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eneration (CH₄, CO₂), and changes in the geometry of the medium due to 



difference). It was also found that at temperatures above 38 ℃, the activity of 
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AB0=C (!�%) B0 2=0A;V4>: 1V>453@040FV9=8E ?@>F5AV2 є =570;56=8<8 >48= 2V4 

>4=>3> V AC<0@=> 40NBь 7030;ь=C >19є<=C 45D>@<0FVN.

П@8?CM9==я 2. !5EBCє<> B5@<VG=8<8 =0?@C65==O<8 B0 2?;82>< 

B5<?5@0BC@8 =0 7<V=C 3CAB8=8 D07 ?>@8AB>3> A5@54>28I0.

&>4V, ?> 0=0;>3VW 7 [ ] <0є<> ĂĂ(þ)Ăþ = ∫ Ăă(�, þ)ĂþĀ
Ă(ā) Ă� = ∫ (ĂăĂ(�, þ)Ăþ + ĂăĄĀ(�, þ)Ăþ )Ā

Ă(ā) Ă�,             (2.1)
45 V=B53@C20==O 28:>=CєBьAO ?> 25@B8:0;ь=><C 2V4@V7:C [Ă(þ);  Ā] Ă(þ) 3 25@E=O 
<560 ?>@8AB>3> A5@54>28I0, Ā 3 =86=O <560 ?>@8AB>3> A5@54>28I0, ăĂ(Ă, þ), ăĄĀ(Ă, þ) 3 2V4=>A=V >19є<=V 45D>@<0FVW ?>@8AB>3> A5@54>28I0 

Ă

Ă = Ă(þ)0

Ă = Ā



2=0A;V4>: 7<V=8 =0?@C65=> 45D>@<V2=>3> AB0=C B0 1V>453@040FVW 2V4?>2V4=>. 

�V4><>, I> C<>20 ( 1) 282>48BьAO V7 V=B53@0;ь=>W AC<8Ă(þ + �þ) 2 Ă(þ)�þ =∑(ăĂ,ÿ(þ + �þ) 2 ăĂ,ÿ(þ)�þ + ăĄĀ,ÿ(þ + �þ) 2 ăĄĀ,ÿ(þ)�þ ) ��ÿă
ÿ=1 ,

45 ă 3 :V;ь:VABь D@03<5=BV2 >19є<0<8 ýÿ ÿ = 1,ă) ?>@8AB>3> A5@54>28I0, O:V 
?>:@820NBь 25@B8:0;ь=89 ?@><V6>: [Ă(þ);  Ā]

�0;V, ?@89<0NG8 4> C2038 #@8?CI5==O 1, >B@8<0є<>ýÿ(þ) 2 ýÿ(þ + �þ) = ýĄ,ÿ(þ) 2 ýĄ,ÿ(þ + �þ) + ýý,ÿ(þ) 2 ýý,ÿ(þ + �þ) +                        +(1 2 Ā)(þÿ(þ)ýÿ(þ) 2þÿ(þ + �þ)ýÿ(þ + �þ)),                             (2.2)
45 þÿ(þ) 3 2V4=>A=89 >19є<=89 2<VAB >@30=VG=>W A:;04>2>W C 284V;5=><C 
D@03<5=BV (@>7<V@=VABь 25;8G8=8 ă3ă3 ýĄ,ÿ(þ) ýý,ÿ(þ) 3 >19є<8 ?>@>2>W @V48=8 
B0 307C C 2V4?>2V4=><C D@03<5=BV ?>@8AB>3> A5@54>28I0; Ā ( [0; 1] 3
2V4=>A=89 :>5DVFVє=B, O:89 ?>:07Cє O:89 2V4=>A=89 >19є< 1V>453@04>20=8E 

@5HB>: 70;8H0єBьAO C 283;O4V ?CAB>B (O:I>, =0?@8:;04, Ā = 1, B> F5 >7=0G0є, 
I> =0 <VAFV 1V>453@04>20=8E @5HB>: 70;8H0NBьAO ?CAB>B8, WE =5 709<0є B25@40 

D070 ?>@8AB>3> A5@54>28I0 V F5 =5 2?;820є =0 7<V=C >19є<C 284V;5=>3> 

D@03<5=BC ?>@8AB>3> A5@54>28I0 2 G0AV). �@0E>2CNG8, I> �ýÿ = ýÿ(þ) 2ýÿ(þ + �þ), 7 (2 ) >B@8<0є<>�ýÿýÿ(þ) = ýĄ,ÿ(þ) 2 ýĄ,ÿ(þ + �þ)ýÿ(þ) + ýý,ÿ(þ) 2 ýý,ÿ(þ + �þ)ýÿ(þ)+ (1 2 Ā)(þÿ(þ) 2þÿ(þ + �þ)) + (1 2 Ā)þÿ(þ + �þ) �ýÿýÿ(þ).
"A:V;ь:8 70 287=0G5==O< 2V4=>A=>W >19є<=>W 45D>@<0FVW ?>@8AB>3> 

A5@54>28I0 ��ÿ�ÿ(ā) = �ăÿ, B>�ăÿ = ýĄ,ÿ(þ) 2 ýĄ,ÿ(þ + �þ)ýÿ(þ) + ýý,ÿ(þ) 2 ýý,ÿ(þ + �þ)ýÿ(þ)+ (1 2 Ā)(þÿ(þ) 2þÿ(þ + �þ)) + (1 2 Ā)þÿ(þ + �þ)�ăÿ ,



(1 2 (1 2 Ā)þÿ(þ + �þ))�ăÿ == 2( 1ýÿ(þ) ĂýĄ,ÿ(þ)Ăþ + 1ýÿ(þ) Ăýý,ÿ(þ)Ăþ + (1 2 Ā)Ăþÿ(þ)Ăþ )�þ,       (2.3)
45 C 28I5=02545=><C A?V22V4=>H5==V 7=5EBC20=> =5A:V=G5==> <0;8<8 28I8E 

?>@O4:V2 (?@8 �þ → 0
�3V4=> 7 B5>@VєN =5=0A8G5=>W :>=A>;V40FVW �.�. (@54;C=40 <8 

>B@8<0є<>

                         1ýÿ(þ) Ăýý,ÿ(þ)Ăþ = ă1āý ā(Ă 2 ÿý)āþ + ă2āý ā(ÿý 2 ÿĄ)āþ ,                   (2.4)
45 Ă – ?>2=5 =0?@C65==O ă1āý B0 ă2āý – :>5DVFVє=B8 7<V=8 >1'є<C 307>2>W D078, 

O:V :>@5;NNBь 7V 7<V=>N G8AB>3> =0?@C65==O (Ă 2 ÿý) B0 2A<>:BCNG>3> B8A:C(ÿý 2 ÿĄ) 2V4?>2V4=>                           1ýÿ(þ) ĂýĄ,ÿ(þ)Ăþ = ă1āĄ ā(Ă 2 ÿý)āþ + ă2āĄ ā(ÿý 2 ÿĄ)āþ ,                 (2.5)
45ă1āĄ B0ă2āĄ – :>5DVFVє=B8 7<V=8 >1'є<C 2>4=>W D078, O:V :>@5;NNBь 7V 7<V=>N 

G8AB>3> =0?@C65==O (Ă 2 ÿý) B0 2A<>:BCNG>3> B8A:C (ÿý 2 ÿĄ) 2V4?>2V4=>
�@0E>2CNG8 70;56=>ABV ( 5) V7 ( 3) >B@8<0є<>�ăÿ�þ = 2 11 2 (1 2 Ā)þÿ(þ + �þ) (ă1āĄ ā(Ă 2 ÿý)āþ + ă2āĄ ā(ÿý 2 ÿĄ)āþ +

+ă1āý ā(Ă 2 ÿý)āþ + ă2āý ā(ÿý 2 ÿĄ)āþ + (1 2 Ā)Ăþÿ(þ)Ăþ )
01> (?@8 �þ → 0ĂăÿĂþ = 2 11 2 (1 2 Ā)þÿ(þ)((ă1āĄ +ă1āý ) ā(Ă 2 ÿý)āþ +

+(ă2āĄ +ă2āý ) ā(ÿý 2 ÿĄ)āþ + (1 2 Ā)Ăþÿ(þ)Ăþ ).
#V4AB02;ONG8 28I5 >B@8<0=C @V2=VABь 2 ( 1), <0є<>



ĂĂ(þ)Ăþ = 2∫ 11 2 (1 2 Ā)þ(�, þ)Ā
Ă(ā) ((ă1āĄ +ă1āý ) ā(Ă 2 ÿý)āþ +

                            +(ă2āĄ +ă2āý ) ā(ÿý 2 ÿĄ)āþ + (1 2 Ā)āþ(�, þ)āþ )Ă�.               (2.6)
'<>20 (2.6) O2;Oє A>1>N :;NG>289 5;5<5=B <0B5<0B8G=>W <>45;V, I> 

>?8ACє H284:VABь ?@>AV40==O 25@E=ь>W ?>25@E=V AE>28I0 7 C@0EC20==O< O: 

:>=A>;V40FV9=8E ?@>F5AV2, B0: V 1V>453@040FVW. *O V=B53@0;ь=0 D>@<0 є 

28EV4=>N 4;O @>7@>1:8 G8A5;ь=8E 0;3>@8B<V2, O:V 2@0E>2CNBь @CE 3@0=8FV ?@8 

@>72'O70==V 72'O70=>W A8AB5<8 @V2=O=ь <>45;V. �@0E>2CNG8, I> þ(Ă, þ) = 1ĀĄĀăĄĀ(Ă, þ)
7 C<>28 ( 6) >B@8<0є<>ĂĂ(þ)Ăþ = 2∫ 11 2 (1 2 Ā)ĀĄĀ ăĄĀ(�, þ)Ā

Ă(ā) ((ă1āĄ +ă1āý ) ā(Ă 2 ÿý)āþ +
                       +(ă2āĄ +ă2āý ) ā(ÿý 2 ÿĄ)āþ + (1 2 Ā)ĀĄĀ āăĄĀ(�, þ)āþ )Ă�.               (2.7)
&CB ĀĄĀ 3 3CAB8=0 >@30=VG=8E 2V4E>4V2; ăĄĀ(Ă, þ) 3 <0A0 >@30=VG=8E 2V4E>4V2 2 
>48=8FV >19є<C ?>@8AB>3> A5@54>28I0 (@>7<V@=VABь B06 A0<0, I> V 2 3CAB8=8).

(>@<0;V70FVO C 283;O4V @V2=O==O (2.7) є >1>29O7:>2>N C<>2>N 4;O 

?>40;ьH>W 48A:@5B870FVW <>45;V B0 @>7@>1:8 ABV9:8E V 5D5:B82=8E G8A5;ь=8E 

<5B>4V2 @>72'O70==O, I> є F5=B@0;ь=8< 70240==O< ?@8 AB2>@5==V ?@>3@0<=>3> 

70157?5G5==O 4;O ?@>3=>7C20==O. �0=0 C<>20 70157?5GCє :>@5:B=5 2V4AB565==O 

?>;>65==O 25@E=ь>W <56V ?@8 7<V=0E >1'є<C, 28:;8:0=8E O: <5E0=VG=8<8 

D0:B>@0<8, B0: V 1V>EV<VG=8<8 ?@>F5A0<8.



 >48DV:0FVW @V2=O=ь =5=0A8G5=>W :>=A>;V40FVW 7 C@0EC20==O< 

1V>453@040FVW >@30=VG=8E :><?>=5=BV2

/: ?>:070=> C ?>?5@54=ь><C @>74V;V, D>@<0;V70FVO :V=5<0B8G=>W 

3@0=8G=>W C<>28 (2.7), I> >?8ACє ?@>AV40==O 25@E=ь>W <56V Ă = Ă(þ) 70;568Bь 
2V4 7<V=8 2 G0AV =04;8H:>28E B8A:V2 ÿý = ÿý(Ă, þ) B0 ÿĄ = ÿĄ(Ă, þ) 2 307>2V9 B0 
@V4:V9 D070E ?>@8AB>3> A5@54>28I0, 0 B0:>6 7<V=8 <0A8 >@30=VG=>W 9>3> 

(A5@54>28I0) A:;04>2>W. �;O ?>1C4>28 :><?;5:A=>W F8D@>2>W <>45;V, I> 

4>72>;Oє ?@>3=>7C20B8 ?>254V=:C AE>28I ?>1CB>28E 2V4E>4V2, =5>1EV4=> 

<>48DV:C20B8 AB0=40@B=V 287=0G0;ь=V @V2=O==O =5=0A8G5=>W :>=A>;V40FVW, 

2:;NG82H8 4> =8E 2?;82 1V>453@040FV9=8E ?@>F5AV2. *V <>48DV:>20=V 

@V2=O==O D>@<CNBь <0B5<0B8G=C >A=>2C 4;O ?>40;ьH>W @>7@>1:8 G8A5;ь=8E

0;3>@8B<V2 B0 ?@>3@0<=>3> 70157?5G5==O.

�;O 282545==O @V2=O==O 48=0<V:8 307>2>W :><?>=5=B8 2 ?>@8AB><C 

A5@54>28IV A:>@8AB0є<>Aь ?V4E>4><, >?8A0=8< 2 [ ]. �>3> >A>1;82VABь 3

28:>@8AB0==O 70:>=C 715@565==O =5 4;O >19є<C 307>2>W :><?>=5=B8, 0 4;O WW 

<0A8. &>4V <0є<>  ā(āý ý0⁄ )āþ = 2' ∙ (Āý�ý) + Ąý ,                                     (2.8)
45 �ý – 25:B>@ DC=:FVO ?>B>:C 307C 2 ?>@0E ?>@8AB>3> A5@54>28I0; āý = Āýýý
<0A0 307C Āý – 3CAB8=0 307C ýý – >1'є< 307C ý0 – ?>G0B:>289 >1'є< 5;5<5=B0 

�@C=BC Ąý 3 DC=:FVO 465@5;0 307C 2 ?>@8AB><C A5@54>28IV 2=0A;V4>: 
1V>453@040FV9=8E ?@>F5AV2 >@30=VG=>W A:;04>2>W, [Ąý] = >7@3∙8B54
#@8?CAB8<>, I> 25;8G8=0 ?>B>:C 307C 2 ?>@8AB><C A5@54>28IV >?8ACєBьAO 

2V4?>2V4=> 4> 70:>=C (V:0. &>4V�ý = 2āý'ÿý,                                                            (2.9)
45 āý – :>5DVFVє=B «307>?@>2V4=>ABV» ?>@8AB>3> A5@54>28I0 (2 >@83V=0;V 

70:>=C (V:0 4;O 307V2 3 :>5DVFVє=B 48DC7VW 307V2 2 ?>@8AB><C A5@54>28IV); ÿý 3
DC=:FVO =04;8H:>2>3> B8A:C 307C 2 ?>@0E ?>@8AB>3> A5@54>28I0, O:0 2 40=8E 



<>45;OE CIV;ь=5==O ?>@8AB>3> A5@54>28I0 287=0G0єBьAO O: ?>B5=FV0;ь=0 

DC=:FVO @CEC 307C.

