i, i, zi+1).  i,   

  (10.1ββΨ,   +
i. 

   Fi ( i, i, zi )   F
~

i ( i, i, zi+1)  +
i 

        z i+1. 

       i — 

   ,   
 Y i,       

  . ,    -   
  ( Ψ

i Y
+

i ,   ( +1Ψ
i

( Ψ
i 

  
 Y+

i  (10.1ββΨ       
( +1Ψ

i
+

i.       
  (i+1)-  ,    
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  z i+1,     , 
  +

i. 

   RKON,   
   .  

     (10.λ1Ψ,    
 μ 

RKON:{i, , , z } {Y , ∆ж. 
,  ,     

 ,    (10.96) 

,  ,  . 
 ,     

   ∆i=∆(xi, i, Zi)    
 ,     

, . . 
                   FN(x1 y 0, zN)  ∆ (xi, i, Zi)   i = 1, 2, .. ., N.         (10.123) 

,   J  {1, 2, ..., N - 1ж ,   
FN(x1 y 0, zN) ∆ (xj, yj, ZjΨ  j J.    

  ,  

FN(x1 y 0, zN) < Fj( x j, y
*

j, z j) ,   j J , 

 

FN(x1 y 0, zN) > Fj ( x j, y
**

j, z j)    ),   j J , 

  x j = {x1, y 1, y 2, ..., y j-1}. 

      *  **  
μ 

 
,    , 

 
    (10.111), (10.112), 

.      
 (10.1βγΨ    ,   

     . 
    (10.λθΨ, ,  

    0,     
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 y 'i  Y
K0H

i  i [1, N],  y 'i 0. ,  
 (10.λθΨ   , . .  J  [1, N  ,   

y 'i  Y
K0H

i.  ,  

(
jjjj xZYx (),

'

,
, j , ZjΨ=Ø , j J 

   ,  

Fj( x j, y
*
j , z jΨ < j,  j J 

    

Fj( x j, y
**

j , z jΨ < j,    j J 

  (10.98), (10.λλΨ,   
μ 

 
  , ,  ∆(xj, j, ZjΨ= Д j, jЖ,   

FN(x1, y0, zN)  ∆ ( x j, j , Zj )   j J.    
 (10.1βγΨ      (10.106). 

,   (10.106), (10.1βγΨ      
 Y i

   (10.101Ψ,  j = min {Fi (xi, **j, z j ), 

 Fi (xi  , yi, yi+1, **j, z j );   j [1, N]}; yk  ; = i, i + 1, ..., N.   
      Fi (xi, **i,z i ) 

 i.   ,   i,  
.      

(10.1βγΨ  (10.10θΨ   YK0H
i
 
,    (10.101).  

 ,    i Y
K0H

i (i=1, 2, ..., N)  
  , ,    

  .     , 
    i- o     

(    j (j > i)    
z i  z i,         

   i-  ,    i, i) 

   ,   ∆,  
 .   yi      

   ,     
[Fi (xi, yi, z i); Fi (xi, yi, z i)]. ,  ,  

     ∆,    
 .       
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K0H

i,    i, 

.0yyi . 

10.1.3.5.     
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    .  
  ,     

Fi: {xi, yi, zi)} , (i = 1, 2, ... , NΨ,    
   ,    
.   -  ,   i-   

,     
 Y

H( Ψ
i
       

 ( Ψ
i.       

  i0,    
 ,     —  

 ,    
, . . ( Ψ

i= Y
H
 
( -1)

i
 
, i=l, 2, .... N;  > 1. 

   Y
H
 

( Ψ
i
 
  ( Ψ

i   
  ∆    z i  z i, 

 Zi   
N

ij 1

j.      z i     

  Y
H

i
 

         
          

 ,  i.         
     Y H

 i
 
  z i  i. 

          
    iy Y

H
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   Y H
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  πi = πi (Y
H
 i
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iŶ ).  iy  (   xi) 
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 ,  ,    
   i +1, i +1   i-  ,     

i +1       i ,  i +1 —  
   . 

    ,   i-   
,      μ 

VS:{i, x, ,Ŷ , , α} {Y , , }, 

 αi — ,     
i-   (i — 1)-  .    α~ i , . . 

   (i — 1)-     
     .  

       
μ 

- LIP —     

     
iF

~
 (xi, yi, zi+1)    

yi iŶ i: 

LIP:{i, L, Ŷ , , F
~

} ; 

- ZN —    z
H

i    
 μ 

ZN:{i, F, } z
H; 

- PR —       
Li ,    -   Fi (xi, yi, z

H
i Ψ  i: 

PR:{i, F, z
H
, ,  ж π; 

- RKON —      
 i  μ 

RKON : {i,  , , Z
H
} {Y

K0H, ∆ж. 
   ,  

 ,   . 10.32.  
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. 10.32.     

  i-n     

 

        μ zH
i
(1), B

i
(1)

, 

i
 (1)

 = i0 , ,ˆ )1(
iY ,   (i = 1,2,..., N), 

x1 = 0,   zN= z0,   Lj (j = 1, 2, ..., Nv.),   k=1 

         μ 
     1Ψ   ,    
Y i

( Ψ
: 

k = k+1; 

       βΨ   Y i
( Ψ

  i
 ( )

     
RKON; 

      3)     i-  ,   
( Ψ≥е ( Ψ

- 
( Ψе.  μ ( Ψ, ( Ψ

   (i — 1)-   
.  i = 1,    ; 
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      4Ψ       
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 ( Ψ
 : 

i
k

Y
)(ˆ = i

k
Y

)1(ˆ  i
 ( )

; 

      ηΨ     (  

 i
k

Y
)(ˆ )     LIP; 

θΨ      yi i
( )

 

(   ,   -    
Fi (xi, yi, z

H
i ΨΨ     PR; 

7)   1β (     Ψ,   

πi
( )

\ i
k

Y
)(ˆ =Ø; 

8Ψ    iy~ i
( ) 

( iy~ i
k

Y
)(ˆ Ψ  

      i+1 = д i, iy~ }   
(i + 1)-  ,         αi+1; 

λΨ    iy~   (i + 1)-  ,  
    VS (i + 1, ...); 

10Ψ    ; 

i
k

Y
)1(ˆ = i

k
Y

)(ˆ
iy~  

11Ψ   i
( +1Ψ

 = i+1
( Ψ

      1Ψ,  i+1 < i
( Ψ

, 

     ηΨ; 
1βΨ   z i

( +1Ψ
    

 ZN;   1Ψ. 
,       -

     
     

.      
    , 

    ,  
        -

 . 
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    ,  
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      (    
 Ψ,   « »  « » -

       
. 

  ,     
       

        -

      .  
 ,       

       
       

     .   
  ,     
  .  ,  

      
        

         
    -  ,  

    . 

 

10.1.4.      
  

10.1.4.1.     
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1.    ( Ψ   —*------------------ 

(         
Ψ.                                                                                                                 

   ( Ψ,   ,  ,  
  , ,  , . .       

   ,       
 . 

2.    μ 
1.    

β.    

γ.   

4.    

5.      
 

           
 .    «  » 
     ,  
    

.   ,  ,     

.       
 ( ,    

,      Ψ,     

     μ 
3.          
( , ,    ) 

      «  » 
   βΨ.    

   E1,1. 

        -

  2,1.      
  ,   ,  

     

4.     μ 
  1.       

  β.        

  γ.    

  4.      

  η.   
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  μ 

5.     
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<   1-   > (  
,      Ψ <  

 ,    > 

. 

. 

. 

          
 ,         

, . .      
      
 ( .   44Ψ. 

 β, γ, 4, η   -

 3,1, E3,2, 3,3, 3,4, . ,    
   4Ψ, . .   3,1, 

 μ 
6.        

                                                      *                                   * 
--------------------------------------------------------------------------------------------------------------------- 

                                                . 
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    . 

   ( . . 10.1.β.βΨ,    ,  -
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                                        α i≥ 0,   i = 1, ... , ,                                     (10.124)                         
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n

i 1

αi = l.                                    (10.125)                         

    ,   0, 

      X.  -

      

                                          f(x, y)= 

n

i 1

αif 
i
(x, y).                      (10.126)                        

        αi 

 (i =1, 2, ..., )     ( . . 10.2.1Ψ   
  . 

 (10.126Ψ       -

  ( Ψ. ,  -   -

 αi  1,       
 .     

(10.126Ψ  .     
       

  (       Ψ.        
  

0 ≤ f 
i
(x, y)≤1, i= 1,2,...,  

 

0 ≤f(x, y)≤ 1, 

. .       ,    
.  ,   f 

i
= , i = 1, ... , ,    f = . 

     1, 2 

  X,   f 
i
(x, y1)≥ f i(x, 2),   i = 1, .... , 

  

f (x, y1) ≥ f(x, y2). 

      
.  ,  ,     

 ,      
. ,    

      ,  
 -  ( . .     
 , . 10.35Ψ       

       . 
      . 10.37    

 ,   . 10.35.  
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. 10.37.      