�0;V, 2@0E>2CNG8 ( 9), 0 B0:>6 I> āý = Āýýý 7 <8 >B@8<0є<>ā(Āýýý ý0⁄ )āþ = ' ∙ (Āýāý'ÿý) + Ąý,ýýý0 āĀýāþ + Āý ā(ýý ý0⁄ )āþ = ' ∙ (Āýāý'ÿý) + Ąý .
�@0E>2CNG8 ( 4), 7 28I5=02545=>3> @V2=O==O >B@8<0є<>ýýý0 āĀýāþ + Āýă1āý ā(Ă 2 ÿý)āþ + Āýă2āý ā(ÿý 2 ÿĄ)āþ = ' ∙ (Āýāý'ÿý) + Ąý .

�=0;>3VG=> 4> [ Āý = ā ∙ ÿ�ýĆ(� + �ā),
45 ÿ�ý = ÿý + ÿÿāă ÿÿāă – 0B<>AD5@=89 B8A: ā – <>;5:C;O@=0 <0A0 ?>@>2>3> 

307C Ć – C=V25@A0;ь=0 307>20 AB0;0 � – B5<?5@0BC@0; �ā – ?>G0B:>20 01A>;NB=0 
B5<?5@0BC@0. &>4V >B@8<0є<>āĀýāþ = āĆ(� + �ā)2 (āÿýāþ (� + �ā) 2 ā�āþ ÿ�ý).

�0;V =0< ?>B@V1=> 7=09B8 A?V22V4=>H5==O  ýý ý0⁄ .  >6=0 9B8 42><0 

H;OE0<8. #5@H89 70?@>?>=>20=89 2 ]. �3V4=> 40=>W @>1>B8 <0є<>ýý = (1 2 ý)�ý0,
45 � – ?>@8ABVABь ?>@8AB>3> A5@54>28I0, ý ( [0; 1] – =0A8G5=VABь ?>@8AB>3> 
A5@54>28I0. &>4V ýýý0 = (1 2 ý)�.

�;O 70AB>AC20==O 2:070=>3> ?V4E>4C ?>B@V1=> 7=0B8 =0A8G5=VABь 

?>@8AB>3> A5@54>28I0 B0 2;0A=5 A0<C ?>@8ABVABь. /:I> 2V4><> 2A<>:BCNG89 

B8A: Ć = ÿý 2 ÿĄ, B>, 28:>@8AB>2CNG8, =0?@8:;04, <>45;ь 20= �5=CEB5=0 
D>@<C;0 (20)] 4;O =5=0A8G5=8E ?>@8AB8E A5@54>28I, 7<>65<> 7=09B8 9>3> 

(A5@54>28I0) 2>;>3VABь. �<V=0 ?>@8AB>ABV 1C45 >1C<>2;N20B8Aь 2?;82>< 



1V>453@040FV9=8E ?@>F5AV2 B0 2;0A=5 ?@>F5AV2 CIV;ь=5==O. �@0EC20==O F8E 

70;56=>AB59 є 206;828< 0A?5:B>< 0;3>@8B<VG=>W @50;V70FVW.

�=H89 ?V4EV4 ?>;O30є C 70AB>AC20==V 2;0A=5 A?V22V4=>H5==OĂ(ýý ý0⁄ )Ăþ = ă1āý ā(Ă 2 ÿý)āþ + ă2āý ā(ÿý 2 ÿĄ)āþ .
�=0NG8 ?>G0B:>25 7=0G5==O 2V4=>H5==O ýý ý0⁄ <8 7<>65<> 9>3> 7=09B8 2 1C4ь

O:89 <><5=B G0AC V7 28I5=02545=>3> 48D5@5=FV0;ь=>3> @V2=O==O. 

� ?>40;ьH8E 28:;04:0E 22060є<> ýý ý0⁄ = (1 2 ý)� 
"B65, >B@8<0є<>(1 2 ý)� āĆ(� + �ā)2 (āÿýāþ (� + �ā) 2 ā�āþ ÿ�ý) ++Āýă1āý ā(Ă 2 ÿý)āþ + Āýă2āý ā(ÿý 2 ÿĄ)āþ = ' ∙ (Āýāý'ÿý) + Ąý.

�2060NG8, I> 7030;ь=89 =0?@C65=> 45D>@<>20=89 AB0= ?>@8AB>3> 

A5@54>28I0 =5 7<V=NєBьAO 2 G0AV, B>1B> ĀÿĀā = 0 >AB0B>G=> >B@8<0є<>((1 2 ý)� āĆ(� + �ā) 2 Āýă1āý + Āýă2āý )āÿýāþ 22Āýă2āý āÿĄāþ 2 (1 2 ý)� āÿ�ýĆ(� + �ā)2 ā�āþ = ' ∙ (Āýāý'ÿý) + Ąý.
�;O 282545==O @V2=O==O 48=0<V:8 @V4:>W :><?>=5=B8 2 ?>@8AB><C 

A5@54>28IV 0=0;>3VG=> A:>@8AB0є<>Aь ?V4E>4><, >?8A0=8< 2 [ ]. "4=0:, 

7=5EBCє<> O28I0<8 B5@<VG=>3> @>7H8@5==O D07 ?>@8AB>3> A5@54>28I0. 

�CAB8=C ĀĄ ?>@>2>W @V48=8 ?@89<5<> AB0;>N. &>4V <0є<> ā(āĄ ý0⁄ )āþ = 2' ∙ (ĀĄ�Ą)                                               (2.10)
45 �Ą – 25:B>@ DC=:FVO ?>B>:C ?>@>2>W @V48=8 2 ?>@0E ?>@8AB>3> A5@54>28I0;āĄ = ĀĄýĄ – <0A0 ?>@>2>W @V48=8 ĀĄ – 3CAB8=0 ?>@>2>W @V48=8 ýĄ – >1'є< 

?>@>2>W @V48=8 ý0 – ?>G0B:>289 >1'є< �@C=B>2>3> 5;5<5=B0. #@8?CAB8<>, I> 



25;8G8=0 ?>B>:C ?>@>2>W @V48=8 2 ?>@8AB><C A5@54>28IV 2 =5=0A8G5=><C 

28?04:C >?8ACєBьAO 70:>=>< �0@AV �;NB0. &>4V�Ą = 2āĄ'/Ą,                                                        (2.11)
45 āĄ – :>5DVFVє=B 2>;>3>?5@5=5A5==O, O:89 70;568Bь O: 2V4 ?>@8AB>ABV B0: V 

2V4 2>;>3>ABV; /Ą 3 DC=:FVO =04;8H:>2>3> =0?>@C 2 ?>@>2V9 @V48=V 2 ?>@0E 
?>@8AB>3> A5@54>28I0, O:0 2 40=8E <>45;OE CIV;ь=5==O ?>@8AB>3> 

A5@54>28I0 287=0G0єBьAO O: ?>B5=FV0;ь=0 DC=:FVO @CEC A0<>W @V48=8 V /Ą =Ăāāā . &CB āĄ = ĀĄą – ?8B><0 2030 ?>@>2>W @V48=8, ą – ?@8A:>@5==O 2V;ь=>3> 

?04V==O.

�0;V, 2@0E>2CNG8 ( 11), 0 B0:>6 I> āĄ = ĀĄýĄ, 7 ( 10) >B@8<0є<>ā(ĀĄýĄ ý0⁄ )āþ = ' ∙ (ĀĄ āĄāĄ 'ÿĄ),ā(ýĄ ý0⁄ )āþ = ' ∙ (āĄāĄ 'ÿĄ).
�@0E>2CNG8 ( 5) 7 28I5=02545=>3> @V2=O==O >B@8<0є<>ă1āĄ ā(Ă 2 ÿý)āþ + ă2āĄ ā(ÿý 2 ÿĄ)āþ = ' ∙ (āĄāĄ 'ÿĄ).
�0;V 0=0;>3VG=> 22060NG8 I> 7030;ь=89 =0?@C65=> 45D>@<>20=89 AB0= 

?>@8AB>3> A5@54>28I0 =5 7<V=NєBьAO 2 G0AV, B>1B> ĀÿĀā = 0 >AB0B>G=> 

>B@8<0є<> (ă2āĄ 2ă1āĄ ) āÿýāþ 2 ă2āĄ āÿĄāþ = ' ∙ (āĄāĄ 'ÿĄ).
"B@8<0=V @V2=O==O, @07>< 7 @V2=O==O<8 B5?;>?5@5=5A5==O, :V=5B8:8 

1V>453@040FVW B0 2V4?>2V4=8<8 ?>G0B:>28<8 B0 3@0=8G=8<8 C<>20<8 

(2:;NG0NG8 :V=5<0B8G=C C<>2C 4;O @CE><>W <56V), D>@<CNBь :@09>2C 7040GC 

4;O A8AB5<8 =5;V=V9=8E @V2=O=ь. $>7@>1:0 B0 @50;V70FVO G8A5;ь=8E 0;3>@8B<V2 
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&CB � – B5<?5@0BC@0; ÿÿ(�) – :>5DVFVє=B B5?;>?@>2V4=>ABV 2 B>=:><C H0@V, 
O:89 <>65 =5;V=V9=> 70;560B8 2V4 B5<?5@0BC@8. �0C2068<>, I> 

B5?;>?@>2V4=VABь <>65 70;560B8 V 2V4 7=0G5=ь V=H8E ?>;V2 (2>;>3VABь, 

=0O2=VABь >@30=V:8, :>=F5=B@0FVO EV<VG=8E 4><VH>: B>I>).

� @V2=O==O ( ) <0є<> ÿÿ(�) ā�āĂ = �1,



45 �1 = āąĄýþ – ?>:8 I> =52V4><0 AB0;0 (01> DC=:FVO ;8H5 G0AC þ, I> =5 є 
?@8=F8?>28<, >A:V;ь:8 =5 7<V=Nє ;>3V:8 282545==O C<>28). �0;V�(Ă) = �1∫ ĂĂÿÿ(�) + �2,ą

0                                         (2.19)
45 �2 = āąĄýþ – B56 ?>:8 I> =52V4><0 :>=AB0=B0. &>4V 7 ( ) B0 3@0=8G=8E 

C<>2 (2 ) <0є<>

{�(0) = �2 = �2,�(Ā) = �1∫ ĂĂÿÿ(�) + �2 = �+ÿ
0 .

�7 FVєW A8AB5<8 ;V=V9=8E 0;351@8G=8E @V2=O=ь >B@8<Cє<>�2 = �2, �1 = �+ 2 �2∫ ĂĂÿÿ(�)ÿ0 .
"B65, V7 7040GV ( ) >B@8<Cє<>�(Ă) = �+ 2 �2∫ ĂĂÿÿ(�)ÿ0 ∫ ĂĂÿÿ(�)ą

0 + �2.
� @57C;ьB0BV ā�āĂ = �+ 2 �2ÿÿ(�) ∫ ĂĂÿÿ(�)ÿ0 .                                           (2.20)

�0;V, C<>2C A?@O65==O 282545<> =0 >A=>2V 70:>=C 715@565==O ?>B>:C 

B5?;0 ć ć|ą=0 = ć|ą=ÿ = 2ÿÿ(�) ā�āĂ .                                             (2.21)
�@0E>2CNG8, I> 2VAь ăĂ =0?@02;5=0 2=87, 7 ( ) B0 ( ) <0є<> >AB0B>G=C 

D>@<C;C <>48DV:>20=>W C<>28 A?@O65==O =5V450;ь=>3> :>=B0:BC 4;O 

B5<?5@0BC@8 =0 B>=:><C ?@8<56>2><C H0@V



ÿ(�) ā�āĂ|ą=0,ą=ÿ = 2 �+ 2 �2∫ ĂĂÿÿ(�)ÿ0 ,                                          (2.22)
45 ÿ(�) – :>5DVFVє=B B5?;>?@>2V4=>ABV <0B5@V0;C 2 >1;0ABV Ω1 (?@8 Ă = 0) 01> 
>1;0ABV Ω2 (?@8 Ă = Ā)

'<>20 ( ) є A:;04>2>N <0B5<0B8G=>W <>45;V ?@8 4>A;V465==V 

270є<>?>29O70=8E ?@>F5AV2 B5?;>?5@5=5A5==O 2 >1;0ABOE Ω1 B0 Ω2 ?@8 
=0O2=>ABV B>=:>3> 2:;NG5==O Ω0. /:I> 6 B5?;>25 ?>;5 2 >4=V9 V7 >1;0AB59 є 
2V4><8< (=0?@8:;04 2 Ω1), B> B>=:5 2:;NG5==O Ω0 AB0є ?@8<56>28< H0@><, 0 
C<>20 ( ) 28<030є <>48DV:0FV9 B0 =01C20є AB0BCAC 3@0=8G=>W. 

� B>G:8 7>@C >1G8A;N20;ь=>W @50;V70FVW, C<>20 (2.22) є :;NG>2>N. �>=0 

70<V=Nє =5>1EV4=VABь 48A:@5B870FVW B0 @>72'O70==O @V2=O==O B5?;>?@>2V4=>ABV 

2A5@548=V B>=:>3> H0@C. !0B><VABь, 2>=0 2AB0=>2;Nє ?@O<89 72'O7>: <V6 

?>B>:>< B5?;0 B0 7=0G5==O<8 B5<?5@0BC@8 ?> >18420 1>:8 2V4 Fь>3> H0@C. #@8 

28:>@8AB0==V G8A5;ь=8E <5B>4V2, B0:8E O: <5B>4 A:V=G5==8E 5;5<5=BV2 ( %�) 

01> <5B>4 A:V=G5==8E @V7=8Fь ( %$), FO C<>20 <>48DV:Cє A8AB5<C 

0;351@8G=8E @V2=O=ь 4;O 2C7;V2, O:V ?>B@0?;ONBь ?V4 G0A 48A:@5B870FVW =0 H0@.

!86G5 =02545=> :>=:@5B870FVN 28?04:V2 =0O2=>ABV B>=:>3> ?@8<56>2>3> 

H0@C ?@8 4>A;V465==V DV78:> EV<VG=8E ?@>F5AV2.

&5?;>>1<V= «�@C=B 0B<>AD5@0» ?@8 =0O2=>ABV B>=:>3> H0@C 

(@>A;8==VABь, A=V3, >?0;5 ;8ABO B0 E2>O B>I>)

&5<?5@0BC@0 �2 2 40=><C 28?04:C є 2V4><>N V 4>@V2=Nє B5<?5@0BC@V 
?>2VB@O �ÿ. &5<?5@0BC@0 �+ є =52V4><>N B5<?5@0BC@>N � 157?>A5@54=ь> =0 
?>25@E=V �@C=BC. &>4V 7 C<>28 A?@O65==O <0є<> =0ABC?=C 3@0=8G=C 

C<>2C ÿ(�) ā�āĂ|ą=0 = 2�|ą=0 2 �ÿ∫ ĂĂÿÿ(�)ÿ0 ,                                        (2.23)
45 ÿÿ(�) 3 :>5DVFVє=B B5?;>?@>2V4=>ABV <0B5@V0;C (?@>H0@>: B@028, A=V3C, 
>?0;>W >@30=V:8) 2 ?@8<56>2><C H0@V.



/:I> ÿÿ(�) = ÿÿ = āąĄýþ, B> 7 ( ) >B@8<0є<>                                        ÿ(�) ā�āĂ|ą=0 = 2ÿÿ �|ą=0 2 �ÿĀ .                                       (2.24)
�>;>3>?5@5=5A5==O «�@C=B 0B<>AD5@0» ?@8 =0O2=>ABV B>=:>3> 

H0@C
� @>1>BV [ ], 2V4?>2V4=> 4> 70:>=C �0@AV �;NB0 7 C@0EC20==O< 

3@02VB0FV9=>W A:;04>2>W @CEC 2>;>38 [ ], 282545=> =0ABC?=C C<>2C 

A?@O65==O 4;O 2>;>3>ABV (2 =0?>@0E /(āĄ(/) ā/āĂ 2 āĄ(/))|ą=0,ą=ÿ = 2 /+ 2 /2∫ ĂĂāĄÿ(/)ÿ0 + Ā∫ ĂĂāĄÿ(/)ÿ0 .
&>4V, 0=0;>3VG=> 4> ( ), <0є<> =0ABC?=C 3@0=8G=C C<>2C(āĄ(/) ā/āĂ 2 āĄ(/))|ą=0 = 2/|ą=0 2 /ÿ∫ ĂĂāĄÿ(/)ÿ0 + Ā∫ ĂĂāĄÿ(/)ÿ0 .
&CB āĄ(/) āĄÿ(/) – :>5DVFVє=B8 2>;>3>?5@5=5A5==O 2 Ω1 B0 Ω0 2V4?>2V4=>; /ÿ
– 5:2V20;5=B =0?>@V2 4;O 2>;>3>ABV =0 25@E=V9 <56V :>=B0:BC ?@8<56>2>3> 

H0@C Ω0 B0 0B<>AD5@8. �0;56=> 2V4 =52V4><8E DC=:FV9 <>45;V 

2>;>3>?5@5=5A5==O 28I5=02545=V C<>28 ;53:> B@0=AD>@<CNBьAO 2 C<>28 4;O 

2>;>3>ABV 01> 4;O DC=:FVW =0A8G5=>ABV.

�0;0=A>20 3@0=8G=0 C<>20 ?@8 48DC7VW 2C3;5:8A;>3> 307C 7 �@C=BC 
2 0B<>AD5@C ?@8 =0O2=>ABV B>=:>3> ?>25@E=52>3> H0@C 

�V4?>2V4=> 4> 48DC7V9=>W <>45;V ?>H8@5==O ], >B@8<0є<>�(ā, �) āāāĂ|ą=0 = 2 ā|ą=0 2 āÿ∫ ĂĂ�ÿ(ā, �)ÿ0 .
BCB ā 3 :>=F5=B@0FVO 2C3;5:8A;>3> 307C 2 �@C=BV; āÿ 3 :>=F5=B@0FVO 
2C3;5:8A;>3> 307C =0 <56V :>=B0:BC ?@8<56>2>3> H0@C B0 0B<>AD5@8; �(ā, �)�ÿ(ā, �) 3 :>5DVFVє=B8 48DC7VW CO 2 �@C=BV B0 ?@8<56>2><C H0@V 2V4?>2V4=>.



�V4<VB8<>, I> 0=0;>3VG=V C<>28, O:V 1C4CBь 2V4@V7=OB8Aь ;8H5 

G8A;>28<8 7=0G5==O<8 ?0@0<5B@V2, A?@0254;82V 4;O ?@>F5AV2 ?>H8@5==O 

?0@=8:>28E 307V2 V7 ?>25@E=V AE>28I 2V4E>4V2, ?>:@8B8E 35>10@9є@><, 0 B0:>6 

?@>F5AV2 ?>H8@5==O ?0@=8:>28E 307V2 V7 ?>@8AB>W 70A8?:8 1V>?;0B> (1V>?;0B>

DV;ьB@0) ?@8 =0O2=>ABV B>=:>3> H0@C 2>48.

#5@52030 70AB>AC20==O B0:8E <>48DV:>20=8E 3@0=8G=8E C<>2 7 

0;3>@8B<VG=>W B>G:8 7>@C ?>;O30є C 7=0G=><C 7<5=H5==V A:;04=>ABV <>45;V B0 

>1G8A;N20;ь=8E @5AC@AV2. �1AB@03CNG8 DV78:C B>=:>3> H0@C 2 3@0=8G=C 

C<>2C, CAC20єBьAO =5>1EV4=VABь 28:>@8AB>2C20B8 4@V1=><0AHB01=V 45B0;V AVB:8 

2A5@548=V F8E H0@V2. *5 ?@872>48Bь 4>:

3 7<5=H5==O :V;ь:>ABV ABC?5=V2 2V;ь=>ABV 2 G8A;>2V9 <>45;V, I> 

?@8A:>@Nє G0A >1G8A;5=ь;

3 A?@>I5==O 35=5@0FVW AVB:8 4;O >A=>2=8E >1;0AB59 7040GV

3 ?>:@0I5==O G8A;>2>W ABV9:>ABV H;OE>< C=8:=5==O ?@>1;5<, 

?>2'O70=8E V7 =0?@8:;04, A:V=G5==8<8 5;5<5=B0<8, 7 28A>:8< 

A?V22V4=>H5==O< AB>@V= 01> 7=0G=> 2V4<V==8<8 2;0AB82>ABO<8 <0B5@V0;V2 ?@8 

O2=><C <>45;N20==V B>=:8E H0@V2

� B>G:8 7>@C @>7@>1:8 V=D>@<0FV9=8E B5E=>;>3V9 4;O <>=VB>@8=3C B0 

?@>3=>7C20==O AB0=C =02:>;8H=ь>3> A5@54>28I0 (2V4?>2V4=> 4> >1'є:BC 

48A5@B0FV9=>3> 4>A;V465==O), FV 0;3>@8B<VG=V ?V4E>48 4>72>;ONBь 

AB2>@N20B8 >1G8A;N20;ь=> 5D5:B82=V <>45;V, O:V <>6CBь 1CB8 28:>@8AB0=V 

4;O B@820;8E A8<C;OFV9=8E ?5@V>4V2 01> 2 @0<:0E 0=A0<1;52>3> 

?@>3=>7C20==O G8 AE5< 0A8<V;OFVW 40=8E. �@EVB5:BC@0 ?@>3@0<=>3> 

70157?5G5==O (O: 707=0G5=> 2 >1'є:BV 4>A;V465==O 48A5@B0FVW) ?>28==0 1CB8 

A?@>є:B>20=0 B0:8< G8=><, I>1 3=CG:> 2<VIC20B8 B0:V :>@8ABC20Fь:V, DV78G=> 

>1�@C=B>20=V 3@0=8G=V C<>28, 4>72>;ONG8 ;53:C ?0@0<5B@870FVN 2;0AB82>AB59 

B>=:>3> H0@C. *O <>4C;ь=VABь є :;NG>2>N 4;O 70AB>AC20==O A8<C;OFV9=>3> 

V=AB@C<5=BC 4> @V7=><0=VB=8E AF5=0@VW2, I> 2:;NG0NBь @V7=V B8?8 ?>@8AB8E 

A5@54>28I B0 A:;04 ?@8<56>28E H0@V2.



�8A=>2:8 4> @>74V;C

"A=>2=8<8 @57C;ьB0B0<8 @>74V;C 2 є 24>A:>=0;5==O 5;5<5=BV2 

<0B5<0B8G=8E <>45;59 ?@>F5AV2 2 ?>@8AB8E A5@54>28I0E 7 >@30=VG=>N 

A:;04>2>N, O:V (<>45;V) є >A=>2>N ?@>3=>7=8E V=D>@<0FV9=8E A8AB5<. 

�>:@5<0:

1. �4>A:>=0;5=> :V=5<0B8G=C 3@0=8G=C C<>2C =0 25@E=V9 @CE><V9 <56V 

4;O 28?04:C =5=0A8G5=>W :>=A>;V40FVW AE>28I0 &#� 7 C@0EC20==O< 

1V>453@040FVW >@30=VG=>W A:;04>2>WĂĂ(þ)Ăþ = 2∫ 11 2 (1 2 Ā)ĀĄĀ ăĄĀ(�, þ)Ā
Ă(ā) ((ă1āĄ +ă1āý ) ā(Ă 2 ÿý)āþ +

                       +(ă2āĄ +ă2āý ) ā(ÿý 2 ÿĄ)āþ + (1 2 Ā)ĀĄĀ āăĄĀ(�, þ)āþ )Ă�.               
45 V=B53@C20==O ?@>2>48BьAO ?> 25@B8:0;ь=><C 2V4@V7:C [Ă(þ);  Ā] Ă(þ) – 25@E=O 
<560 ?>@8AB>3> A5@54>28I0, Ā – =86=O <560 ?>@8AB>3> A5@54>28I0 Ă ?>2=5 
=0?@C65==O; ă1āý B0  ă2āý :>5DVFVє=B8 7<V=8 >1'є<C 307>2>W D078, O:V 

:>@5;NNBь 7V 7<V=>N G8AB>3> =0?@C65==O (Ă 2 ÿý) B0 2A<>:BCNG>3> B8A:C (ÿý 2 ÿĄ) 2V4?>2V4=> ĀĄĀ 3 3CAB8=0 >@30=VG=8E 2V4E>4V2; ăĄĀ(Ă, þ) 3 <0A0 
>@30=VG=8E 2V4E>4V2 2 >48=8FV >1є<C ?>@8AB>3> A5@54>28I0 (@>7<V@=VABь B06 

A0<0, I> V 2 3CAB8=8) Ā ( [0; 1] 3 2V4=>A=89 :>5DVFVє=B, O:89 ?>:07Cє O:89 
2V4=>A=89 >19є< 1V>453@04>20=8E @5HB>: 70;8H0єBьAO C 283;O4V ?CAB>B ă1āĄ
B0 ă2āĄ – :>5DVFVє=B8 7<V=8 >1'є<C 2>4=>W D078, O:V :>@5;NNBь 7V 7<V=>N 

G8AB>3> =0?@C65==O (Ă 2 ÿý) B0 2A<>:BCNG>3> B8A:C (ÿý 2 ÿĄ)
2.  >48DV:>20=> @V2=O==O 4;O 287=0G5==O =04;8H:>28E B8A:V2 2 

?>@>2V9 @V48=V B0 ?>@>2><C 307V =0 28?04>: 1V>453@040FV9=8E B0 

:>=A>;V40FV9=8E ?@>F5AV2 ?>@8AB>3> A5@54>28I0 AE>28I0 &#�



((1 2 ý)� āĆ(� + �ā) 2 Āýă1āý + Āýă2āý )āÿýāþ 22Āýă2āý āÿĄāþ 2 (1 2 ý)� āÿ�ýĆ(� + �ā)2 ā�āþ = ' ∙ (Āýāý'ÿý) + Ąý.(ă2āĄ 2ă1āĄ ) āÿýāþ 2 ă2āĄ āÿĄāþ = ' ∙ (āĄāĄ 'ÿĄ),
45 ý ( [0; 1] – =0A8G5=VABь ?>@8AB>3> A5@54>28I0 � – ?>@8ABVABь ?>@8AB>3> 

A5@54>28I0 ā – <>;5:C;O@=0 <0A0 ?>@>2>3> 307C; Ć – C=V25@A0;ь=0 307>20 

AB0;0; � – B5<?5@0BC@0; �ā – ?>G0B:>20 01A>;NB=0 B5<?5@0BC@0; Āý = ā∙Ă�ý�(�+�ā), ÿ�ý = ÿý + ÿÿāă ÿÿāă – 0B<>AD5@=89 B8A:; ÿý 3 DC=:FVO 
=04;8H:>2>3> B8A:C 307C 2 ?>@0E ?>@8AB>3> A5@54>28I0, O:0 2 40=8E <>45;OE 

CIV;ь=5==O ?>@8AB>3> A5@54>28I0 287=0G0єBьAO O: ?>B5=FV0;ь=0 DC=:FVO @CEC 

307C; ÿĄ – =04;8H:>289 B8A: 2 ?>@>2V9 @V48=V;ă1āý B0  ă2āý – :>5DVFVє=B8 7<V=8 

>1'є<C 307>2>W D078, O:V :>@5;NNBь 7V 7<V=>N G8AB>3> =0?@C65==O (Ă 2 ÿý) B0 
2A<>:BCNG>3> B8A:C (ÿý 2 ÿĄ) 2V4?>2V4=>; āý – :>5DVFVє=B «307>?@>2V4=>ABV» 

?>@8AB>3> A5@54>28I0 (2 >@83V=0;V 70:>=C (V:0 4;O 307V2 3 :>5DVFVє=B 48DC7VW 

307V2 2 ?>@8AB><C A5@54>28IV); Ąý – DC=:FVO 465@5;0 307C; ă1āĄ B0 ă2āĄ –

:>5DVFVє=B8 7<V=8 >1'є<C 2>4=>W D078, O:V :>@5;NNBь 7V 7<V=>N G8AB>3> 

=0?@C65==O (Ă 2 ÿý) B0 2A<>:BCNG>3> B8A:C (ÿý 2 ÿĄ), 2V4?>2V4=>; āĄ –

:>5DVFVє=B 2>;>3>?5@5=5A5==O, O:89 70;568Bь O: 2V4 ?>@8AB>ABV B0: V 2V4 

2>;>3>ABV; āĄ = ĀĄą 3 ?8B><0 2030 ?>@>2>W @V48=8 ą 3 ?@8A:>@5==O 2V;ь=>3> 
?04V==O ĀĄ – 3CAB8=0 ?>@>2>W @V48=8.

3.  >48DV:>20=> @V2=O==O 2>;>3>?5@5=5A5==O =0 28?04>: 7<V==>W 

2>;>3>ABV, O: =0A;V4>: 1V>453@040FV9=8E ?@>F5AV2 B0 2V4?>2V4=C :V=5<0B8G=C 

3@0=8G=C C<>2C� āýāþ 2 ý ĀĀĄĀ āăĄĀāþ = āāĂ (�Ć (� āýāĂ 2 ýĀĀĄĀ āăĄĀāĂ )) + āāĄāý āýāĂ,



                              ĂĂ(þ)Ăþ = 2∫ 1 2 ĀĀĄĀ 2 (1 2 Ā)ăĄĀ(�, þ) āăĄĀ(�, þ)āþĀ
Ă(ā) Ă�.                    