       

 

       
    (10.126Ψ   , 

   α.  . 10.37    , 
  α(1)

  α(2). ,   
  , , ,  

  D,       
   . ,     

1  2   α(1)
  α(2)

 . ,    
       α,    

       
,   α,   (10.125), 

         . 
       

    , , , -

 D . ,  3  . 7.38,   
,          

  α (  1  2  ,   3). 

 
. 10.38.     

        
    D 
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  ,     -

         
 ,      . 

        
,   αi     

,      (10.125Ψ,  
  ,    .  

      ,  
    ,    

«  »,   

αi≥0 

                                             
ni ,...,1,1

max αi = 1                              (10.127)  

                                                                                                                                                

                                      f(x, ) = 
1,...,

max
i n

αi f 
i
(x, 2),                        (10.128).                     

        
    ,    
 —     .  

  ,     -

         
    ,     

.      
. 10.39,         

« ». 

 
. 10.39.         

           

 

,      
      

 (X, Y, f(x, )) ,  X —   (  
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 Ψ; Y —   

; f( , ) —    ( ).  
      , 
    . 10.34. 

      
     ,    

  .   
        

-  .   . 
      

     ,   
     

      
( . 10.40).  

 
. 10.40.        
      -   

 

  ,     
       

 ( , 3, 4    2Ψ,   
   .      

  ,    
  ( ,     1, 3, 4). 

    ,     -
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, . .    f( , )  
  X      F( ),  

      ,   
    X.   

   - .  -

 ,       

 y  ( , y  = y3, . 10.40): 

y  = 
Yy

minarg F(y). 

       
-  -  .     

  «  »,  

F ( )=
Xx

yxf
n

),(
1

,   =дxi} 

 «  »μ 
F(y) = 

Yy

max f(x, ) 

 ( ,   ,   , 
   . .Ψ. 

     f( , )  ,  
  X,  ,    F( ), 

 .      
   , . .  s,  

F(y) = s[f(x, )], 

      .  
 ,      X  

  ,    
  ,   

    .  
     (   

   Ψ,   
      

,      ,   
     , 

  S.    S     
 ,      

  , . .   S 

 .       
,          ,  
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. 

     S    
    (     

 , , ,   .,     
  Ψ,   ,   

  ,      
     ,   
 , ,    

. 
       

,    ,   , , 
   S.     

   ,    
   . ,   
      S, , 

 ,        
 , ,    ,   -

      
 .     

        
 ,     ,   

 ,     ,   
     S 

       
. 

      , 
  ,      

       
 ,     

 ,   ,  ; 
      

     ,     
-  ,     

.     t   
G     «  » G(t) — 

 ,      
.      , 

 , G (0) = 0, G (1Ψ = 1 ( . 10.41).   
  G(t),  -  , 
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     , 
    

 

 
. 10.41.    ,   

    

                                            F(y )=G
-1

N

i

i yxfG
N 1

, ))((
1

                 (10.129)                        

   X,   N  xi,  

i = 1, ... , N,  

                                        F (y) = G
-1

X

dxyxfD )),((
1

       (10.130) 

   X,     
   .  

            -

 ,   ,      

G = t, G = t
2
   G=

4 t  ( . 10.42). 

 
. 10.42.    
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   .    
     ,   

  — .         
      

     .  ,  
  ,      

   X,   μ 0,β  
0,6.   (10.129Ψ ,      

  G (t),       
[G (0,2) + G (0,6) ]/2. 

                . 10.42, 

 ,    ( -  Ψ  
     — 0,4,    — 0,47, 

   — 0,32.  

 , ,   ,  
  -  ,   . 

 ,      -  
        

 ,   μ     
    ,  

  — . 
,      S  

       
  G(tΨ,      (0; 

0Ψ  (1; 1Ψ.       
      

   .  ,   
    (  Ψ  

    ,   
    ,    

 ,      (10.129), 

(10.130Ψ,       
   .  
  S      

    -    
  . 

    S,  
  ,      

  ,  , . . ,    
     S.  
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 S,       
,        

 .      
   . 

       
      -

      R (z)  
 Z —   . ,   

     R (z),      
   z Z.    R(z)   

   Z ,   
         

ZK={zi}i=1,2..... ,       Z 

, . . ,      
  .     

    S   ,   
ZK  Z.      

     , 
     ZK.    z  Z 

   « »  ZK     
 z  ZK: 

( ) min ( , )
kz

z Z
l z z z , 

 ρ (z, z') —    z, z'  Z.    
 ,     z Z,   

   Z  ZK:                                        

)(max zl
kk z

Zz
z , 

    z  Z       ZK, 

    ,   
kz . ,   

  Z,    , ZK  
   Z.  ,  

   ,    
 S    ,  

  S  « »     
 ,             

  S,          

 S   : 
                                       = ),(minmax GG

TGSG
                 (10.131)                          
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  GG,( ) —     
 G, G'  S.      

  ,    G (tΨ  G' (t) ( . 
10.43), . . 

                                  

1

0

|)()(|),( dttGtGGG             (10.132)                         

 
.  10.43.        « »    

 

 

    ∆(G, G'Ψ   
        

,     .  
      

       
     (mΨ,   . 10.44. 

 
. 10.44.     

     (  -

   -  Ψ 
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    , ,   7—8   
 ,      

       
,        

  .   
      

       
 ( . . 10.3  . 10.45Ψ,    

   μ , 
, , , , , 

. 

 
. 10.45.      

   (  = 7) 

 10.3 
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     -

 μ    ,   -

  ,       -

          
     ( , 

, Ψ,      
  ,   .   

        
      14 % 

 

10.2.3.     
   

    
,  ,     : 

  X,   ( ) Y, 

   S  (        
  ),       

f( , ),   X,  Y.  Э      

 «      »       
 .      

,    ,  
 ,       

  .       
 s S   

 y~ s Y.      
   z  S,  ,  

      .   
 Fz ( y~ s ),s  S, z  S.  y~ , Fz ( y~ s ), s  S, z  S 

 , .      
     (  

Ψ     , -

    (X, Y, f (x, ),     
(S),    . 

      -

         
  ,   ,  

     -  .   
     . ,  

      
 ,       
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 X          
 y~ .  ,    ,  

         -   
  y~ s = y~       

,           
      

 ,     
 f ( , )    X×Y.  ,   

   -    
,       , ,     

    ,   
     

. 
        
  S,       

       . 
      . 

         
    , i-    

 ,    i- o   
   ,  j-   — j-   

     . 
   Fi

j
 —  -  , 

  j-       
 ,   i-    

.  ,   

W = ||Fi
j
 ||i, j=1,…,m 

     -    
       -

.   ,     
,     , 

      
 ,        

 .   ,     
—   ,      

 «  ».    
   «  »  

 .   ,   , 
  ,  «  »,    

 ,    ( , Ψ 
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  , ,  ,   
,       

μ      
   ,      

   .    
,    ,  ,  

 —  ,       
 . 

   ,    
 ,   ,      

    .  
      

      W.  
      

    ,   
     

  —    
, . . -       

   . 
        W′.  

μ         W, 

          
     ,  

        
 .   ,      

   W      
 X,    W′   -  

,     W.  ,  
       

    W′,    

      .  
       

    ,   , —  
,     ,    

W,       W′,     
      

 .       W′  
  ,     

 .     W′   
 ,      
  , . .    W", , 
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 , W
(3)

   ,     W
(p)

, 

   . 

       
  μ     

,     «  ».  -

 « »    ,  
   ,    

    ,    , 
   ,      

. 
      -

. - ,     
 ( Ψ  ,   

«  »,   ,  
   .  ≤γ  

   . - ,  
 ,   (    Ψ  

   ,   
  . 

 ,      
  X,   -

   Y,    
,     

      Y  
      X  

     - . 
    

      
      , 

      
,    .  

     
 .    

 , . .   -

,   ,    
;      

      
  .     

      
   ,    

      .  -
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    ,   
  ,   

  ,    
  ,  . .,   

  .     
       

,     . 
 

10.2.4.  ( )  
    

 

10.2.4.1.     

 
     ( Ψ  

   ,     
 ,       

     
. 

      

    X    
( Ψ Y.     ( Ψ j Y, 

 j = 1, ...,    : 
 = { j }j = 1,2..... . 

  X   , 
 ,   1, β, ..., .  

  j , j = 1, ...,    X   
 Ej,       
,  j : 

Ej = {  X/  ( ) =j},  j = 1, ..., . 
,       

 X, . . 


m

j 1

Ej = X, 

     д )   μ 
Ej ∩  = Ø j,    = j,  j,  = 1, ..., . 

 ,      
  X, , {Ej} j = 1,2.....  .      

( Ψ     f(X, ,{Ej} j = 1,2.....  Ψ.  ,   
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 ( ),  ,  f=f(X, A, E( )).  
      

   X, ,{Ej}j=1,2.....      
« »        

 . « »     
       

     (Ej). 

     (  
, ): 

                        f = f(x, ,  (EE(x))),   x X,   y Y.                       (10.133)                         

    ( )    , 
      . 