45 � 3 7<V==0 ?>@8ABVABь, ý 3 =0A8G5==O ?>@8AB>3> A5@54>28I0, β( 3

2V4=>A=89 :>5DVFVє=B, O:89 ?>:07Cє O:89 2V4=>A=89 >19є< 1V>453@04>20=8E 

@5HB>: 70;8H0єBьAO C 283;O4V ?CAB>B, ĀĄĀ 3 3CAB8=0 >@30=VG=8E 2V4E>4V2; ăĄĀ(Ă, þ) 3 <0A0 >@30=VG=8E 2V4E>4V2 2 >48=8FV >19є<C ?>@8AB>3> A5@54>28I0�Ć = 2āĆāÿ/āĀ 3 :>5DVFVє=B 48DC7VW �@C=B>2>W 2>;>38; ÿ 3 ?>B5=FV0; 
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70;568Bь 2V4 =0A8G5=>ABV Ă(þ) 3 25@E=O <560 ?>@8AB>3> A5@54>28I0, Ā 3 =86=O 
<560 ?>@8AB>3> A5@54>28I0,

4. �82545=> 10;0=A>2V 3@0=8G=V C<>28 =0 B>=:8E ?@8<56>28E H0@0E, O:V 

=0O2=V 2 03@> A8AB5<0E, 4;O B5<?5@0BC@8, =0?>@V2, :>=F5=B@0FVW 2C3;5:8A;>3> 

307C  ÿ(�) ā�āĂ|ą=0 = 2�|ą=0 2 �ÿ∫ ĂĂÿÿ(�)ÿ0 , �(ā, �) āāāĂ|ą=0 = 2 ā|ą=0 2 āÿ∫ ĂĂ�ÿ(ā, �)ÿ0 ,
(ā(/) ā/āĂ 2 ā(/))|ą=0 = 2/|ą=0 2 /ÿ∫ ĂĂāÿ(/)ÿ0 + Ā∫ ĂĂāÿ(/)ÿ0 ,

45 �ÿ 3 B5<?5@0BC@0 ?>2VB@O, � 3 B5<?5@0BC@0 157?>A5@54=ь> =0 ?>25@E=V 
�@C=BC, ÿÿ(�) 3 :>5DVFVє=B B5?;>?@>2V4=>ABV <0B5@V0;C (?@>H0@>: B@028, 
A=V3C, >?0;>W >@30=V:8) 2 ?@8<56>2><C H0@V ā 3 :>=F5=B@0FVO 2C3;5:8A;>3> 
307C 2 �@C=BV; āÿ 3 :>=F5=B@0FVO 2C3;5:8A;>3> 307C =0 <56V :>=B0:BC 
?@8<56>2>3> H0@C B0 0B<>AD5@8; �(ā, �) �ÿ(ā, �) 3 :>5DVFVє=B8 48DC7VW CO
2 �@C=BV B0 ?@8<56>2><C H0@V 2V4?>2V4=> ā(/) āÿ(/) – :>5DVFVє=B8 

2>;>3>?5@5=5A5==O 2 Ω1 B0 Ω0 2V4?>2V4=>; /ÿ 3 5:2V20;5=B =0?>@V2 4;O 
2>;>3>ABV =0 25@E=V9 <56V :>=B0:BC ?@8<56>2>3> H0@C Ω0 B0 0B<>AD5@8

"A=>2V @57C;ьB0B8 @>74V;C 2 >?C1;V:>20=> 2 @>1>B0E 



P"��І� 3. ���"$�& І+!� &� #$"�$� !� $���І��*І/ 
 "����� '-І�Ь!�!!/ #"$�%&�) %�$��"��- І ���І��!!/ 

���І� ' %)"��-�) &��$��) #"�'&"��) �І�)"�І�

�07>20 <>45;ь CIV;ь=5==O =5=0A8G5=>3> ?>@8AB>3> A5@54>28I0 
7 C@0EC20==O< 1V>453@040FV9=8E ?@>F5AV2: <0B5<0B8G=V >A=>28 
>B@8<0==O ?@>3=>7=8E 40=8E

�2060NG8 =0 >3;O4 ?@>1;5< AB>A>2=> 720;8I &#�, ?@54AB02;5=89 2 

@>74V;V 1, B0 7030;ь=V 70240==O 48A5@B0FV9=>3> 4>A;V465==O, 2 40=><C 

?0@03@0DV >A=>2=0 C2030 7>A5@5465=0 =0 @>7@>1FV 107>2>W <0B5<0B8G=>W <>45;V 

4;O ?@>3=>7C20==O :;NG>28E ?>:07=8:V2 AB0=C B0 52>;NFVW BV;0 ?>;V3>=C &#�. 

�>:@5<0, FO <>45;ь A?@O<>20=0 =0 >1G8A;N20;ь=5 70157?5G5==O ?@>3=>7V2 

25;8G8=8 ?@>AV40=ь ?>25@E=V AE>28I0 &#�, I> 28=8:0NBь 2=0A;V4>: 

1V>453@040FV9=8E ?@>F5AV2 >@30=VG=8E @5HB>:, @V2=O 5<VAVW ?0@=8:>28E 307V2 2 

0B<>AD5@C, 0 B0:>6 =0 2@0EC20==O =5V7>B5@<VG=>ABV F8E 270є<>?>2'O70=8E 

?@>F5AV2. #>1C4>20 B0:>W :><?;5:A=>W <>45;V є DC=40<5=B0;ь=8< :@>:>< 4> 

AB2>@5==O 5D5:B82=>3> ?@>3@0<=>3> 70157?5G5==O 4;O <>=VB>@8=3C B0 

?@>3=>7C20==O, I> є >1'є:B>< 40=>3> 4>A;V465==O.

$>7@>1:0 <0B5<0B8G=> 0;3>@8B<VG=>W <>45;V, 740B=>W 045:20B=> 

>?8AC20B8 =5V7>B5@<VG=C =5=0A8G5=C :>=A>;V40FVN &#� 7 C@0EC20==O< 

1V>453@040FVW, 28<030є D>@<C;N20==O A8AB5<8 @V2=O=ь, O:0 2V4>1@060є 

:;NG>2V DV78:> EV<VG=V B0 <5E0=VG=V ?@>F5A8. *O <0B5<0B8G=0 >A=>20 C 

?>40;ьH><C B@0=AD>@<CєBьAO 2 G8A5;ь=V 0;3>@8B<8, I> @50;V7CNBьAO 2 

?@>3@0<=><C :><?;5:AV. 

 0B5<0B8G=0 <>45;ь =5V7>B5@<VG=>W =5=0A8G5=>W :>=A>;V40FVW &#� 1C45 

2:;NG0B8 @V2=O==O 4;O =04;8H:>28E B8A:V2 2 ?>@>2V9 @V48=V B0 307V, 4>?>2=5=V 

:V=5<0B8G=>N 3@0=8G=>N C<>2>N =0 25@E=V9 @CE><V9 <56V Ă = Ă(þ) <0A82C 
?>@8AB>3> A5@54>28I0. &0:>6 2 <0B5<0B8G=C <>45;ь <0NBь 1CB8 2:;NG5=V 

@V2=O==O 4;O ?@>3=>7C20==O B5?;>2>3> AB0=C ?>@8AB>3> A5@54>28I0 B0 

?@>3=>7C20==O 7<V=8 <0A>2>W G0AB:8 >@30=VG=>W A:;04>2>W 2 @57C;ьB0BV 



1V>453@040FV9=8E ?@>F5AV2. %:;04=VABь FVєW A8AB5<8, 7C<>2;5=0 270є<>72'O7:>< 

?@>F5AV2 (<5E0=V:8, B5?;>?5@5=5A5==O, <0A>?5@5=5A5==O, 1V>EV<VG=8E 

@50:FV9), =5;V=V9=VABN ?0@0<5B@V2 B0 =0O2=VABN @CE><>W <56V, AB028Bь A5@9>7=V 

28:;8:8 ?5@54 :><?'NB5@=8< <>45;N20==O< B0 28<030є 70AB>AC20==O 

A?5FV0;V7>20=8E >1G8A;N20;ь=8E ?V4E>4V2. � @57C;ьB0BV <0є<> =0ABC?=C 

:@09>2C 7040GC:((1 2 ý)� āĆ(� + �ā) 2 Āýă1āý + Āýă2āý )āÿýāþ 2 Āýă2āý āÿĄāþ 22(1 2 ý)� āÿ�ýĆ(� + �ā)2 ā�āþ = ∂∂Ă (Āýāý āÿýāĂ ) ++Ąý(ÿý, ÿĄ, �,ăĄĀ, Ă, þ), Ă ( Ω(þ) = (Ă(þ); Ā), þ > 0,                (3.1)(ă2āĄ 2ă1āĄ ) āÿýāþ 2 ă2āĄ āÿĄāþ = ∂∂Ă (āĄāĄ āÿĄāĂ ) , Ă ( Ω(þ) = (Ă(þ); Ā), þ > 0, (3.2)ā� ā�āþ = āāĂ (ÿ ā�āĂ) 2 ĀĄāĄĀĄ ā�āĂ + ą(ÿý, ÿĄ, �,ăĄĀ, Ă, þ), Ă (  �(þ), þ > 0,                                                                    (3.3)āăĄĀāþ = 2āĄĀ(ÿý, ÿĄ, �)ăĄĀ, Ă (  �(þ)������, þ > 0,                  (3.4)ÿý(Ă, þ)|ą=Ă(ā) = 0, ÿĄ(Ă, þ)|ą=Ă(ā) = 0, �(Ă, þ)|ą=Ă(ā) = �Ă�(þ), þ g 0, (3.5)Āý(Ă, þ )|ą=Ā = (2āý āÿýāĂ )|ą=Ā = 0, ĀĄ(Ă, þ )|ą=Ā = (2āĄāĄ āÿĄāĂ )|ą=Ā = 0, (2ÿ ā�āĂ)|ą=Ā = 0, þ g 0,                                    (3.6) ÿý(Ă, 0) = ÿý0(Ă), ÿĄ(Ă, 0) = ÿĄ0 (Ă), �(Ă, 0) = �0(Ă),                  ăĄĀ(Ă, 0) = ă0(Ă), Ă ( Ω = [Ă0; Ā],                          (3.7) ĂĂ(þ)Ăþ = 2∫ 11 2 (1 2 Ā)ĀĄĀ ăĄĀ(�, þ) ((ă2āĄ +ă2āý 2ă1āĄ 2ă1āý ) āÿýāþĀ
Ă(ā)

2 (ă2āĄ +ă2āý ) āÿĄāþ + (1 2 Ā)ĀĄĀ āăĄĀ(�, þ)āþ )Ă�, Ă (  �(þ)������,



  Ă(þ)|ā=0 = Ă0 < Ā,                                               (3.8)ý = ý(ÿý, ÿĄ), þ g 0, Ă (  �(þ)������.                                     (3.9)
&CB: ÿý ÿĄ 3 =04;8H:>2V B8A:8 2 ?>@>2><C 307V B0 ?>@>2V9 @V48=V; āý āĄ 3
:>5DVFVє=B8 307>?@>2V4=>ABV B0 2>;>3>?5@5=5A5==O 2 ?>@8AB><C A5@54>28IV; ăĄĀ(Ă, þ) 3 <0A>20 G0AB:0 >@30=VG=>W A:;04>2>W 2 >48=8FV >19є<C 2V4E>4V2; � –

7<V==0 ?>@8ABVABь A5@54>28I0; āĄĀ 3 :>5DVFVє=B 1V>453@040FVW, O:89 70;568Bь 
2V4 B5<?5@0BC@8 � B0 =0A8G5=>ABV ý ?>@8AB>3> A5@54>28I0;ă0(Ă), /0(Ă), �0(Ă), �Ă�(þ), ÿý0(Ă), ÿĄ0 (Ă) – 2V4><V DC=:FVW; ā� – >1'є<=0 

B5?;>є<=VABь ?>@8AB>3> A5@54>28I0; ÿ – :>5DVFVє=B B5?;>?@>2V4=>ABV 

?>@8AB>3> A5@54>28I0; ĀĄ , āĄ 3 3CAB8=0 B0 ?8B><0 B5?;>є<=VABь ?>@>2>W 
@V48=8; ą 3 DC=:FVO, O:0 7040є B5?;>35=5@0FVN 2 @57C;ьB0BV 1V>453@040FVW; Ă0 <Ā 3 7040=5 ?>G0B:>25 ?>;>65==O 25@E=ь>W @CE><>W <56V; āĄ – ?8B><0 2030 

?>@>2>W @V48=8; Ąý 3 DC=:FVO, O:0 7040є 307>35=5@0FVN 2=0A;V4>: 1V>453@040FVW; Āý, ĀĄ – DC=:FVW H284:>ABV 307>?5@5=5A5==O B0 2>;>3>?5@5=5A5==O
�07=0G8<>, I> 73V4=> :;0A8G=>3> 287=0G5==O >19є<=>W B5?;>є<=>ABV 

?>@8AB>3> A5@54>28I0 ā� = ĀĄ āĄý� + Āý āý(1 2 ý)� + āĀĀĀ(1 2 �),
45 ĀĀ, āĀ – 3CAB8=0 B0 ?8B><0 B5?;>є<=VABь B25@4>W :><?>=5=B8 AE>28I0 

2V4E>4V2; Āý , āý 3 3CAB8=0 B0 ?8B><0 B5?;>є<=VABь 307>?>4V1=>W :><?>=5=B8 
?>@8AB>3> A5@54>28I0.

(C=:FVO ý = ý(ÿý, ÿĄ) 2 ( ) 4>72>;Oє 287=0G8B8 =0A8G5=VABь ?>@8AB>3> 

A5@54>28I0, O:0 70;568Bь 2V4 =04;8H:>28E B8A:V2 ÿý B0 ÿĄ. �W :>=:@5B870FVO 
=02545=0 2 @>74V;V G8A5;ь=8E 5:A?5@8<5=BV2.

�5;8:0 :V;ь:VABь ?0@0<5B@V2 <>45;V ?>B@51Cє @5B5;ь=>W :0;V1@>2:8 B0 

20;V40FVW <>45;V =0 >A=>2V 5:A?5@8<5=B0;ь=8E 40=8E. � @0<:0E ?@>3@0<=>3> 

70157?5G5==O =5>1EV4=> ?5@5410G8B8 3=CG:V <5E0=V7<8 4;O 7040==O F8E 

?0@0<5B@V2, <>6;82>, 2:;NG0NG8 WE 70;56=VABь 2V4 ?@>AB>@>28E :>>@48=0B 

01> V=H8E 7<V==8E AB0=C.



&0:8< G8=><, ?@54AB02;5=0 «0;3>@8B<VG=0 <>45;ь» 3 F5 =5 ?@>AB> =01V@ 

<0B5<0B8G=8E @V2=O=ь, 0 :>=F5?BC0;ь=0 >A=>20 4;O @>7@>1:8 A:;04=>3> 

G8A5;ь=>3> V=AB@C<5=B0@VN. 'A?VH=0 @50;V70FVO B0:>3> V=AB@C<5=B0@VN 2 

@0<:0E ?@>3@0<=>3> 70157?5G5==O (>1'є:B 4>A;V465==O) 4>72>;8Bь >B@8<C20B8 

=0C:>2> >1�@C=B>20=V ?@>3=>7=V 40=V I>4> 4>23>AB@>:>2>W ?>254V=:8 ?>;V3>=V2 

&#�, I> є :;NG>28< 4;O 28@VH5==O 5:>;>3VG=8E B0 V=65=5@=8E 70240=ь C FV9 

AD5@V B0 2V4?>2V40є <5BV 48A5@B0FVW.