 (10.133Ψ      
         

   ,   
  ( ). 

 (10.133Ψ      Y,  (EE(x))≥0,    
   X.     X     

J( ), . .      X.  
    

                                              EE(x) J(yE(x)),                               (10.134) 

XyJ
m

j

j )(
1

  

       
      

(10.133): 

 ) J(y) = X,   y Y,                                                                   (10.135)                         

. .  (10.133Ψ     X; 

Ψ f = ρ ( , ), 
. .  (10.133Ψ   ;  

) f = ρ ( j, j),      j =  (Ej ), 

 . . 
 (10.133Ψ   « »    -

       
,     : 

                                           f =f(X, , ( )).                                  (10.136) 

 « »      
, ,  ,      

      
 ( Ψ    .   
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  « »   ( Ψ,  
 —  ( ). 

  (10.136Ψ    -

  ,      
  (  , Ψ 
 .      

μ 
1)    μ   X  

  ,     
  ( ): 

                          f(X, A, E (x))=
)(

min
xE

(X, , ( ));                        (10.137)                        

2)    μ   X, -

  Y      ,  
       

( ): 
                   f(X, A , E (x ))= 

constm
YA

xE )(
min  f(X, A, E(x));                   (10.138) 

3)  μ   X   
 Y ,       

   ( ): 
                               f(X, A , E (x ))= 

YA
xE )(

min  f(X, A, E(x));           (10.139) 

        -

  yj, j =1, ..., ,    
    ,    

.     ( ) ,  
,   Ej   X   
  .       

     

 . 

       -

   , ,  , 
          X 

( ,      ,  
Ψ.        

   Ј ( )   
(10.133Ψ.   (10.134Ψ ,    

       X. 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 439 

 (10.133Ψ,    
 Y   X,    

 ( Ψ   .  
   ,  , ,  -

   ( Ψ   
       , 
      ( Ψ,   

        
  (  ,       

   ρ(yi, i)). 

     
 .    -

  ,      
 . 

    ,    -

    ,      
   .  

      
    ,   
 ,   , 

      X   
        

. 
  ,      

     , . .  = 1. 

   ,   
     X= Ω,    

 . ,     
    

f=f(  *, , 1) = F(y). 

      ,   
        

      Y,  F ( ): 
F ( y ) = 

Yx
min  F ( ). 

 

10.2.4.2.      
  

      

.       
   <S, S, l>.     
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    ,  
 ,    l (φ, ),  

φ,  S       φ  -

    ,   l =l(S, , (φΨΨ, φ S  
        

   . ,    
m-     S   l -   S,  

l = l(S,  ,  (φΨΨ.       
 ,     j

   , j = 1, 

...,  —    .  , 
  l ( ),      

 l(S,  ,  (φΨΨ   —  
     .  
      

. 
      <X, Y, 

j
f>, 

j
 , j = 1, ..., .  X —  , Y —  

, f —   ,   
 F   f     

     –    
M .  ,      

  « »    
 .   , ,l

  A-

 ,   Fm,j
M,j —    

  . ,  M
, ,l

   
  M-  ,    

  j-     m-

     ,  
 Fm,j

M,j    . 
,    F

m,j
M, , j,  = 1.....    

  <X, Y, 
j

f>   M
X,

 
, .   

 -  ,    
  j ,     

   . ,  

F
m,j

M,j ≤ Fm,j
M,  ≠j, , j = 1, ..., . 

     Wm
M: 

W
m

M=|| F
m,j

M,  || , j=1..... , 

 j —  ,   —  .   ,  
j-      -  , 

  j-   m-    
  ,      
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   . ,    ,  
   (   

Ψ    ,  
 . ,  m-   

   l ( )     
,  ,   W

m
M    

      -

 .      , 
     M

X, ,j
, j = 1, ...,    

    .   
       

      
 ,        

 .       
,    ,    

      
,    . 

   M
X, ,j

   ,   ,  
,   .    

      
  ,     

  M
, ,j

,     
       

.       , 
    ,    
 .      , 

     
      ,     

  . 
 

10.2.4.3.      
 

      -

     ,   , 
     . 

     -  (  
« »  « » Ψ.    

    ,     « » 
  ,          

  (  Ψ,    
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   ,     
   μ -   

.        
   ,   

         
,     ,  

  ,   .  
       . 

 -     
      

    . 
      

   ,    
   .  

   ,   
    ,    

.  -   
     ,  

 ,      
. ,      

   ,    -

    ,    
 ,       

 .        
, ,  . 

     
      -

.     ( Ψ  
-     -

     «  + »,    
  .     

       
    .  ,   
      ,  

    .   
,    ,     

   X,    
      

 .    -
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    ,   
 , 

  ,      
      

    .   
        

 (          
Ψ.        

   -    S,  
    «  + »     X, 

Y  f( , ).  , ,    
       

    ,    
  X, Y, f( , ).  S  , 

      
  .      

.   ,     
S,   μ     

,        
. 

        
  X     
  f ( , ) ≡ fA ( ),  X,   

«  + ».     

                                   fA ( )  [0, 1]   X.                          (10.140)                         

  μ    s 

—  ,    -

 α  X      f ( )   
FA (Xα): 

                   α  X  < α  X , fA(x),  Xα>
s

FA(xα).       (10.141) 

       
  .   Xα —    

   X  fA(x),    
X  f ( ) —     X.  FA (Xα) 

  -  , . .  
   ,      

 Xα. 

      
    . 

,     ,     
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   .    
   S,     

  μ 
1)  

FA (X)  [0, 1]; 

2)  

α  X ,    fA(x) = C   Xα,    FA( )= C  ; 

3)  

1; 2  1,  X1∩X2 = Ø, 

 FA (X1) > FA (X2), 

   3  ,   1∩ 3 = 2∩ 3 = Ø,  FA(X1 X3> FA (X2 X3); 

4)  —    S   -

      
 FA (Xα). 

    ,    
    0  1   -

     X,     
      .  

        ,   -

       ,  -

        
   .  

      ,   -   
    ,   ,  

       ,  -

      , 
  . 

   .     . 
      
,    —    

 .        
.   ,      

   ,      
  . 

,      
  S   ,   

   ,      
-  . 

   ,    
   ( , v); 0 ≤ , v ≤ 1; 0 ≤  ≤ 1, , 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 445 

  1, 2 —     
 X,  

F (X1  2) =  (F ( 1), F ( 2)), 

. . -     1  2     
-       1  2. 

 1. 

 = (u, v): Xl,  X2 X1   X1 X2 = Ø 

                                      FA (X1 U X2) =  (FA (X1, FA (X2));                (10.142)                         

u, v,  [0, 1]. 

.      
,     S    

     ,   
 ,      ( , v), 

0 ≤ , v ,  ≤ 1.  .     X1, X2 X 

                                      Fy(X1) = Fy(X2).                                    (10.143)                        

   X3  X 

                                  Fy(X1 X3) = Fy(X2 X3).                       (10.144)                         

,    μ 
Fy (X1  X3) > Fy (X2  3). 

     
  Fy ( 1)  Fy (X2)  ,    

Fy ( 1 3) — Fy (X2  X3), ,     
 F'y( 1)<F'y(X2) (    
Ψ.      

F'y ( 1  X3) > F'y ( 2  X3),  ,   
. 

  (10.143Ψ  (10.144Ψ ,   1, 2, α,  X 

—  , ,  Fy ( 1) = Fy (Xα) = , a Fy (X2)=Fy(X )=v, 

 

Fy ( 1  2) = Fy ( α  ) 

 ,  -     X1  X2 

   -      
 1, 2, . . 

                            Fy ( 1  2) =  (Fy (X1), Fy (X2)).                (10.145) 

       (10.143) 

  0  1. 
.      
  μ 

 ( , v) =  (v, ); 
 ( ,  (v, zΨ =  (v,  ( , z)). 

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 446 

.     
  1, 2   (10.142). 

      -

 S        
.     ,    

        
,   0  1,     

 1-  .      
 S    μ   

.  
    ,    
   , v  [0, 1].  

    ,      
[0, 1]×Д0, 1Ж     1-  . 

     S ,  -

       
. 

 1. 

 [0, 1]; 

φ( Ψ≡   
]1,0[

max
v

  ( , v Ψ =  ( ,1); 

 ( ) ≡   
]1,0[

min
v

  ( , v) =  ( , 0) — 

     

]1,0[
max
v

  ( , v )> 
]1,0[

min
v

  ( , v). 

.    ( , vΨ     
 Д0, 1Ж × Д0, 1Ж,       [0, 1] 

   v   Д0, 1Ж.   
(10.141) 

v1> v2  ( , v1)  >  ( , v2) , 

. .       ,  
, 

]1,0[
max
v

  ( , v Ψ =  ( ,1); 

]1,0[
min
v

  ( , v) =  ( , 0). 

 

 ( , 1Ψ >  ( , 0), 

  . 
 2.    l  [0, 1 ] — ,  
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u  Д0, 1Ж, (u, l) = u. 