�0AB>AC20==O <5B>4C A:V=G5==8E 5;5<5=BV2 4;O :><?’NB5@=>3> 
<>45;N20==O ?@>F5AC :>=A>;V40FVW 2 A5@54>28I0E 7 >@30=VG=>N 
A:;04>2>N

�;O 5D5:B82=>3> :><?'NB5@=>3> <>45;N20==O A:;04=8E, =5;V=V9=8E B0 

270є<>?>2'O70=8E ?@>F5AV2 :>=A>;V40FVW 2 ?>@8AB8E A5@54>28I0E 7 >@30=VG=>N 

A:;04>2>N, >?8A0=8E A8AB5<>N @V2=O=ь 2 G0AB8==8E ?>EV4=8E (3.1)

=5>1EV4=89 ?>BC6=89 G8A5;ь=89 <5B>4.  5B>4 A:V=G5==8E 5;5<5=BV2 ( %�) є 

>4=8< 7 =091V;ьH C=V25@A0;ь=8E B0 H8@>:> 26820=8E ?V4E>4V2 4;O  

48A:@5B870FVW B0:8E 7040G, >A>1;82> ?@8 @>1>BV 7V A:;04=8<8 35><5B@VO<8 B0 

=5>4=>@V4=8<8 2;0AB82>ABO<8 <0B5@V0;V2, I> E0@0:B5@=> 4;O >1'є:BV2 

4>A;V465==O, B0:8E O: 720;8I0 &#�. �0;V @>73;O=CB> :;NG>2V 0A?5:B8 

70AB>AC20==O  %� 4;O ?5@5B2>@5==O 28EV4=>W A8AB5<8 �$+# =0 A8AB5<C 

=5;V=V9=8E 728G09=8E 48D5@5=FV0;ь=8E @V2=O=ь, I> є ?5@H8< 206;828<

:@>:>< C @>7@>1FV >1G8A;N20;ь=8E 0;3>@8B<V2 4;O FV;ь>2>3> ?@>3@0<=>3> 

70157?5G5==O.

"A:V;ь:8 B5>@VO <5B>4C A:V=G5==8E 5;5<5=BV2 є 4>1@5 2V4><>N, B> <8 

C?CAB8<> 45O:V B5>@5B8G=V 28:;04:8. �>:@5<0, AE5<0 72545==O :@09>2>W 7040GV 

) 4> 7040GV 2 A;01:V9 ?>AB0=>2FV ?>2B>@Nє ?>4V1=V, >?8A0=V =0?@8:;04 

2 [

#>4V1=V 4> 7040GV (3.1) (3.9), ?@0240 3 C DV:A>20=V9 >1;0ABV, @>73;O=CB> 

B0 4>A;V465=> 2 @>1>BV [124]. �>:@5<0 B5>@5B8G=> 4>2545=0 B>G=VABь 



=01;865=>3> A:V=G5==>5;5<5=B=>3> @>729O7:C, 0 B0:>6 9>3> є48=VABь B0 

71V6=VABь. � @>1>BV [125] 4;O 2AB0=>2;5==O B>G=>ABV A:V=G5==>5;5<5=B=8E 

@>729O7:V2 ?>4V1=8E :@09>28E 7040G 4;O A8AB5< =5;V=V9=8E �$+# 28:>@8AB0=> 

G8A5;ь=V 5:A?5@8<5=B8. $>73;O4 7040G C 7<V==8E >1;0ABOE 28<030є 4>40B:>28E 

4>A;V465=ь B0 >1�@C=BC20=ь AB>A>2=>  %�.

�3V4=> 7  %�, =01;865=89 C7030;ь=5=89 @>72'O7>: :@09>2>W 7040GV (

) HC:0єBьAO C 283;O4V

ÿý(Ă, þ) =∑ąÿ(þ)�ÿ(Ă)Ă
ÿ=1 , ÿĄ(Ă, þ) =∑ýÿ(þ)�ÿ(Ă)Ă

ÿ=1 ,   
�(Ă, þ) =∑�ÿ(þ)�ÿ(Ă)Ă

ÿ=1 , ăĄĀ(Ă, þ) =∑āÿ(þ)�ÿ(Ă)Ă
ÿ=1 ,             (3.10) 

45 DC=:FVW �ÿ(Ă) ÿ = 1,Ă є ?>;V=><V0;ь=8<8 1078A=8<8 DC=:FVO<8 7V 

A:V=G5==8< =>AVє<. �81V@ B8?C B0 ?>@O4:C 1078A=8E DC=:FV9 2?;820є =0 

B>G=VABь 0?@>:A8<0FVW, >1G8A;N20;ь=C A:;04=VABь D>@<C20==O 5;5<5=B=8E 

<0B@8Fь B0 7030;ь=C :V;ь:VABь ABC?5=V2 2V;ь=>ABV A8AB5<8, I> є 206;828<8 

D0:B>@0<8 ?@8 ?@>є:BC20==V ?@>3@0<=>3> 70157?5G5==O.  !52V4><V 

:>5DVFVє=B8 ąÿ(þ), ýÿ(þ) �ÿ(þ) āÿ(þ) ÿ = 1,Ă, O:V 70;560Bь ;8H5 2V4 G0AC, 
HC:0є<> V7 7040GV �>HV 4;O A8AB5<8 =5;V=V9=8E 48D5@5=FV0;ь=8E @V2=O=ьĀĀ(�, ÿ, Ā,�)ĂþĂþ + ĀĀā ĂÿĂþ +ĀĀĂ(�, ÿ, Ā,�)ĂĀĂþ + ÿĀ(�, ÿ, Ā,�)þ(�) = = ýĀ(�, ÿ, Ā,�),                                                     (3.11)Āā ĂÿĂþ +ĀāĀ ĂþĂþ + ÿā(�, ÿ, Ā,�)ÿ(�) = ýā,                            (3.12)ĀĂ(�, ÿ,�)ĂĀĂþ + ÿĂ(þ, ÿ, Ā)Ā(�) = ýĂ(�, ÿ, Ā,�),              (3.13)Āă Ă�Ăþ + ÿă(�, ÿ, Ā)� = ýă,                                 (3.14)Ā� Āþ(ÿ) = ý�Ā,Ā� āÿ(ÿ) = ý�ā,Ā� ĂĀ(ÿ) = ý�Ă, Ā� ă�(ÿ) = ý�ă,           (3.15)
45 ý�Ć = (Ą̃ÿ(Ć))ÿ=1Ă Ā� Ć = (ẵÿĀ(Ć))ÿ,Ā=1Ă Ć = 1,4����



ẵÿĀ(Ć) = ∫ �ÿ�ĀĂĂĀĂ ĀĆ = (ăÿĀ(Ć))ÿ,Ā=1Ă
ÿĆ = (ĂÿĀ(Ć))ÿ,Ā=1Ă , ýĆ = (Ąÿ(Ć))ÿ=1Ă Ć = 1,4���� �1 = (ćÿĀ(1))ÿ,Ā=1Ă , 
Ā12 = (ăÿĀ(12))ÿ,Ā=1Ă Ā13 = (ăÿĀ(13))ÿ,Ā=1Ă Ā21 = (ăÿĀ(21))ÿ,Ā=1Ă

Ą̃ÿ(1) = ∫ÿý0Ā
Ă0 �ÿĂĂ,

Ą̃ÿ(2) = ∫ ÿĄ0ĀĂ0 �ÿĂĂ, Ą̃ÿ(3) = ∫ �0ĀĂ0 �ÿĂĂ, Ą̃ÿ(4) = ∫ ă0ĀĂ0 �ÿĂĂ,þ = (ąÿ(þ))ÿ=1Ă þ(ÿ) = (ąÿ(0))ÿ=1Ăÿ = (ýÿ(þ))ÿ=1Ă ÿ(ÿ) = (ýÿ(0))ÿ=1ĂĀ = (�ÿ(þ))ÿ=1Ă Ā(ÿ) = (�ÿ(0))ÿ=1Ă� = (āÿ(þ))ÿ=1Ă �(ÿ) = (þÿ(0))ÿ=1ĂăÿĀ(1) = ∫((1 2 ý)� āĆ(� + �ā) 2 Āýă1āý + Āýă2āý )�ÿ�ĀĂĂĀ
Ă(ā) ,

ăÿĀ(2) = 2 ∫ă2āĄ �ÿ�ĀĂĂĀ
Ă(ā) , ăÿĀ(21) = ∫(ă2āĄ 2ă1āĄ )�ÿ�ĀĂĂĀ

Ă(ā) ,
 ăÿĀ(3) = ∫ā��ÿ�ĀĂĂĀ

Ă(ā) , ăÿĀ(4) = ∫�ÿ�ĀĂĂĀ
Ă(ā) , 

ăÿĀ(12) = 2 ∫Āýă2āý �ÿ�ĀĂĂĀ
Ă(ā) ,

ăÿĀ(13) = 2 ∫(1 2 ý)� āÿ�ýĆ(� + �ā)2 �ÿ�ĀĂĂ,Ā
Ă(ā)

ăÿĀ(21) = 2 ∫ă2āĄ �ÿ�ĀĂĂĀ
Ă(ā) , ĂÿĀ(1) = ∫Āýāý Ă�ÿĂĂ Ă�ĀĂĂ ĂĂĀ

Ă(ā) ,



ĂÿĀ(2) = ∫āĄāĄ Ă�ÿĂĂ Ă�ĀĂĂ ĂĂĀ
Ă(ā) ,

ĂÿĀ(3) = ∫ÿĂ�ÿĂĂ Ă�ĀĂĂ ĂĂ + ∫ĀĄāĄĀĄ Ă�ĀĂĂ �ÿĂĂĀ
Ă(ā)

Ā
Ă(ā)
ĂÿĀ(4) = ∫āĄĀ(ÿý, ÿĄ, �)�ÿ�ĀĂĂ,Ā

Ă(ā)
Ąÿ(1) = ∫Ąý(ÿý, ÿĄ, ăĄĀ, �, Ă, þ)Ā

Ă(ā) �ÿ(Ă)ĂĂ, Ąÿ(2) = 0,
Ąÿ(3) = ∫ą�(ÿý, ÿĄ , ăĄĀ, �, Ă, þ)Ā

Ă(ā) �ÿ(Ă)ĂĂ, Ąÿ(4) = 0.
�040G0 ( ) є 7040G5N �>HV 4;O A8AB5<8 =5;V=V9=8E 

48D5@5=FV0;ь=8E @V2=O=ь ?5@H>3> ?>@O4:C. �V4HC:0==O WW @>729O7:C B56 

28<030є 70AB>AC20==O 2V4?>2V4=8E AE5< 48A:@5B870FVW. � B>G:8 7>@C ?@>AB>B8 

?@0:B8G=>W @50;V70FVW B0 70157?5G5==O G8A;>2>W ABV9:>ABV 4>1@5 
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2:;NG0є ?5@52V@:C :>@5:B=>ABV WE=ь>W ?@>3@0<=>W @50;V70FVW (25@8DV:0FVO), 

AB01V;ь=>ABV, 71V6=>ABV B0 740B=>ABV >1@>1;OB8 @V7=V 2EV4=V 40=V B0 AF5=0@VW 

DV78G=>W ?>254V=:8.

�@0E>2CNG8 A:;04=VABь >1'є:B0 <>45;N20==O (=5;V=V9=V, 270є<>?>2'O70=V 

?@>F5A8, I> 2V41C20NBьAO C 25;8:><0AHB01=><C 35>;>3VG=><C A5@54>28IV) B0 

>1<565=C 4>ABC?=VABь 45B0;ь=8E =0BC@=8E 5:A?5@8<5=B0;ь=8E 40=8E 4;O 

?>2=>FV==>W ?5@52V@:8 <>45;V, C 40=><C @>74V;V ?@>F5A 20;V40FVW B0 B5ABC20==O 

0;3>@8B<V2 107CєBьAO =0 ?@>2545==V G8A5;ь=8E 5:A?5@8<5=BV2. *V 

5:A?5@8<5=B8 A;C3CNBь 4;O:

3 25@8DV:0FVW :>@5:B=>ABV @50;V70FVW >:@5<8E DV78G=8E 5D5:BV2 B0 WE 

270є<>72'O7:V2 2 0;3>@8B<V H;OE>< ?>@V2=O==O @57C;ьB0BV2 @V7=8E AF5=0@VW2

3 B5ABC20==O GCB;82>ABV 0;3>@8B<C 4> 7<V=8 :;NG>28E ?0@0<5B@V2 

<>45;V B0 C<>2 @>7@0EC=:C

3 45<>=AB@0FVW 740B=>ABV 0;3>@8B<C 2V4B2>@N20B8 O:VA=V 70:>=><V@=>ABV 

?>254V=:8 A8AB5<8, >GV:C20=V 7 DV78G=8E <V@:C20=ь B0 2V4><V 7 V=H8E 

4>A;V465=ь (G0AB:>20 20;V40FVO)



3 >FV=:8 AB01V;ь=>ABV G8A5;ь=>3> @>72'O7:C 2 @V7=8E C<>20E 

<>45;N20==O.

!86G5 =02545=> :>=DV3C@0FVN G8A5;ь=8E B5AB>28E AF5=0@VW2, 

2:;NG0NG8 ?0@0<5B@8 <>45;V B0 C<>28 @>7@0EC=:C, O:V 1C;8 28:>@8AB0=V 4;O 

28:>=0==O 70240=ь 20;V40FVW B0 B5ABC20==O 0;3>@8B<V2.

!0;0HBC20==O ?0@0<5B@V2 <>45;V B0 C<>2 @>7@0EC=:C 4;O :>6=>3> 

B5AB>2>3> AF5=0@VN 74V9A=N20;>Aь =0 >A=>2V 0=0;V7C 0:BC0;ь=8E ;VB5@0BC@=8E 

465@5;, I> 4>72>;Oє 70157?5G8B8 DV78G=C @5;520=B=VABь 2EV4=8E 40=8E 4;O 

B5ABC20==O 0;3>@8B<V2

%?>G0B:C :>=:@5B87Cє<> 7=0G5==O ?0@0<5B@V2 B0 DC=:FV>=0;ь=8E 

70;56=>AB59, O:V 28:>@8AB>2C20;8Aь 2 <>45;V (3.1) �3V4=> V7 @>1>B>N

D>@<C;0 (5)], 28:>@8AB>2CNG8 <>45;ь 20= �5=CEB5=0, <0є<>

ýă = ( 11 + (ÿĆ) 112ăĀýþ)
ăĀýþ ,

45 Ć = ÿý 2 ÿĄ – 2A<>:BCNG89 B8A: ÿ – :>5DVFVє=B, ?>2'O70=89 7 ?>2VB@O=8< 

2A<>:BC20==O< A5@54>28I0 ĀĄ – 3CAB8=0 7<>GC20;ь=>W @V48=8 ăăýā –

?0@0<5B@ 20= �5=CEB5=0 ýă = ý 2 ýÿ1 2 ýÿ ,ýÿ – 70;8H:>25 =0A8G5==O, I> 2V4?>2V40є @V4:V9 D07V ýă – 5D5:B82=5 

=0A8G5==O. �3V4=> 2:070=>W @>1>B8 4;O ?>@8AB>3> A5@54>28I0 AE>28I0 

2V4E>4V2 ýÿ = 0,22�;  ÿ = 2,92 >П421;  ăăýā = 0,375; �0 = 0,53. #V4 

=0A8G5=VABN ý <8 1C45<> @>7C<VB8 DC=:FVN ý = Ā �⁄ , 45 Ā 3 2>;>3VABь 
?>@8AB>3> A5@54>28I0, 0 � 3 9>3> ?>@8ABVABь.