.    (0, 1Ψ = .    1 , 
 

0 ≤  ≤  1. 
   ( , vΨ (     1Ψ  

 (1, 0Ψ = (0, 1Ψ = . 
  1   = 1  

]1,0[
min
v

  (1, v) = (1, 0Ψ = . 

    ( )   

                u  [0, 1]   
]1,0[

min
v

  ( , vΨ ≤
]1,0[

min
v

  (1, v) = .       (10.146) 

,     ( , v) 

]1,0[
max
v

  (0, v Ψ = (0, 1Ψ =  

    φ ( ) 
                          u  [0, 1] 

]1,0[
max
v

  ( , v Ψ ≥ (0, v) = .         (10.147) 

   =    (10.146), (10.147Ψ  

]1,0[
min
v

 ( , v) ≤ ; 

]1,0[
max
v

 ( , v) ≥  

     ( , v)  v   Д0, 1 Ж 
  l  Д0, 1Ж,  

 ( , l) = . 
   (10.147Ψ ,  u Д0, 1Ж  
  ( , v)   v  0  1   , 

 ,  

u  [0, 1]    z   Д0, 1Жμ  ( ,z ) = . 
     

 ( , l)  =  (  ( , z ), lΨ =  (  ( , l), z ) =  =  ( , z ). 

   ( , v)     , -

 

 (  ( , l), zu) =  ( , z ) 

    ,  

 ( , l) = , 

   . 

 3. 
                                             u,v  [0, 1];                                   (10.148)                        

G (  (u,v)) = G ( ) + G (v ) - G (l), 
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  G (t) — ,      
   Д0, 1 Ж  —     .   

    .   z =l + ∆z,  l— , a ∆z → 0.  
 u,v  Д0, 1Ж μ 

 =  ( , z). 

   

1 =  ( , z). 

     ( , v),    
 ,       

[0, 1]× Д0, 1Ж.      ( , l)                                         
                     = ( , l + ∆zΨ = ( , l) + 'v( , l)∆z + α,           (10.149) 

 α /(∆z) → 0  ∆z →0.  
     

                                ∆  = 1 -  = 'v( , l)∆z + α.                     (10.150) 

,    Д0, 1 Ж      
 ', ,  

                             ( ', v) = 1, ' =  + ∆ , ∆u →0.                  (10.151) 

,     ( , v) 

1 =  ( , z) =  (  ( , v), z) =  (  ( , z), v). 

  z  l      
  ( , zΨ   ( , l) = .    ( , z)  ', o  

' →u.   (10.151)   ,  
(10.149): 

                      ∆  = ' —  =  ( , z) —  =  ( , l+∆z) — u = 

                                     = ( , l) + 'v(u, l) +∆z+ - ,                 (10.152)                         
 /(∆z Ψ →0  ∆z →0. 

   (10.150), (10.152Ψ    ∆z →0, -

 

dz

dC
 = 'v(C, l),   

dz

du
 = 'v(u, l), 

 

                                       
),( lC

dC

v

=
),( lu

du

v

                             (10.153) 

  ,  'v(u, l)>0, u Д0, 1Ж   
  ( , v).  

 

'v(t, l) = g(t), 

 g (t) —    .   
(10.153Ψ     
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)()( ug

du

Cg

dC
                                 (10.154) 

  (10.154Ψ     
( 0, 0Ψ    ( , ), . . 

                                         

C

C0
)()(

0
ug

du

Cg

dC
u

u

                        (10.155) 

  

G(t)= 
)(

0
tg

dt
t

, 

  g(t)>0 ,    . 
  (10.155Ψ     

G(C)-G (C0) = G(u)-G (u0). 

 u0 = l.    0 =  (l, v) = v    
G (  ( , v)) = G(u) + G(v) — G (l). 

      .  S   , -

  1—4,     , 
   ,  

μ 
G(0) = 0, G(l) = 1. 

          ,    (10.148) 

   д 0 + 1G (t)}
10 , ,    

   . ,    

   S  ,  
 .       

,    μ 
0 + 1G (0) = 0; 

0 + 1G (1) = 1 

       
μ 

0)0()1(
)1(1

)0(1
GG

G

G
 

       S  .  ,  
   = +v,   

   (   G = t);  

 = s ss
vu   —   «   » 
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(   G=t
s
);  =uv,  

« »     (  
 G = ln t).     , ,   

 = max ( , v),  = min ( , vΨ,     
.     =v, , 

       
    s →±∞.  ,    

     S,     
   .  

       . ., 
,      

      . 
      γ      -

.       -

 . 
      4.      (u, v)   -

, ,     -

 μ 
G(  ( , v)) = G (u) + G (v) — G (l), 

 G (l) —   ,  , 
 l—   . 

.   1,    
       ( , v). 

         t = G
-1( )   

(10.148Ψ   

 ( , v) = G
-1

 [G ( ) + G (v) — G (l) ]. 

  

 (v, ).= G-1
 [G (v) + G ( ) — G (l) Ж =  ( , v), 

. .  .  
      

G ( ( ,  (v, z)))=G ( )+G (  (v, z))- G (l)=G(u)+G(v)+G (z)-G(l)-G (l)= 

= G (v) + G (  ( , z)) — G(l) = G (v,  ( , z)), 

  

 ( ,  (v, zΨΨ =  (v,  ( , z)), 

   . 
      , 

   G(t).   
  X  μ    

  N     
 n-   . 

 X     μ X = { i}i=1,2,…,N. 
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      (10.142Ψ,  

FA(X) = (f( 1 , ), (f( 2 , ),  (..., (f( N-1 , ), f(xN , A)), ...). 

,    (10.145Ψ,  

G(FA(x))= (f( 1 , ), (f( 2 , ),  (..., (f( N-1 , ), f(xN, A)), f(xN, A)), ...) =  

= G(f( 1 , ), G(f( 2 , ),  (..., (f( N-1 , ), f(xN , A)),...)-G(l) = 

= ..., G(f(x1, A)) + G(f(x2, A)) + ...+G(f(xN , A))- 

- (N - 1)G (l) = 

N

i 1

G (f(xi,A) ) - (N - 1) G (l). 

,   G (t), l,    
 ,   .  

 (  f ( i, ) =  = FA (X))  μ 

G (FA (X)) = 

N

i 1

 G (FA (X)) - (N - 1) G (l), 

,    G(t), l=FA(XΨ.    
 

G (FA (X)) = 
N

1 N

i 1

G (f(xi,A) ) 

        

                                         FA( )= G-1
 (

N

1 N

i 1

G (f(xi,A) ))                 (10.156) 

 X —      
 .    N    ∆i = ∆= /N, 

 i = 1, ..., N,        xi  X. 

    XN    
   X.  FN  
 ,    XN  X, 

  

G(F, N)=
N

1 N

i 1

G (f(xi,A) )=
1 N

i 1

G (f(xi,A) )) 
N

=
1 N

i 1

G (f(xi,AΨ Ψ∆. 

  N  XN    X,   
  G (t) 

)(lim N
N

FG =G(FA(X)), 
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)(lim N
N

FG =
1

N
lim

N

i 1

G (xi,AΨ∆= 
1

X

G(f(x, A) dx. 

, , 

                                G(FA(X))= 
1

 

X

G(f(x, A)) dx,                 (10.157) 

  

                                    F(X)=G
-1

(
1

 

X

G(f(x, A)) dx) .              (10.158)                      

 

10.2.4.4.     
   

   . 10.2.4.β  10.2.4.γ,   -

     , . .  
       

 0≤G≤1, 0≤t≤1  (  Ψ   
 .       

,   ,   
     « ». 

      
    -     

  S={G(t), G (0) = 0, G (1Ψ =1ж.   
      , 

    ,    
,       
      

 . 
  -    S     

, . .  « » ∆    
  ,  

  G1 (tΨ  G2 (t).    -

      , 
        : 

,   . ,   
       

     , -

   .    
 S,        

  .  ,   
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       .  
     -    
   f( )=    

 X = [0, 1 ]. 

      -

         
  -  ,   -

   μ 

        A (G1; G2) = |G1
-1

 ( 

1

0

 G1(x)dx) – G2
-1

 (

1

0

G2 (x) dx )| .    (10.159) 

        ( . 
10.46Ψμ     G1(t)  G2(t)  

  .  

 
.   10.46.          

     

 

,   (10.158Ψ   
 S1  S2  ,   
 G1 (t)  G2 (t),   -   F1  F2  
.      « »  

-       
 « » -   G1 (F1)  G2 (F2), . . 

 

  ∆ (G1, G2) =  |

1

0

 G1(x)dx) – 

1

0

G2 (x) dx |  = |

1

0

(G1(x) –G2 (x)) dx |.(10.160) 
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       G1 (t)  

 G2 (t)     R    . 
,      G1 (t)   

G2 (t),  (10.159Ψ    .  
    , 

   ,  

∆ (G1, G2) =

1

0

|G1(x) — G2(x)|dx, 

. .     ,  
  G1 (t), G2 (t).    