�3V4=> V7 @>1>B>N ÿÿāă = 101,3 ∙ 103 П4, āĄ = 104  �@3, �ā = 273 ÿ,ā = 0,029 >7@B?ь <>;5:C;O@=0 <0A0 ?>2VB@O Ć = 8,314 Д:BG?ь@B?ь∙ÿ
#>G0B:>2C =0A8G5=VABь ?@89<0;8 @V2=>N 80%



�V4?>2V4=> 4> AB0BBV [ ] 4>A;V48<> 7040GC :>=A>;V40FVW 2V4 2;0A=>W 2038 

<0A82C AE>28I0 B25@48E ?>1CB>28E 2V4E>4V2 O: ?>@8AB>3> A5@54>28I0. &>4Vÿý(Ă, 0) = Ćý(ĀĄĀąĂ + ć0), ÿĄ(Ă, 0) = ĆĄ(ĀĄĀąĂ + ć0),
45 Ćý B0 ĆĄ – ?@><V6=V ?0@0<5B@8 4;O @>7@0EC=:C ?>G0B:>28E C<>2 ć0 3
4>40B:>25 =020=B065==O =0 ?>25@E=N ?>@8AB>3> A5@54>28I0. &0:>6 2 40=V9 

@>1>BV =02545=> <5B>48:C 287=0G5==O Ćý B0 ĆĄĆý = Ć4 2 Ć2Ć1Ć4 2 Ć2Ć3 , ĆĄ = Ć1 2 Ć3Ć1Ć4 2 Ć2Ć3,
Ć1 = ă1āý 2ă2āý 2 Ąÿý + ÿÿāă (1 2 ý + /ý)ă1āý , 
Ć2 = ă2āý 2 ýĄĀĄ(1 2 /)ă1āý , Ć3 = ă1āĄ 2ă2āĄă1āĄ ,

Ć4 = ă2āĄ 2 ýĄĀĄă1āĄ .
�5 / – >1'є<=89 :>5DVFVє=B @>7G8==>ABV ?>2VB@O C 2>4V 70 70:>=>< �5=@V ĀĄ –

AB8A:C20=VABь 2>48. �2060NG8 =0 28:>@8AB0=V 2 G8A5;ь=8E 5:A?5@8<5=B0E 

@>1>B8 [ ] 7=0G5==O @>7?>4V;V2 ?>G0B:>28E B8A:V2 2V4 <8BBє2> ?@8:;045=>3> 

7>2=VH=ь>3> =020=B065==O, 2 G8A5;ь=8E 5:A?5@8<5=B0E <8 28:>@8AB0;8 

7=0G5==O Ćý = 13 , ĆĄ = 23.
�@0=8G=V C<>28 287=0G0NBьAO DV78G=8<8 C<>20<8 =0 <560E ?>@8AB>3> 

A5@54>28I0. �5@E=O <560 22060єBьAO 4@5=>20=>N, 0 =86=O 3 =5?@>=8:=>N. 

&><C <0є<> ÿý(Ă, þ)|ą=Ă(ā) = 0, ÿĄ(Ă, þ)|ą=Ă(ā) = 0, þ g 0, Āý(Ă, þ )|ą=Ā = (2āý āÿýāĂ )|ą=Ā = 0, ĀĄ(Ă, þ )|ą=Ā = (2āĄāĄ āÿĄāĂ )|ą=Ā = 0, þ g 0.
�3V4=> 7 @>1>B>N



ă1Ā = 22,5 ∙ 1027 1Ąÿ ;  ă2Āă1Ā = 0,4;  ă1Ąă1Ā = 0,2;  ă2Ąă1Ā = 4.
&CB ă1Ā = ă1ý +ă1Ą,ă2Ā = ă2ý +ă2Ą.

�=0;>3VG=V 7=0G5==O ?0@0<5B@V2 28:>@8AB>2C20;8Aь 2 @>1>BV [

�3V4=> 7 @>1>B>N D>@<C;0 (21)]āĄ = āĄĀÿāýăĂ (1 2 (1 2 ýă1 ăĀýþ⁄ )ăĀýþ)2
45 Ă – :>5DVFVє=B 72'O7=>ABV ?>@ āĄĀÿā 3 :>5DVFVє=B DV;ьB@0FVW 4;O 28?04:C 
?>2=>3> =0A8G5==O. ' 2:070=V9 @>1>BV 70?@>?>=>20=> Ă = 0,5

�3V4=> 7 @>1>B>Nāý = āýĀÿā(1 2 ýă)Ă (1 2 ýă1 ăĀýþ⁄ )2ăĀýþ
45 āýĀÿā 3 :>5DVFVє=B 307>?5@5=5A5==O =0 28?04>: ý = ýÿ

/: ?>:070=> 2 @>1>BV [ ] ?0@0<5B@8 <>45;V 20= �5=CEB5=0 7<V=NNBьAO 

70;56=> 2V4 2<VABC >@30=VG=8E @5G>28= 2 ?>@8AB><C A5@54>28IV. &><C 2>=8 

1C4CBь 48=0<VG=> 7<V=N20B8Aь 2 ?@>F5AV 1V>453@040FVW. �2060NG8 =0 

A:;04=VABь B0 =54>AB0B=N :V;ь:VABь B0:8E 5:A?5@8<5=BV2, WE 70;56=VABь 2V4 

1030Bь>E D0:B>@V2, 2 40=><C 48A5@B0FV9=><C 4>A;V465==V <8 ?@89<5<> WE 

AB0;8<8.

�3V4=> 70;56=>ABVĂ�Ăþ = 2(ă1āĄ +ă1āý ) ā(Ă 2 ÿý)āþ 2 (ă2āĄ +ă2āý ) ā(ÿý 2 ÿĄ)āþ 2 ĀĀĄĀ āăĄĀ(Ă, þ)āþ
>B@8<Cє<>Ă�Ăþ = (ă1āĄ +ă1āý 2ă2āĄ 2ă2āý ) āÿýāþ + (ă2āĄ +ă2āý ) āÿĄāþ 2 ĀĀĄĀ āăĄĀ(Ă, þ)āþ .
�0;V �(Ā+1) 2 �(Ā)� = (ă1āĄ +ă1āý 2ă2āĄ 2ă2āý ) ÿý(Ā+1) 2 ÿý(Ā)� +



+(ă2āĄ +ă2āý ) ÿĄ(Ā+1) 2 ÿĄ(Ā)� 2 ĀĀĄĀăĄĀ(Ā+1) 2ăĄĀ(Ā)� ,�(Ā+1) = �(Ā) + (ă1āĄ +ă1āý 2ă2āĄ 2ă2āý ) (ÿý(Ā+1) 2 ÿý(Ā)) ++(ă2āĄ +ă2āý ) (ÿĄ(Ā+1) 2 ÿĄ(Ā)) 2 ĀĀĄĀ (ăĄĀ(Ā+1) 2ăĄĀ(Ā)) , Ā = 0,1,2,&
�3V4=> 7 @>1>B>N ] :>5DVFVє=B 1V>453@040FVW 70;568Bь 2V4 B5<?5@0BC@8 

B0 2>;>3>ABV. #@8 Fь><C :>5DVFVє=B 1V>453@040FVW ;V=V9=> 70;568Bь 2V4 

2>;>3>ABV V 2V4=>H5==O 9>3> <0:A8<0;ь=>3> 7=0G5==O (?@8 ý = 1) 4> 9>3> 
<V=V<0;ь=>3> 7=0G5==O (?@8 ý = ýÿ) A:;040є 6. &>4VāĄĀ(ý, �) = (ăýă + Ą)Ą�
45 Ą B0ă – ;V=V9=V :>=AB0=B8, I> 107CNBьAO =0 =86=V9 V 25@E=V9 3@0=8FOE āĄĀ
O:V 1C;8 ?@89=OBV @V2=8<8 Ą = 0,2ă F4 ă = 0,67 ∙ 1023 18B54 2V4?>2V4=> �;O 
2@0EC20==O 2?;82C B5<?5@0BC@8 =0 ?@>F5A8 1V>453@040FVW 28:>@8AB0=> 

DC=:FVN 2V4 Ą� = 4 �6(ÿ�6 + �6) ÿ�7(ÿ�7 + �7)
45 ÿ� – :>=AB0=B0, I> 4>@V2=Nє ℃ ' Fь><C 28?04:C <0:A8<0;ь=5 7=0G5==O 

:>5DVFVє=B0 1V>453@040FVW AB0=>28Bь 0,67 ∙ 1023 189Aь V 4>AO30єBьAO ?@8 

B5<?5@0BC@V 37℃. �0C2068<>, I> >A:V;ь:8 A:;04 2V4E>4V2 CA5@54=5=89, B> 

?@>F5A8 1V>453@040FVW @>73;O40NBьAO 4;O 2V4E>4V2 V7 A5@54=V< @V2=5< @>7:;04C 

?0?5@>28E ?@>4C:BV2

�3V4=> 7 @>1>B>N ] :>5DVFVє=B DV;ьB@0FVW 2V4E>4V2 20@VNєBьAO 2 4C65 

H8@>:8E <560E. � 40=V9 @>1>BV <8 28:>@8AB0;8 7=0G5==OāĄĀÿā = 0,03888 @8B54.
�;O <>45;ь=>W 7040GV @>73;O=CB> H0@ ?>@8AB>3> A5@54>28I0 B>2I8=>N Ă = 10 @. �@>: ?> 7<V==V9 Ă AB0=>282 0,01 @ :@>: ?> G0AC � = 0,5 8B54. � 

O:>ABV 1078A=8E DC=:FV9  %� 28:>@8AB>2C20;8Aь :CA:>2> :204@0B8G=V.



(C=:FVN B5?;>35=5@0FVW, O: @57C;ьB0B 1V>453@040FVW, 2 @V2=O==V (

73V4=> 7 @>1>B>N ] 27OB> C 283;O4Vą(ÿý, ÿĄ, �, ăĄĀ, Ă, þ) = ∆Ā āăĄĀāþ ,
45 ∆Ā 3 5=B0;ь?VO ?@>F5AV2 1V>;>3VG=>3> @>7:;04C. �2060NG8 =0 70;56=VABь 

<8 <0є<>ą(ÿý, ÿĄ, �,ăĄĀ, Ă, þ) = 2∆ĀāĄĀ(ÿý, ÿĄ, �)ăĄĀ.
�;O 05@>1=>3> ?@>F5AC 5=B0;ь?VO D07>2>3> ?5@5E>4C (4;O ?@>F5AV2 

1V>453@040FVW) 1C;0 ?@89=OB0 @V2=>N 217,36 ∙ 106 Д:>7 0 4;O 0=05@>1=>3> 

?@>F5AC 216,72 ∙ 105 Д:>7
�3V4=> 7 Ā = 1000 >7@3 ; āÿ = 4,184 >Д:>7 ∙ ℃ ;āĄĀ = 1,00416 >Д:>7 ∙ ℃ ;ĀĄĀ = 1200 >7@3.
�3V4=> 7 &01;8FO ÿ = 1,00416 >Д:>7 ∙ ℃.
"?8H5<> AE5<C @>7@0EC=:C 35=5@0FVW 307C. �3V4=>, =0?@8:;04 āý(Ă, þ)āþ = āĄĀ(ý, �)ăĄĀ(Ă, þ)Ā0ă2āāýā .

"B65, 2 @V2=O==V (Ąý(ÿý, ÿĄ, �,ăĄĀ, Ă, þ) = āĄĀ(ý, �)ăĄĀ(Ă, þ)Ā0ă2āāýā .
$>73;O40NG8 @V2=O==O ( ) 7 =02545=>3> 28I5 A?V22V4=>H5==O, <0є<>āý(Ă, þ)āþ = 2Ā0 āăĄĀāþ ă2āāýā .
�0;V, 28:>=02H8 48A:@5B870FVN 70 G0A><, >B@8<0є<>ý(Ā+1) 2 ý(Ā)� = 2Ā0ăĄĀ(Ā+1) 2ăĄĀ(Ā)� ă2āāý(Ā+1)āĀ+1 .



01>ý(Ā+1) = ý(Ā) 2 Ā0 (ăĄĀ(Ā+1) 2ăĄĀ(Ā)) ă2āāý(Ā+1)āĀ+1 , Ā = 0,1,2,& ,ă� 2 1.
!02545=0 28I5 D>@<C;0 AB>ACєBьAO ∀Ă ( [Ă(Ā); Ā] /:I> @>73;O40B8 ý(þ) O: 
7030;ь=89 >1'є< 307>35=5@0FVW, I> 284V;OєBьAO 70 G0A þ g 0 7 >48=8FV ?;>IV 
?>;V3>=C, B>

ý(Ā+1) = ý(Ā) 2 Ā0 ∫(ăĄĀ(Ā+1) 2ăĄĀ(Ā)) ă2āāý(Ā+1)āĀ+1Ă�Ā
Ă(Ā) , Ā = 0,1,2,& ,ă� 2 1.

�3V4=> 7 @>1>B>N Ā0 = 0,2 @3 >7⁄ . �V4<VB8<>, I> 2 >@83V=0;V 40=5 

7=0G5==O A:;040є 0,1 @3 >7⁄ , >4=0: F5 7=0G5==O 2:070=5 AB>A>2=> ACB> <5B0=C. 

#@89<0NG8 4> C2038, I> <5B0= A:;040є ?@81;87=> 50% 2V4 284V;5=8E 

?0@=8:>28E 307V2 7V AE>28I B25@48E ?>1CB>28E 2V4E>4V2, <8 2 G8A5;ь=8E

5:A?5@8<5=B0E 28:>@8AB>2C20;8 7=0G5==O 0,2 @3 >7⁄
�;O 25@8DV:0FVW :>@5:B=>ABV @50;V70FVW >:@5<8E 270є<>72'O7:V2 B0 

B5ABC20==O ?>254V=:8 0;3>@8B<V2 ?@>2545=> G8A5;ь=V 5:A?5@8<5=B8

+8A5;ь=89 5:A?5@8<5=B 
 5B0 B5ABC20==O G8A5;ь=>3> 5:A?5@8<5=BC 3.1 ?>;O30є 2 ?5@52V@FV 

740B=>ABV 0;3>@8B<C @>72'O7C20B8 ?>2=C 72'O70=C A8AB5<C @V2=O=ь, 2:;NG0NG8 

2AV 7<>45;ь>20=V =5;V=V9=V 270є<>72'O7:8. *59 B5AB є V=B53@0FV9=8< (?5@52V@Oє 

270є<>4VN @V7=8E 0;3>@8B<VG=8E 1;>:V2) V A;C3Cє >A=>2>N 4;O ?>@V2=O==O 7V 

A?@>I5=8<8 AF5=0@VO<8.