μ  G1 (t) > (<) G2 (t)  Д0, 1Ж,     
 -  .    ,    

G1 (t), G2 (t)  S  μ 
∆ (G1, G2) = 0 G1(t) = G2(t), 

t  [0, 1]; 

∆ (G1, G2) =∆ (G2, G1) ; 

∆ (G1, G3) ≤∆ (G1, G2) +∆ (G2, G3) . 

   .  .    

|G1( )-G3(x)|=|G1(x)-G2(x)+G2(x) – G3(x) ≤е G1 (x) - G2 (x) |+|G2(x) - G3 (x)|, 

 
1

0

| G1(x ) — G3(x)|dx≤
1

0

|G1(x)-G2(x)|dx+

1

0

 | G2(x) - G3(x) | dx,  

. e. 

∆ (G1, G3) ≤ ∆ (G1, G2)) + ∆ (G2, G3). 

    -   S    
     

 <S, S, ∆(G1, G2)>.      
     ,  

 .  n-   S, 

  ,   
      G (t)  S  
       .  

  -  .  
   Д0, 1 Ж  t   + 1    ti, 

 i = 0.....  + 1, t0 = 0, tn+1 = 1, t i > tK  i >     
  « »      

  i
  xi

, i = 0, ...,  + 1: 

y
0
=x

0
 = 0,   y

n+1
=x

n+1
 = 1. 
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 « »    n-  
   = ( 1, ..., ). 

 « »     
 X n-  ,    

0≤ i
 ≤ x

i+1
 ≤ 1, i = 1, ..., n — 1.    

  n-   =(y1
, ..., y ),  

  Y n-  ,  
μ 

0≤ yi
 ≤ yi+1

 ≤ 1, i = 1, ... , n— 1 

      X   
 ,  Y —  ,   

      m-    
   = {yj}j=1.....m Y.       

      « » 
   (t)    (t): 

f{x,y)= 

1

0

|x(t)-y(t)|dt. 

    

 f ( , y) = 

n

i 0

1t

i

t

t

 |x(t)-y(t)|dt  = 

n

i 0

K(
i
 , y

i
, x

i+1
 , y

i+1
),    (10.161) 

 

                            K(
i
 , y

i
, x

i+1
 , y

i+1
)= 

1t

i

t

t

 |x(t)-y(t)|dt             (10.162).                               

   (10.162Ψ    
    « »  

   Дti, ti+1] ( . 10.47).  
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. 10.47.    « »  
  μ 

 
 

     , , 
   .   

  ,  ,   
K(

i
 , y

i
, x

i+1
 , y

i+1Ψ,   . 10.4. 

                                                                                         10.4 

 
 

        
f(X, , ( ))=

jTxmj
minmax

,...,1
f(x,yj), yj A. 

       
 « »       
. 
,       

       
    ρ( , ).  

     .   
    ,    

    .   
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   ,    
       

      
  . 
  = 1, ,    t = 0  t = 1  

      0  1.   
  Д0, 1 Ж  t    ,    

( Ψ   ( . 10.48).  

 
.   10.48.         

 

 

    (10.161Ψ    ( 1, 1, 2, 2
)  

    « » , 
  . 10.49, ,   

   ( 1, 1, 2, 2
) ( . 10.50).  

 
. 10.49.   X   Y            

      

 (     n = 1, 2) 
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        . 10.50.      
 n = 1  

                                                               

,     ( 1, 2
) —   β   

  β-   4-   —    
   ( . 10.51Ψ,    

    -

    √2   4/2  .  

 
. 10.51.        

n = 1    
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      . 10.52  10.53. 

 

 

 
 

. 10.52.       
   μ 
a)  = 1; Ψ  = β; Ψ  = γ; Ψ m = 4; )  = 5; )  = 6 

 

  = β, . .  Д0, 1 Ж      .  
   (10.161Ψ  μ 

 

f ( , ) =  (0, 0, 
1
 

1
) +  ( 1, 1, 2, 2

) + ( 2, 2
, 1, 1). 
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. 10.53.     

     (  -

       n = 1, 2) 

 

      ( 1, 2
)  -

  1, 2
   . 10.54 —    

          
( 1, 2

). 

 
. 10.54.       

=2 

 

   X        
,   . 10.49.   

  ,        
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« » X   ,   . 10.54, 

   .    , 
  ,      

1  θ   . 10.53  10.55. 

 
. 10.55.       

   γ-  μ 
)  = 1; )  = β; Ψ  = 3; )  = 4; )  = 5; )  = 6 

 

     
     l ( ) 

( . 10.53Ψ       
    .   

   . 10.56   . 10.44.  
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. 10.56.       

»   4-  μ 
)  = 1; Ψ  =. 2; )  = 3; )  = 4; )  = 5; )  = 6; )  = 7 

 

,   =η     =γ.  
 ,     ,    

t = 0  t = 1      -

  0  1,       
     « »   

[0, 1] × Д0, 1Ж  0,1 .     
,    = 4.   ,     = 1, 

,   t = 0, t = 1    
    0  1, . .  Д0, 1 Ж  t  

   λ ,       .  
 = 4 ( . 10.44Ψ     = η    ,  

      
    X'.    = 4   

  ,     . 
10.3   . 10.45. 
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10.2.5.  -   
 

10.2.5.1.    -   
   .10.2.2 Д .  (10.129), (10.130ΨЖ  

  . 10.2.4.3,  X  Rn 

                                  G(FA(X))=

X

1
G(f(x, A))dx,                 (10.163)                          

  

                            FA(X) = G
-1

(

X

1
G(f(x, A))dx).                       (10.164)                           

,       
   xi, i = 1, ...,   ai≤xi ≤ bi, 

 i = 1, ..., n,  

G(Fy(X))=

n

n

b

a

nn

b

a

b

a

n

i

ii

dxdxdxxxyfG

ab
...211

1

),...,,((...

)(

1
2

2

1

1

. 

 (10.163), (10.164Ψ    ,  
,    . , 
,  (10.163).     [ , ]: 

 = 
Xx

min f(x, A); M = 
Xx

max f(x, A) 

 N   i, i+1 ≥ i,  i = 0, ..., N.    

si = 

Xx

 dx. 
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 ξi [0, 1 ] —   ,  

fi(A) = i-1 + ξi( i - i-1) 

 

G (FA (X)) =

N

i 1

G [ i-1 + ξi( i - i-1)] is~ , 

      FA(x)   
    μ 

F(ξ, ) = G-1
{ 

N

i 1

G [ i-1 + ξi( i - i-1)] is~ },  ξ = (ξ 1;..., ξN) 

    ξi , i = 1, ..., N,  
 (10.163Ψ.       
  ,     , . .   
 G (t).  

 
 ξ = 1 —  N-  , 0 ≤ ξi ≤ 1,  i — 1, ..., N.  

N = 1, . .      
  X  ,  

                                      G (FA (X)) =

M

m
mM

1
G(t)dt ,             (10.165) 

 

G(FA(X))= 
mM

mIMI )()(  
 , 

 

I(t)= 

t

0

G(t)dt 
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  -     (10.165Ψ  
  m- . 

  (10.129), (10.130Ψ    . 
        

 f*( , )   -   F*,  
 μ 

f*( , A)=G(f(x, A)),   F*A(X) = G(FA(X)). 

  (10.129), (10.130Ψ   

                                   F*A(X) =
N

1
 

n

i 0

 f*( i , A) ;                 (10.166)                          

                                   F*A(X) = 

X

1
 f*(x, A)dx.                     (10.167)                         

    -    
        

 X,       
-        

  Д   G (t)]. 

    -

      -

 X    ,  
      

 .        
  . ,   

      
 ( . .  X     

     
 Ψ,       

     . 
,  ,  1,  2, ...,  K —   X, X1, 2, ..., 

, ,  X = 1 × 2 × ... × ,  f* ( ) ≡f* ( 1, 2, 3, ..., ) 

(   X; xi  Xi, i = 1, ..., ) —   X   
 .  
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    (10.167): 

kXk

1
 f* ( ) ≡f* ( 1, 2, 3, ..., ) dxK ≡ f* (x1, ... , k-1), 

 f* (x1, ... , k-1) —  -     
  .  , 

11

1

kXk

 f* (x1, ... , k-1) dxk-1 ≡ f* ( 1, ..., -2). 

 f* ( 1, ..., -2).—  -      
     -1  . .  

, 

11

1

X

 f* (x1) dx1≡ F* 

 F* —  -       
 , X k-1..., 1, . .    X. 

        
     .  ,  

  -      
. 

 

10.2.5.2.  -     
       

   
 .     

 ,    Y   
  φ1( ), φ2( ), ..., φn( ).   

a  -     ( Ψ 
   .    

  

F(y)= 
ns ,...,1

max φs
( ); 

  

F ( ) =   
ns ,...,1

min  φs( ); 

  (  = 1Ψ,  (  = 4Ψ    = 0,25 
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   (  = 0,βΨ   (  = 5) 

 
 

    . 10.5,   
  -  ,  ,  

 ,    .  . 
10.57     -   

    (  = 2). 

                                                                                        10.5 

   
 

-   

 
ms ,...,1

max φi 

 
ms ,...,1

min φi 

 m

im 1

1

1
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.  10.57.     -    
     Mm —    

     f 
1
, f 

2
. 

 

    μ   
      

   ,     
.    ( Ψ  
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   ,    
    -   

,    . . . 
   

 
 Gq(t) —  ,   

   ; 

 

 
     

  . 10.6. 

                                                                    10.6. 

   
 

-   

 M 

 m 

 
)(

2

1
mM  

 ([M
5
-m

5
]/[5(M-m)])

0,25 

 ([M
1,25

-m
1,25

]/[1,25(M-m)])
4
 

 5
2,12,1

)(4,2

)12()12(
15,0

mM

mM
 

 2,0
66

)(12

)12()12(
15,0

mM

mM
 

         
μ      ,  

.       ,  
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   .     
   . 

 f 1
, ...,  f 

m
 — ,   -  

      μ    
   ,   ;     

 .      
   , . .  I1 ,…,I : 

sj

k

j

j IImI };,...,1{
1

 Ø 

j, s= 1, ...,  , j≠ s. 

    

 
 

      -  μ 

F=G
-1

q

M

m

q dttG
mM

)(
1

 

     . 10.6. 

,       o-   
   .    
μ   (  ,    
  (  max  minΨ,    

 (  ).      
  .   ,   

         
      max (     

 Ψ.     

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 471 

        1.   
   .      max 

  min,      .  
    .  

     μ   . 
         -

    .   
        

     μ  
       

     
. ,      

  ,  ,  , -

   -    -

μ 
                                      xi,   i = 1, .... ;   αi≤ i ≤ i.                    (10.168)  

    αi, i , i = 1, ...,  
  .  (10.168Ψ  -

  X. 

      
       -

μ  
-  

F1= j
j

f
n 12,...,0

max   ; 

-  

F2= j
j

f
n 12,...,0

min  ; 

-    (  = 1Ψ,      (  = 4Ψ,    (  = 0,25) 

 
-  (  = 0,βΨ,  (  = 5) 
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 nj —       j; 

 f|j —  f,   i-    αi,  i-  
    j  0,  i,    

 1, i = 1, ..., .  ,    
    + n  f    X,  

  ,       ,  , 
  .      , 

   μ   αi = i 

   .      i 

        
,       

 -  . 
        

-      (10.130), 

(10.164Ψ    (10.165Ψ.    
      X    

.     (10.165Ψ   
      ,   
   . 

   X   

|fA(x)-fA(ξ)е≤L||x- ξ || x, ξ X. 

  X   ,      
fA(x)   fi, i = 1, ..., N   —  X,  

F =(G
q
)
-1

BB

B

q

B

q

mM

mIMI )()(
 , 
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,  ,      - ,  

   B, B.  

 
 

10.2.6.    
     

     

 
10.2.6.1    

     
       

       
 ( . . 10.2.4.1Ψ.      

   .     
    . 

       

  «  »,   
  ,    

,        
   . 

      f( , , .)  
    . 

   ZN    X: 
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ZN=д i} X,   i = 1,...,N. 

        X, 

   ZN+1, ZN+2  . . 
  ξi

N
   X,    

 xi  XN ,   X,     ZN. 

,   ξi
N
  ,    

 X.   ξi
N
   ∆xi.   

 ZN    ,    N  
 

Ni ,...,1
max ∆xi    1/N,    

 di  ξi
N
 —  n N/1 .   

, ,      
 ZN,    X    

 .  ,  

                             
Ni ,...,1

max ∆xi ≤ 1 /N; max di ≤ 2
n N/ .                (10.169) 

  μ 

                                    S N= iEE

N

i

i xyxf
ixix

),,(
)()(

1

,            (10.170) 

 

∆xi = 
jEi

ij

ix
N

i

xdx
)(/

; . 

 ,     , 
  μ 

                                      
N
lim SN = F(X, A, E(x)).                        (10.171) 

μ 

 
 i —     ξj

N
. 
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  (10.169),  

 
 ,    

 > 0  N > ( 1 2 Ψn
 ∆ < , 

. .  (10.171) . 
        

  X     
   ZN    

(10.170). 

      ZN  ZN+1, -

        
xN+1. 

  * = {y
*
j}j=1,..., , * ( )   

       ZN. 

   (10.170)  μ 

S N= iEE

N

i

i xyxf
ixix

*)*,*,(
)()( **

1

. 

    = {yj}j=1,...,      —        

     ZN+1   -

 μ 

 
  ,   (10.170),   

 
  AΩ  A   Y 

         (10.172) 
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(10.173) 

                                         s= 1, ..., , j= 1, .. .,  

,     (10.172), (10.173)  
    xi, i = 1,.....,N + 1   

,  

 

                                         (10.174) 

 

                                        (10.175) 

 

 (10.176) 

,   N →∞ 

||yj – y*j ее → 0, j=1,.....,m. 

 

                                     yj  =  y*j  +∆ yj ,   ее∆ yj ее→>0.                 (10.177) 

   ,  
 (10.174)— (10.176)  ,  ∆yj  -

      : 

 

 
                (10.178) 
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                       (10.179) 

 (10.178), (10.179)      
  ∆y

r
j ,    .   

     ,    
      yj. 

  (10.178) ,   j≠    
        

∆ y . 

, ∆y
r
,    (10.178),   

  ,    ∆xi,    j = Ωj    
∆xi=∆ *i      Д  

    ,    (10.174)Ж.  
(10.179)  = *  ∆xi=∆ *i      

   df(xN+1, y* , *)∆xk/dy
s
.     

    (10.178)    
     . 

,         
,   

j= *j , j=1,…,m, j≠k; 

y = y* +∆ y , 

  ∆ y   —   ;  

 
     

.    дy
0

j}  , 
 +1   .   
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 ,      
 ξ1, ξ2, ..., ξn.   

i
+1=a

i
+ ξi(b

i
-a

i
),   i=1..... . 

  ( )      
 j(iΨ      ρ(xi, yi)  

  i    ,  
  . o   

   1 ..., n+1. 

     X   
         

xi.    ∆y
s
i, s=1, ..., ; i=1, ...,  

      
. 

     μ  
       

μ 
|fn+1—fnе≤ f,   

mj ,...,1
max || j — ′j)|| е≤ . 

       
      X  Y 

(    Ψ,   
      . 

 

10.2.6.2.    
    ,   

   ,   
   ,  

  ,    
     X  Y   

 . 
  ,   
,   .       ,  

 (  , Ψ   
  ,   

  .      
  , μ - ,  

        
,     ; -

,       
   ,     

  ,    
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 ,    ,   
   ,   ,   
    . 

      , ,  
   (   Ψ   

.   X  Y     J 

    ρ ( , ) ≥0, ,    
 J    (    J    J (x), a J  

 —  J ( ) ): 
J(x)≠Ø,   x X. 

 ,    .    m-

  ={Yi}i=1, ...,m Y ( Ψ   
  X   ( ),   

 д1, β, ..., ж    

x J(YE(x)) x X 

    

                                   F(X,A, E(x)))=
Xx

ρ (x, y E(x)).                        (10.180)                             

 

                                   F (X, ,  ( )) = 
Xx

max ( , ( )).                (10.181)                              

       , 
      X,    —  

  . 
   ,    

      

 ( ) = /ρ ( , ) ≤ ρ ( , ), 

                                   x J(  ),   x J(  ), ,   .                (10.182)                              

  (10.180), (10.181)      
 

                                                            FA= 

Xx

LA( ),                                (10.183)                                

 

                                                FA=
Xx

max LA(x),                         (10.184)                                 

 

                                               LA(x)=  

)(

min

jy

j

Jx

Ay
 ρ (x, j).                (10.185)                               

 ,       
  .     

 

 

 

 

 

 

 

 

 

 

 

 

 



. .      

 

 480 

X  Y  -       
,  m,  > 0    J  ρ ( , ) ≥ 0, 

  μ 

 (10.186)                                    

  (10.186)     , . . 
 

x  = (x
i
) i =1.....n,  y   = (y

s
 )S=1..... , 

 

                                     (10.187)                                    

  m-   ={yj}j=1,...., Y, 

        (10.183)                                            

(  K Ψ  (10.184) (  ). 

    . ,   
     FA   Y' 

  —     Y: 

  
m

YYYY ...  

  Y   ,  Y'    
.  FA   Y,   

     (10.183)— 

(10.185),   ρ( , )— , . . .   
  FA   Y'   . 

  Y'      
. 

       -

 ,      
.       

 , X  Y . ,   
       , y 

.      
yx

YX , ,  

     
yx

YX , ,  

   ρ( , ),     
.     ,  y   

        X  Y 
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    , ,    
. 

  ,   
yx

YX ,  -

,         
  .   ,  

,       ,  
    .    -

    G,   , , 
   ρ ( , )    FA,  

        -

. 