� 40=><C G8A5;ь=><C 5:A?5@8<5=BV 2@0E>20=> 2?;828 1V>453@040FVW, 

2>;>3>ABV B0 B5<?5@0BC@8. #@8 Fь><C :>5DVFVє=B DV;ьB@0FVW C 28?04:C 

=0A8G5=>3> ?>@8AB>3> A5@54>28I0 ?@89<02AO @V2=8< āĀÿāĄ = 0,03888 @ 8B54⁄
0 :>5DVFVє=B 307>?5@5=5A5==O C 28?04:C 2V4ACB=>ABV 2>;>38āĀÿāý = 0,1āĀÿāĄ .

� O:>ABV 2EV4=8E 40=8E G8A5;ь=>3> 5:A?5@8<5=BC 
28:>@8AB>2C20;8Aь =0ABC?=V



�|ą=Ă(ā) = �āąĆ = 30℃, �|ā=0 = �0 = 15℃, ăĄĀā|ā=0 = 300 >7@3,Ă|ā=0 = Ă0 = 10 @, Ā = 12.
$>73;O402AO 0=05@>1=89 ?@>F5A V7 7=0G5==O< 5=B0;ь?VW ∆Ā = 216,72 ∙105 Д:>7 . $57C;ьB0B8 =02545=> 2 &01;.

&01;8FO

$57C;ьB0B8 5:A?5@8<5=BC =0 =86=V9 =5?@>=8:=V9 <56V <0A82C 2V4E>4V2þ, 8Aі ÿý, П4 ÿĄ , П4 �,℃ ăĄĀā , >7@3 CDBEі84AAя,@ ÿ, @3 =0A8G5=VABь

+8A5;ь=89 5:A?5@8<5=B 
 5B0 B5ABC20==O G8A5;ь=>3> 5:A?5@8<5=BC 3.2 ?>;O30є 2 >FV=FV 2?;82C 

A?@>I5==O <>45;V 1V>453@040FVW  =0 7030;ь=C 48=0<V:C B0 25@8DV:0FVO B>3>, I> 

0;3>@8B< :>@5:B=> >1@>1;Oє AF5=0@V9 7 2V4:;NG5=8<8 70;56=>ABO<8 :V=5B8:8 

2V4 B5<?5@0BC@8 B0 2>;>3>ABV, 0 B0:>6 45<>=AB@0FVO :V;ь:VA=>3> 2?;82C F8E 

70;56=>AB59 =0 @57C;ьB0B8.

�AV 2EV4=V ?0@0<5B@8 3 B0:V 6, O: V 2 �:A?5@8<5=BV . "4=0:, BCB 

2@0E>20=> ;8H5 ?@>F5A 1V>453@040FVW V7 AB0;8<, >A5@54=5=8< :>5DVFVє=B><. 

�?;82 B5<?5@0BC@8 B0 2>;>3>ABV =0 1V>453@040FV9=V ?@>F5A8 =5 2@0E>20=>.



&01;8FO

$57C;ьB0B8 5:A?5@8<5=BC =0 =86=V9 =5?@>=8:=V9 <56V <0A82C 2V4E>4V2þ, 8Aі ÿý, П4 ÿĄ, П4 �,℃ ăĄĀā, >7@3 CDBEі84AAя,@ ÿ, @3 =0A8G5=VABь

+8A5;ь=89 5:A?5@8<5=B 
 5B0 B5ABC20==O G8A5;ь=>3> 5:A?5@8<5=BC 3.3 ?>;O30є 2 4>A;V465==V 

GCB;82>ABV @>72'O7:C 4> 7<V=8 ?0@0<5B@V2, I> 2?;820NBь =0 1030B>D07=C 

DV;ьB@0FVN B0 >FV=:0 AB01V;ь=>ABV G8A5;ь=>3> 0;3>@8B<C ?@8 7=0G=V9 7<V=V 

:>5DVFVє=B0 307>?5@5=5A5==O, I> <>65 2?;820B8 =0 C<>28 71V6=>ABV 

VB5@0FV9=8E ?@>F5AV2.

�A5 B56 A0<5, I> V 2 �:A?5@8<5=BV , >:@V< B>3>, I> āĀÿāý = 1,0āĀÿāĄ .
&01;8FO

$57C;ьB0B8 5:A?5@8<5=BC =0 =86=V9 =5?@>=8:=V9 <56V <0A82C 2V4E>4V2þ, 8Aі ÿý, П4 ÿĄ, П4 �,℃ ăĄĀā, >7@3 CDBEі84AAя,@ ÿ, @3 =0A8G5=VABь



#@>4>265==O B01;. 3.3

+8A5;ь=89 5:A?5@8<5=B 
 5B0 B5ABC20==O G8A5;ь=>3> 5:A?5@8<5=BC 3.4 ?>;O30є 2 V7>;OFVW 5D5:BV2 
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70;568Bь 2V4 B5<?5@0BC@8 B0 =0A8G5=>ABV, ĀĄĀ 3 3CAB8=0 >@30=VG=8E 2V4E>4V2; ăĄĀ 3 <0A0 >@30=VG=8E 2V4E>4V2 2 >48=8FV >19є<C ?>@8AB>3> A5@54>28I0; �Ć =2āĆāÿ/āĀ 3 :>5DVFVє=B 48DC7VW �@C=B>2>W 2>;>38; ÿ 3 ?>B5=FV0; �@C=B>2>W 
2>;>38; āĆ 3 :>5DVFVє=B 2>;>3>?5@5=5A5==O, O:89 2 40=><C 28?04:C 70;568Bь 
2V4 =0A8G5=>ABV, ā� 3 >1'є<=0 B5?;>є<=VABь ?>@8AB>3> A5@54>28I0; ÿ 3
:>5DVFVє=B B5?;>?@>2V4=>ABV ?>@8AB>3> A5@54>28I0; Ā, āÿ 3 3CAB8=0 B0 ?8B><0 
B5?;>є<=VABь ?>@>2>W @V48=8, ą(Ă, þ, ý, �) 3 DC=:FVO, O:0 7040є B5?;>35=5@0FVN 
2 @57C;ьB0BV 1V>453@040FVW, V O:0 A0<0 70;568Bь 2V4 B5<?5@0BC@8 B0 2>;>3>ABV 

?>@8AB>3> A5@54>28I0, ÿ 3 H284:VABь 2>;>3>?5@5=5A5==O, O:0 287=0G0єBьAO 
73V4=> 70:>=C �0@AV �;NB0 =0 28?04>: 7<V==>W ?>@8AB>ABV ÿ = 2�Ć (� ĀĀĀą 2ĀĀÿāý ĀăāýĀą ) 2 āĆ ÿĂ(�) 3 :>5DVFVє=B B5?;>?@>2V4=>ABV <0B5@V0;C ?@8<56>2>3> 
H0@C; �ÿ 3 B5<?5@0BC@0 0B<>AD5@=>3> ?>2VB@O 28I5 ?@8<56>2>3> H0@C, Dδ 3
:>5DVFVє=B 48DC7VW 2>;>38 C ?@8<56>2><C H0@V, θa 3 0B<>AD5@=0 2>;>3VABь, kδ
3 :>5DVFVє=B 2>;>3>?5@5=5A5==O C ?@8<56>2><C H0@V.

#@54AB02;5=0 <0B5<0B8G=0 <>45;ь є :><?9NB5@=> >@Vє=B>20=>N, 

>A:V;ь:8 WW A:;04=VABь, =5;V=V9=VABь B0 72'O70=89 E0@0:B5@ @V2=O=ь 28<030NBь 



70AB>AC20==O G8A5;ь=8E <5B>4V2 4;O >B@8<0==O @>72'O7:C. #@>F5A ?>1C4>28 

:><?'NB5@=>W <>45;V ?5@5410G0є:

3 48A:@5B870FVN >1;0ABV 4>A;V465==O B0 G0A>2>3> V=B5@20;C;

3 0?@>:A8<0FVN 48D5@5=FV0;ь=8E >?5@0B>@V2 G8A5;ь=8<8 AE5<0<8 

(=0?@8:;04, <5B>4>< A:V=G5==8E @V7=8Fь, A:V=G5==8E 5;5<5=BV2 01> 

A:V=G5==8E >1'є<V2), I> ?@872>48Bь 4> A8AB5<8 0;351@0WG=8E @V2=O=ь;

3 @>7@>1:C B0 70AB>AC20==O 5D5:B82=8E G8A5;ь=8E 0;3>@8B<V2 4;O 

@>72'O70==O >B@8<0=>W A8AB5<8 =5;V=V9=8E 0;351@8G=8E @V2=O=ь =0 :>6=><C 

G0A>2><C :@>FV;

3 @50;V70FVN <>45;V C 283;O4V ?@>3@0<=>3> :>4C, I> 4>72>;Oє 

28:>=C20B8 >1G8A;N20;ь=V 5:A?5@8<5=B8, A8<C;N20B8 48=0<V:C ?@>F5AV2 B0 

>B@8<C20B8 ?@>3=>7=V 40=V. %0<5 F59 5B0? є 157?>A5@54=V< ?@54<5B>< 

4>A;V465==O 2 G0AB8=V @>7@>1:8 ?@>3@0<=>3> 70157?5G5==O.

&0:8< G8=><, D>@<0;V70FVO 7040GV C 283;O4V A8AB5<8 @V2=O=ь B0 C<>2 

10), 040?B>20=8E 4;O G8A5;ь=>3> @>72'O70==O, 70:;040є =5>1EV4=C 

B5>@5B8G=C B0 >1G8A;N20;ь=C >A=>2C 4;O @50;V70FVW <>45;ь=> 0;3>@8B<VG=>3> 

?V4E>4C B0 @>7@>1:8 ?@>3@0<=>3> 70157?5G5==O 4;O ?@>3=>7C20==O AB0=C 

?>@8AB8E A5@54>28I B0 ?>2'O70=>W 7 =8< 35=5@0FVW ?0@=8:>28E 307V2.

#@>3@0<=0 @50;V70FVO: 48A:@5B870FVO <>45;V, ?>1C4>20 
>1G8A;N20;ь=>3> 0;3>@8B<C B0 1;>: AE5<0 ?@>3@0<=>W @50;V70FVW

�D5:B82=0 ?@>3@0<=0 @50;V70FVO ?>1C4>20=>W <0B5<0B8G=>W <>45;V є 

F5=B@0;ь=8< 70240==O< 48A5@B0FV9=>3> 4>A;V465==O, I> 2V4?>2V40є 9>3> 

>1'є:BC B0 ?@54<5BC. "A:V;ь:8 B>G=89 @>729O7>: :@09>2>W 7040GV (4.1) (4.10) 4;O 

A8AB5<8 =5;V=V9=8E 48D5@5=FV0;ь=8E @V2=O=ь C G0AB8==8E ?>EV4=8E =5 <>6=0 

?>40B8 2 0=0;VB8G=><C 283;O4V, ?5@5EV4 2V4 =5?5@5@2=>W <0B5<0B8G=>W <>45;V 

4> 48A:@5B=>W :><?'NB5@=> >@Vє=B>20=>W D>@<8 є =5>1EV4=8< 5B0?><. *59 

?@>F5A 2:;NG0є 48A:@5B870FVN @>7@0EC=:>2>W >1;0ABV B0 G0A>2>3> V=B5@20;C, 

0?@>:A8<0FVN 48D5@5=FV0;ь=8E >?5@0B>@V2 B0 3@0=8G=8E C<>2 G8A5;ь=8<8



AE5<0<8, 0 B0:>6 @>7@>1:C >1G8A;N20;ь=>3> 0;3>@8B<C, I> 70157?5GCє ABV9:5 

B0 5D5:B82=5 >B@8<0==O G8A5;ь=>3> @>72'O7:C.

#>:@8є<> >1;0ABь ąā = [0; Ă] × [0; þ] @V2=><V@=>N AVB:>N ąā(Ą,ă) =[0; Ą/] × [0;ă�] 7 :@>:0<8 / B0 � 2V4?>2V4=> ?> 7<V==V9 Ă B0 G0AC þ, 45 Ą 3
:V;ь:VABь :@>:V2 ?> ?@>AB>@>2V9 7<V==V9, ă 3 :V;ь:VABь :@>:V2 ?> G0AC.

�;O 48A:@5B870FVW @V2=O==O ( 1) 28:>@8AB0є<> <>=>B>==C @V7=8F52C 

AE5<C [23]. � @57C;ьB0BV >B@8<0є<> =0ABC?=89 A:V=G5==>@V7=8F5289 0=0;>3 

48D5@5=FV0;ь=>3> @V2=O==O (�ÿ(Ā) ýÿ(Ā+1) 2 ýÿ(Ā)� + ýÿ(Ā+1) Ā(āĄĀ)ÿ(Ā)ĀĄĀ (ăĄĀ)ÿ(Ā) =
= Āÿ(Ā)/ ((�Ć�)ÿ+1(Ā) ýÿ+1(Ā+1) 2 ýÿ(Ā+1)/ 2 (�Ć�)ÿ(Ā) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ ) +

+ (Ā+)ÿ(Ā)(�Ć�)ÿ+1(Ā) ýÿ+1(Ā+1) 2 ýÿ(Ā+1)/ + (Ā2)ÿ(Ā)(�Ć�)ÿ(Ā) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ ,
 ÿ = 1, Ą 2 1����������, Ā = 0,ă 2 1�����������,

45

�Ć�ÿ(Ā) = 12 ⋅ ((�Ć�)ÿ(Ā) + (�Ć�)ÿ21(Ā) ) , (Ā2)ÿ(Ā) = (
∂kp∂s )ÿ(Ā) 2 |(∂kp∂s )ÿ(Ā)|2 g 0

(Ā+)ÿ(Ā) = (∂kp∂s )ÿ
(Ā) + |(∂kp∂s )ÿ(Ā)|2 g 0, 

Āÿ(Ā) = 1
1 + / ⋅ |(∂kp∂s )ÿ(Ā)|2 ⋅ (�Ć�)ÿ(Ā)

= 1 2 / ⋅ |(∂kp∂s )ÿ(Ā)|2 ⋅ (�Ć�)ÿ(Ā) + ă(/2).
' 28I5=02545=8E 0?@>:A8<0FVOE 2@0E>20=>, I>Dp (Ã ∂s∂x 2 sβÃws ∂mws∂x ) = Dp ∂∂x (�ý).



&>4V Dp ∂∂x (Ăý)|ā=āĀ+1 j Dp(Ā)�(Ā) (āýāĂ)(Ā+1) + ă(�).
�;O 7=0E>465==O ý(Ă, þ) 7 28I5=02545=>3> @V7=8F52>3> @V2=O==O 

28:>@8AB0є<> <5B>4 ?@>3>=:8 [23]. �;O Fь>3> 70?8H5<> 40=5 @V2=O==O 2 

?@>3>=>G=><C 283;O4Vÿÿ ⋅ ýÿ21(Ā+1) 2 āÿ ⋅ ýÿ(Ā+1) + Āÿ ⋅ ýÿ+1(Ā+1) = 2ýÿ(Ā)
45

ÿÿ = ��ÿ(Ā)(Āÿ(Ā)(�Ć�)ÿ
(Ā)/2 2 (Ā2)ÿ(Ā)(�Ć�)ÿ(Ā)/),

Āÿ = ��ÿ(Ā)(Āÿ(Ā)(�Ć�)ÿ+1
(Ā)/2 + (Ā+)ÿ(Ā)(�Ć�)ÿ+1(Ā) /),

āÿ = 1 + ��ÿ(Ā)(Ā(āĄĀ)ÿ(Ā)ĀĄĀ (ăĄĀ)ÿ(Ā) +Āÿ(Ā)/ ((�Ć�)ÿ+1(Ā)/ + (�Ć�)ÿ(Ā)/ ) +
+ (Ā+)ÿ(Ā)(�Ć�)ÿ+1(Ā) / 2 (Ā2)ÿ(Ā)(�Ć�)ÿ(Ā)/).