      
« »     

.       -

,       -

        
       . 

         
  ,    ,  
        .  
  .      

       , 
        ,  

  ,  y. 

     . 10.58.  

     .   
        

X  Y    F"      
   X* X, Y * Y  -

  A     -

 ρ( , ).     
 A

~
 AΩ,      — 

 F
~

 F*.    J = X×Y.  . 

    ,   
      (10.184). 

 , 

F
~

 = 
Xx

max L
A
~ (x), F* = 

Xx
max  L

*A
(x). 
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. 10.58.      

 

      

 μ 

                                    F*-LY y≤ F
~

≤F*+Lx x.                           (10.188) 

,     -

     X*, Y*,   
    x, y,   -

  AΩ     ,  
   : 

                                      ∆ ≤ 
Xx

max  L
*A

(x) — F* + LY y,             (10.189)                         

 ,  

Xx
max  L

*A
(x) ≤ 

*
max

Xx
 L

*A
(x) + Lx x = F* + Lx x 

 

                                                ∆ ≤Lx x  + LY.                              (10.190)                         
     X: 

= 
Xx

1, 

  s —    s: 
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                                   ωs=

sx

1,     

N

s 1

ωs = ,                    (10.191)                       

  

N

s

ssALF
1

)( ≤LX  

 ,     
    

                                       
BF  = 

N

s

ssAL
1

)(                     (10.192)                         

       
      

| F -
BF |≤LX  , 

  —  -  X*  X.    , 
 

                                     | F -
BF |≤LX x  .                              (10.193) 

    ,  

                               F* - (LX x + LY y)  ≤ F
~

 + LX x .              (10.194)                       
 ,     -

    X*  Y* (   X  Y  -

 x, y)    (10.192),  -

   AΩ     ; 

        
 

                    ∆ ≤ 
Xx

 L
*A

(x) — F* +( LX x  + LY y) .              (10.195) 

   (10.193)   = *  

*F =
Xx

 L
*A

(x) ≤ *
BF + LX x ≡F*+ LX x  

  ,  (10.195)  
μ 

                                      ∆ ≤ (2LX x + LY y) ≡ ∆Ω.                     (10.196)                        
,    (10.190)   (10.196), 

    X*, Y*, x, y,  
       

  .     

                                                            ∆Ω ≤ .                                 (10.197)  
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  (10.190), (10.196),   
    -    . 

         .    -

      ,  y.   (10.170) 

,   ( , ),   

ρ( , y)>F* + LX x, 

      K . -

,  

                                          
Xx

min ρ(x, ) >F* + LX x,                  (10.198) 

   X     . 
   m-  ,  .  

                                            
y

y

A
XA

Fmin  >F* + LX x,                   (10.199) 

   X     . 
 

A
max LA(x) <F* - LY y; 

                                              F′A ≤F* + LX x                                                (10.200) 

    X      . 
 (10.198)— (10.200)     

  X*, YΩ (    « » Ψ,  
         . 

 ,  —   X*, YΩ .  , 
  

*
max

YA
 LA (ξΨ ≤F* - LX x - 2LY y; 

                                         FA ≤F*+ LX x +2LY y ,                           (10.201) 

      ξ X*   x-

  X,   

                                    
*

min
X

 ρ( ,  Ψ>F*+ 2LX x +LY y                            (10.202) 

  

A
B

YA
F

*
min  >F*+ 2LX x +LY y , 

      YΩ   y-

  Y. 

   .  ξ  X*,   YΩ  

                    s
Ns ,...,1

min
*

min
X

 ρ( ,  )>F*+ LX x  +( LX x +LY y ), (10.203) 
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  YΩ   y-   Y    
. 

 ,   (10.203)   -

 « »,       y -

  s
Ns ,...,1

min , . .   (10.203) 

   .     
 ,    (10.202).  

 ξ  X*,   Y*  

                             
*

min
YA

 
B

F >F* + (2 LX x +LY y) ,             (10.204)                       

  YΩ   y -   Y    
. 

       X, 

    ,      
.         

   ,   
     ,      

    ,  

                                       yy ),(
1

),
~

(                  (10.205) 

  —   . 
 ,     

                | ρ (ξs, yk) - ρ (ξs, yp) | > 2 ( LX x +LY y)  yk, yp. Y
~

,  (10.206) 

  ξs   x-   X,   ρ(ξs, ) 
   (10.205)  

~
= ξs. ,   -

  (10.206)  

                             LY||yp-yk||>2(LX x +LY y) yp, yk Y
~

.            (10.207) 

,  LY||yp-yk||≤2(LX x +LY y), ,   
(10.186) 

е ρ (ξs, yk) - ρ (ξs, ypΨ е≤ LY ||  - yk ||, 

 (10.206)   . 
       X*, 

Y*,     ,   
          

  (  Ψ. 
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 .   F

~
m   

    m-  . 
  —  m-  ,   q  

 (q = 2, ..., ),  1, y2, ..., q,        
   z: 

||yj — ysее≤z,  j, s= 1,...,q. 

 m — q + 1-   Av, v = m — q+ 1, 

    q — 1  1 ..., yq-1.  

  M  

mAF =
Xx

mAL (x)≥ 
Xx

vAL (x)-LYz=
vAF -LYz 

   

mAF =
Xx

mAL (x)≥ 
Xx

vAL (x)-LYгΩ=
vAF -LYгΩ. 

 ,    

mAF ≥
vAF -λ≥ F

~
v- , 

                                                                                                                               

=
Y

Y

L z

L z
 

   —  ,  
mAF  = F

~
m. 

 ,    m-  , q  
         z,  , 
   

 

λ≥
1

~
qmF -Fm; 

                                  λ=
Y

Y

L z

L z
                          (10.208) 

  (10.208)     
    Y  . ,  

   
mF

~ ≥
kF

~
  >   (10.208) 

   .  
 z ,  

                                               λ <
1

~
qmF -

mF
~

,                           (10.209) 

 , 
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 <
1

~
qmF -

1

~
mF ,    =

1

~
qmF - FA 

(   —  m-  Ψ,  ,    
 q       z   , 

. 
    (10.208) q — ,  ,   z 

,   <
1

~
F -

mF
~

,  , 

                                                        

A

m

FF

FF

1

11

~

~~

                                      (10.210) 

(   —  m-  Ψ,   m-  
         

 z. 

  q=β    (10.209),  
     -   Y*. 

,        
,       ,     

  z,  μ 
λ <

1

~
mF -

mF
~

, 

    < z/2. 

,      -

    .   — {yj}j=1..... ,  

 '       ,  

|| y  —  ее ≤ . 
 μ  

  

FA ≥ FA′ — LY ; 

  

FA ≥ FA′ — LY . 

 ,     A, A'q, q ≤   m — q 

,   q       
   1, ..., q,  

< (Fm-1-FA), 

   

                            =
1

1

q

Y i

i

q

Y i

i

L

L

                     (10.211)                        
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     X  Y   

    , Y : 

X  = {xs}s=l,....,N 

Y  = {yi}i=l,....,n 

      μ 
-    ; 
-     ; 
- ; 
- . 

       -

 ,       
      , 

     
.    . 

 

10.2.6.3.     
  

 

,        
  z, ,   (10.210),  

      .  
 

G(yi) = {yp: || yi — ||<z, =1,..., , ≠i,   i=1,..., . 

              
= {yj}j=1,.....,m,   

A∩ )(
1


m

j

jyG Ø 

     ,  

                                    (10.212) 

   (10.212Ψ    
  m-  ,  

 .     
 I1={1,2,..., ж.     j1    
  .   I1   j , 
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G (yj) j1; j≤ j1. 

        (10.212Ψ   ,    
 ,     

.      Y  
  ,   .  , I1 

  I2.    I2 — j2,    
  .  I2   j ,   

G (yj)  j2,    I3  . .   Im, . . 
I1 = {1,.2, .... }; 

Ik+1 = Ik \{j: G (yj)  jk ; j ≤ j ;. j  Ik} =1 ...m-1; 

 = {
sj

y }, js  Is, s= 1,...,m. 

 I  = Ø,  ≤ ,       Ik-1. 

   (    Ψ,  
. 

 Im≠Ø,      m-   
 .        Im-1  

  — 1-     . .    
 I1.        

 FA,      
 : 

F≡ FA ≡
A

min FA, 

    (10.201), (10.202Ψ,   
   X , Y . 

       
(10.203Ψ.  FT —    F , , -

     FA,  1 —  
  .     A, q 

      i (i=1,...,q)   
  1,   ,   

 (10.211),  

1AF - > FT 

   FA ≥ FA —  > F  > F.  ,    
 

               
1

1
1

( /

( / ( )

q
A T Y

i

i A T Y

F F F
y

F F L
   (10.213) 
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  (10.213Ψ    -

 ,       
. 

     FA   
,  (   Ψ    

 . 
 

10.2.6.4.      
 

       
        -

     (    
 ,   , F   A Ψ.    

   ,      
   .  ,   

        
,   ,   . 

 μ 

                         (10.214) 

 μ 

                                              

M

i

iu
1

=m;                                    (10.215) 

                          

M

i

siv
1

= m-1, s=1,...,N, i = l,...,M;                      (10.216) 

vsi ≤ ui, s= 1.....N, 

 μ 

                   L (xs) = 

M

i

iu
1

( - vsi) ρ (xs ,yi), s = 1.....N;                  (10.217) 

                                         F ≥δ(бs), s=l.....N;                            (10.218) 

                                      F  = 

N

s 1

 L (xs).                           (10.219) 

   μ    
Mi

Nssii vu
,...,1

,...,1}~,~{ ,      F   
F     (10.214)— (10.218).  
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    .   

 —    ,   
   ,    

   . 
  .     

 

F ≥
Ns ,...,1

min  L(xs) ≥0; F  ≥L(xs) ≥0, 

. .   ,    . 
 =(u1..... ) —  ,  

 (10.213), (10.214),   Mi

Nssiv
,...,1

,...,1}{ , 

 F , F .  {vsi}i=1.....M    
  ,       

 μ 
                                    vsi = ui-zsi,   i=1,...,M;                              (10.220) 

                                 L(xs)= 

M

i 1

 zsiρ(бs, yiΨ→ЦТЧ;                       (10.221)                        

M

i 1

zsi = 1; 

                                          0≤zsi≤ ui ,   i=l,...,M.                           (10.222)                         
   ,  

 (10.220)— (10.222),   .   
ρ(xs, yi), i=1,…,    , . .  

 i   k  ρ(xs, yi)   
,   , 

ks (il) >ks(i2) 

                                                                                                                                

                         ρ(xs, 
1i

y Ψ≥ ρ(xs, 
2i

y )  il,  i2 {1,..., }.          (10.223)                        

   k*s ,                                                                   

                                            (10.224) 

 is (k) —   ks(i).  μ 
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               (10.225) 

  μ 

                    (10.226) 

  (10.226) ,    vsi  
 ,     i (   sΨ,   0  

ui.    (10.225)   -

  (10.220): 

 

             (10.227) 

C     ,   
  (10.225)— (10.227). 

,   (10.214)-(10.219)   
 ui, i = 1, ..., .    , 

   ui   ,   
     ,   , 
  (10.224)— (10.229). 

  , , 
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   (10.227)    (10.223)  
 

                       L(xs) = ui (k*s)ρ( xs, 
si

y , (k*s)) = 

1
,...,1

min

iu
Mi

 ρ(xs ,yi )      (10.228) 

 (10.228)    (10.218), (10.219) 

      
m-     YK     

 = (u1, ..., ),   (10.218), (10.219): 

                             (10.229) 

  F , F      -

      .  
  ,    (10.228)  (10.229) 

Lu(xs) = L(xs), 

   ,   (10.228),   -

  F ,   

F  =
Ms ,...,1

max  L(xs),=
kXx

max L(x). 

      ,      
  ,    ,   

(10.214)— (10.219),    ,   
F  F  —      

,  

   F ≥ F      

F ≥ F     
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F  
;

,

F

F
 

          

 

                                                       F≥ F                                     (10.230) 

     ,  ,   (10.214)— (10.219),  
 F   F       

        
  .  u —   

  — ,  

                                                    F = F                                         (10.230)                         

  u    (10.229)  A  — 

.   u  ,      
  u s, , 

u s = ( u 1 ..... u M  ); 
M

i 1

ui  =m; 

0/1/
maxmin

ТТ uiui
u i . 

   F
A

 ≥ F,  A  — ,   

 (10.229) u  . 

,   u  — ,  u  = . 
    ,       
(10.226),  

                                                       F ≤F≤ F
sA
                              (10.232) 

. .     , 
  (10.214)-( 10.219),   
      

. 

 

10.2.6.5.     
      ,      ,  

   ,     
    .   

       . 
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     ,   
       -

. 
 {E

0
j}j=1,.....,  —    . 

    Y    

                 

yx

yx

yF

j

j

Ex

Ex

j

0

0

),(

),(max

)(0
             (10.233) 

  jF 0
, 

0
j, j = 1,..., , . . 

F 0
j= 

Yy
min jF 0

( ) = jF 0
{ y 0

j ),  j=l,...,m. 

      0
 = { y j}j=1, ..,m        

     дE} j=1, ..,m ,   y    

μ 1
j,  L 0A

( )=ρ ( , y j,).  ,   
(10.183), (10.184Ψ,   

F 0A
 =

yF

yF

m

j

jj

mij

jj

1

01

,...,

01

)(

)(max

 

      μ      д 1
j} j=1, ..,m     

1
 = { y 1

j } j=1, ..,m    . . 
   

max ( , )

( )
( , )

s
j

s
j

x E
s

j

x E

x y

F y
x y

 

             (10.234) 
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          F sA
 =

,...1,0,)(

)(max

1

1

,...,

1

syF

yF

m

j

s

j

s

j

mij

s

j

s

j

 

                                                                                                                               
   (10.234Ψ    

F
 s+1

j( y s+1
j)≤ F s+1

j( y s
j), 

     (10.183), (10.184) 

 

F 1sA
 ≤

,)(

)(max

1

11

,...,

11

yF

yF

m

j

s

j

s

j

mij

s

j

s

j

 

   

F 1sA
 ≤ F sA

, s = 0, 1... 

 ,     
  .      
    ( Ψ , -

      ,   
  As+1

 = A
s
. 

     ,    
         
,       Y,   

   z      . 
     Y,  

    z     ,  z 

  

                            z< 

1

1 ,

m m

Y

m m

Y

F F

L

F F

L

          (10.235) 

 

    (10.208), (10.209). 
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    ,  -

   ,    -

 .   FA,j    
    j-    .   

(10.183), (10.184) 

F A  ≤

,

,...,

,

1

max

,

A j

j i m

m

A j

j

F

F
 

 A0
={

0
j}j = 1,..., , —   .   

  Y    

∆0
( )=

0
,...,1

min

yy

mj
(-F

yA /0 +F
jyjyA ,

00 )\(
)=-F 00 / yA

+F
0~

,0~
00 ),/(

jyj
yA

).(10.236) 

  YK,     
(10.236).      YK  

                               ∆0
( y~ )<0  F

yj
yA ~0~

00 )\(
≤F 0A

,                  (10.237) 

 0   μ 
1
 = ( 0

\
0

0j
) y~  , 

. .  
0j

  ,   .  

,  

∆p
( y~ )≥0     y YK. 

   ,    

∆s
( )= 

yy

mj

j
s

,...,1
min ( F

jysj

ss yA ,)\(
-F

jAs ,
 )=F

sjsjysj

ss yA ~
,

~)\(
; 

A
s
( y~ s

)<0      Fs+1
A ≤Fs

A 

A
s+1

= (A
s
\y

s
js)  y~ s

, s=0,1,… 

    (10.237Ψ  

F 1sA
≤F sA

 , s = 0, 1,..., 

 ,   , , 
 .        -

 .   « »  -

,  ,  ,   ,   
  ,   . 
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  MC  ( . 10.59).  

 
. 10.59. -      
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    μ 
-    ,  -

   ; 
-     

         
  ,    

 ; 
-  ,       

X  Y; 

-  ; 
-        -

 . 
  ( Ψ  ,  

 ,   . 
      -

 , . .  X, Y (    , , , YΨ  
   ρ ( , ),       

,   G(t).  ,    
  LX, LY,    ,  

 z,       W. 

   ,  LX, LY    ,  
m, ,   W       

      
. 

      
  1 Y1       

       
 .      

,    ,  ,  
      

       
.        

 ,     , 
   .   

μ LX, LY (    Ψ; , —  
      ; 0, ,  —  

   ; d0, dp, dy, dlK, d2K, d3K 

—   ,     
; α, z, ycp —    

   . 
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  (    Ψ   
   ,   

      . 
     

         
.       

    X  Y,     
      . 

        
 ,  ,     

       
  .   8 

 .   , μ  — 

 ,  —  ,  —  
,  —  . 

  —   .   > 2 

     ,   , 
       

 . 
  ( ) —   .   > β  

 ,   ,   ,   
    .  

      
  .    ,  

     ;  
,      

 .      
 ≥ *

j —    Y,       
 . 

  —      *
j -

  Y,      .  
  ,      

,      .   
       , 

    .   
,     , 

      ,  
       . 

 —   .   
 ,    ,    
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   (   Ψ,    . 
   ,    . 

  —     Y    

  ,    
 .     , 

    ,  
      .  

   ,    
  ,    ,     
       

    . 
       —       ,  

        -

  Y  . 
       —  -   Y   

,    .     
      ,    

 ,     ,   
,      ,   
 . 

       —   -   Y   ,   
 .  ,    
,      ,    , 

     ,    . 
            -

 ,   , . 
         

   ,     
,       

.      , 
    . 

         .   
       X, Y 

    ,  
    .  
   , 

   .   
      , 

     
   ,   ,   
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.       
          

       .  
     ,  
  ,    

. 
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