'<>28 |āÿ| > |ÿÿ| + |Āÿ| ABV9:>ABV ?@>3>=:8 28:>=CNBьAO. 
�=0G5==O =0A8G5=>ABV =0 G0A>2><C H0@V (Ā + 1) ?>A;V4>2=> 7=0E>48<>, 

28:>@8AB>2CNG8 A?V22V4=>H5==O                                          ýÿ(Ā+1) = ÿÿ+1 ⋅ ýÿ+1(Ā+1) + Āÿ+1,                                        (4.11)
45 ÿÿ+1 = Āÿāÿ 2 ÿÿÿÿ , Āÿ+1 = ÿÿĀÿ + āÿ(Ā) + ýÿ(Ā+1)āÿ 2 ÿÿÿÿ .

�;O ?>G0B:>28E C<>2 ( 6) >B@8<0є<> =0ABC?=V A:V=G5==>@V7=8F52V 

0=0;>38:                                                ýÿ(0) = ý0(ÿ/),   ÿ = 0, Ą.                                              (4.12)



�?@>:A8<Cє<> 3@0=8G=C C<>2C ( 10). $>73;O=5<> 28@0712 (�Ć1(Ā) + �Ć0(Ā)) � ý1(Ā+1) 2 ý0(Ā+1)/ + 12 (āĆ1(Ā) + āĆ0(Ā)) =
= [�Ć0(Ā) + 12/ ā�ĆāĂ |ą0āĀ+1 + ă(/2)] � (āýāĂ|ą0āĀ+1 + 12/ ā2ýāĂ2|ą0āĀ+1 + ă(/2) +

+[āĆ0(Ā) + 12/ āāĆāĂ |ą0āĀ+1 + ă(/2)] =
= �Ć0(Ā)� āýāĂ|ą0āĀ+1 + āĆ0(Ā) + 0.5/ āāĂ (�ĆĂ āýāĂ + āĆ)ą0āĀ+1| ă(/2).

� 28I5=02545=>3> 28@07C >B@8<Cє<>

�Ć0(Ā)� āýāĂ|ą0āĀ+1 = �Ć����1(Ā)� ý1(Ā+1) 2 ý0(Ā+1)/ + āĆ���1(Ā) 2 
2āĆ0(Ā) 2 0.5/ āāĂ (�ĆĂ āýāĂ + āĆ)ą0āĀ+1| ă(/2).

�0;V 7 @V2=O==O ( 1) <0є<>∂∂x(Dp� (āýāĂ)) = Ã∂s∂t + s βkws(s, T)Ãws mws 2 ∂kp∂s ∂s∂x,
�Ć0(Ā)� āýāĂ|ą0āĀ+1 = �Ć����1(Ā)� ý1(Ā+1) 2 ý0(Ā+1)/ + āĆ���1(Ā) 2

         2āĆ0(Ā) 2 0.5/ (Ã∂s∂t + s βkws(s, T)Ãws mws 2 ∂kp∂s ∂s∂x)ą0āĀ+1| ă(/2).             (4.13)
�0;V, 28:>@8AB>2CNG8 0?@>:A8<0FVN(2∂kp∂s āýāĂ)|ą0āĀ+1 = (Ā+)0(Ā)ýą,0(Ā+1) + (Ā2)0(Ā)ýą,0(Ā+1) + ă(� + /)



7 ( 13) >B@8<0є<>(�Ć0(Ā)� + 0.5/ý0(Ā) βkws(s, T)Ãws mws(Ā)) āýāĂ|ą0āĀ+1 =
�Ć����1(Ā)� ý1(Ā+1) 2 ý0(Ā+1)/ + āĆ���1(Ā) + āĆ0(Ā) 2 0.5/� ý0(Ā+1) 2 ý0(Ā)/ +

0.5/(Ā+)0(Ā) ý1(Ā+1) 2 ý0(Ā+1)/ + 0.5/(Ā2)0(Ā) ý0(Ā+1) 2 ý21(Ā+1)/ + ă(/2).
"B65, 4;O C<>28 ( 10) >B@8<Cє<> WW 0?@>:A8<0FVN 7 B>G=VABN ă(� + /2) (�Ć0(Ā)� + 0.5/ý0(Ā) βkws(s, T)Ãws mws(Ā)) ×
(�Ć����1(Ā)� ý1(Ā+1) 2 ý0(Ā+1)/ + āĆ���1(Ā) + āĆ0(Ā) 2 0.5/� ý0(Ā+1) 2 ý0(Ā)/ +
0.5/(Ā+)0(Ā) ý1(Ā+1) 2 ý0(Ā+1)/ + 0.5/(Ā2)0(Ā) ý0(Ā+1) 2 ý21(Ā+1)/ ) =

= Ãý0(Ā+1) 2 θa∫ dxDÃÃ0 2 Ã∫ dxkÃÃ0 + ă(� + /2),
01> ý0(Ā+1) = ÿ1 ⋅ ý1(Ā+1) + Ā1
45

ÿ1 = ÿĂĆÿ , Ā1 = ĀĂĆÿ , ÿĂĆ = �Ć����1(Ā)� + 0.5/(Ā+)0(Ā),
  ĀĂĆ = 2(�ý0(Ā+1) 2 Āÿ∫ ĂĂ�ÿÿ0 + �∫ ĂĂāÿÿ0 )2 āĆ���1(Ā) 2 āĆ0(Ā) + 0.5/� ý0(Ā+1) 2 ý0(Ā)/ + 



0.5/(Ā2)0(Ā) ý0(Ā+1) 2 ý21(Ā+1)/ ,
ÿ = �Ć0(Ā)� + 0.5/ý0(Ā) βkws(s, T)Ãws mws(Ā).

"B65, ?@8 28:>@8AB0==V <5B>4C ?@>3>=:8 <8 >B@8<0;8 28@078 4;O ÿ1, Ā1.
�?@>:A8<Cє<> 3@0=8G=C C<>2C ( ). $>73;O=5<> 28@07

12 (�Ćÿ(Ā) + �Ćÿ21(Ā) )�ÿ(Ā) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ = 12(�Ćÿ(Ā) 2 /ā�ĆāĂ ⌋ą�āĀ+1 + ă(/2)) ×
(ā(�ý)āĂ ⌋ą�āĀ+1 2 12/ ā2(�ý)āĂ2 |ą�ā

Ā+1 + ă(/2)) = 12(2�Ćÿ(Ā) 2 / ā�ĆāĂ ⌋ą�āĀ+1 + ă(/2)) ×
ā(�ý)āĂ ⌋ą�āĀ+1 2 12/ ā2(�ý)āĂ2 |ą�ā

Ā+1 + ă(/2) = �Ćÿ(Ā) ā(�ý)āĂ |ą�ā
Ā+1 2 0.5/ ā�ĆāĂ ⌋ą�āĀ+1 ×

ā(�ý)āĂ ⌋ą�āĀ+1 2 0.5/�Ćÿ(Ā) 12/ ā2(�ý)āĂ2 |ą�ā
Ā+1 + ă(/2).

� 28I5=02545=>3> 28@07C >B@8<Cє<>

�Ćÿ(Ā) ā(�ý)āĂ |ą�ā
Ā+1 = �Ćÿ21(Ā) �ÿ(Ā) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ + 0.5 / ā�ĆāĂ ⌋ą�āĀ+1 ā(�ý)āĂ ⌋ą�ā

Ā+1 +
                                                                        +ă(/2).                                                      (4.14)

�0;V 7 @V2=O==O ( 1) <0є<>ā(�ý)āĂ |ą�āĀ+1 = 1�Ć [� āýāþ + ý ĀāĄĀĆĄĀ ăĄĀ 2 (āāĆāý ) āýāĂ]ą�ā
Ā+1.

#V4AB02;ONG8 F59 28@07 C ( ), >B@8<0є<>



�Ćÿ(Ā) ā(�ý)āĂ |ą�āĀ+1 = �Ćÿ21(Ā) �ÿ(Ā) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ + 0.5/ (� ýÿ(Ā+1) 2 ýÿ(Ā)/ + ýÿ(Ā+1) ×
                          ĀāĄĀ(Ā)ĆĄĀ ăĄĀ(Ā) + (āāĆāý )ą�ā

Ā+1 ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ ) + ă(/2).           (4.15)
�0;V, 28:>@8AB>2CNG8 0?@>:A8<0FVN(2ā(�ý)āĂ )|ą�āĀ+1 = (Ā+)Ą(Ā)ýą,Ą(Ā+1) + (Ā2)Ą(Ā)ýą,Ą(Ā+1) + ă(� + /)
7 ( 15) >B@8<0є<>(�Ćÿ(Ā)�ÿ(Ā) 2 0.5/ (āāĆāý )ÿĀ) ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ + 0.5/� ýÿ(Ā+1) 2 ýÿ(Ā)� 2
               20.5/(Ā+)ÿ(Ā)ýÿ(Ā+1) 2 0.5/ýÿ(Ā+1) ĀāĄĀ(Ā)ĆĄĀ ăĄĀ(Ā) + ă(� + /2).        (4.16)

"B65, 4;O 3@0=8G=>W C<>28 (4 ) >B@8<Cє<> WW 0?@>:A8<0FVN 7 B>G=VABN ă(� + /2)2(�Ćÿ(Ā)�ÿ(Ā) 2 0.5/ (āāĆāý )ÿĀ)ýÿ(Ā+1) 2 ýÿ21(Ā+1)/ 2 0.5/� ýÿ(Ā+1) 2 ýÿ(Ā)� +
               +0.5/(Ā+)ÿ(Ā)ýÿ(Ā+1) 2 0.5/ýÿ(Ā+1) ĀāĄĀ(Ā)ĆĄĀ ăĄĀ(Ā) + ă(� + /2).        (4.17)

� ( 17) >B@8<Cє<>

ýÿ(Ā+1) 2 ýÿ(Ā)� + ( 
 1Ă �Ćÿ21(Ā) �ÿ(Ā)/2 + (Ā+)ÿ(Ā)+(āāĆāý )ÿĀ2Ă/ + 1Ă ĀāĄĀ(Ā)ĆĄĀ ) 

 ýÿ(Ā+1) 2
1Ă ( 
 �Ćÿ21(Ā) �ÿ(Ā)/2 + (āāĆāý )ÿĀ2/ ) 

 ýÿ21(Ā+1)



01>                                                ýĄ(Ā+1) = ÿ2 ⋅ ýĄ21(Ā+1) + Ā2,                                          (4.18)
45

ÿ2 = ÿĂĆÿ , Ā2 = ĀĂĆÿ ,
ÿĂĆ = �Ćÿ21(Ā) �ÿĀ/2 + (āāĆāý )ÿĀ2/ , ĀĂĆ = ýÿ(Ā)� ,

 ÿ = 1� + �Ćÿ21(Ā) �ÿĀ/2 + (Ā+)ÿ(Ā) + (āāĆāý )ÿĀ2/ + ĀāĄĀ(Ā)ĆĄĀ ăĄĀ(Ā).
�8:>@8AB>2CNG8 A?V22V4=>H5==O ( 18) B0 ( 11) ?@8 ÿ = Ą 2 1

7=0E>48<>

ýĄ(Ā+1) = ÿ2 ⋅ ĀĄ + Ā21 2 ÿ2 ⋅ ÿĄ .
�;O 48A:@5B870FVW @V2=O==O ( 2) 28:>@8AB0є<> <>=>B>==C @V7=8F52C 

AE5<C [23]. � @57C;ьB0BV >B@8<0є<> =0ABC?=89 A:V=G5==>@V7=8F5289 0=0;>3 

48D5@5=FV0;ь=>3> @V2=O==O (ā� �ÿ(Ā+1) 2 �ÿ(Ā)� = Āÿ(Ā)/ (ÿÿ+1(Ā) �ÿ+1(Ā+1) 2 �ÿ(Ā+1)/ 2 ÿÿ(Ā) �ÿ(Ā+1) 2 �ÿ21(Ā+1)/ ) +
    +Āāÿ (ÿ+)ÿ(Ā)ÿÿ(Ā) ⋅ ÿÿ+1(Ā) �ÿ+1(Ā+1) 2 �ÿ(Ā+1)/ + Āāÿ (ÿ2)ÿ(Ā)ÿÿ(Ā) ⋅ ÿÿ(Ā) ⋅ �ÿ(Ā+1) 2 �ÿ21(Ā+1)/ + ąÿĀ ,  ÿ = 1, Ą 2 1, Ā = 0,ă 2 1.                                 (4.19)
&CB ÿÿ(Ā) = 12 ⋅ (ÿÿ(Ā) + ÿÿ21(Ā) ), (ÿ+)ÿ(Ā) = 2Ăÿ(Ā)+|Ăÿ(Ā)|2 g 0



(ÿ2)ÿ(Ā) = 2Ăÿ(Ā)2|Ăÿ(Ā)|2 f 0 Āÿ(Ā) = 11+ÿā�/⋅|ÿÿ(Ā)|2⋅�ÿ(Ā)
= 1 2 Āāÿ /⋅|Ăÿ(Ā)|2⋅�ÿ(Ā) + ă(/2).

�=0;>3VG=> 4> [23], <>6=0 ?>:070B8, I> 48D5@5=FV0;ь=V >?5@0B>@8 

@V2=O==O ( ) 0?@>:A8<CNBьAO @V7=8F528< >?5@0B>@>< ( ) 2 4>2V;ь=V9 B>GFV (Ăÿ; þĀ) ( ąā(Ą;ă) ÿ = 1, Ą 2 1 Ā = 0,ă 2 1, 7 B>G=VABN ă(� + /2) ?@8 C<>2V 
VA=C20==O =5?5@5@2=8E G0AB8==8E ?>EV4=8E Ā(•)Āā Ā(•)Āą Ā2(•)Āą2 B0 :CA:>2>

=5?5@5@2=8E >1<565=8E ?>EV4=8E Ā2(•)Āā2 Ā3(•)Āą3 DC=:FVW �(Ă, þ), 0 B0:>6 ?@8 C<>2V 
VA=C20==O =5?5@5@2=8E ?>2=8E ?>EV4=8E Ă(•)Ăą B0 :CA:>2> =5?5@5@2=8E 

>1<565=8E ?>EV4=8E Ă2(•)Ăą2 DC=:FVW ÿ V ?>EV4=8E Ă(•)Ăā DC=:FV9 ÿ Ă�Ăą
$V7=8F525 @V2=O==O ( ) є ;V=V9=8< 2V4=>A=> HC:0=8E 7=0G5=ь DC=:FVW �(Ă, þ)
�;O 7=0E>465==O B5<?5@0BC@8 �(Ă, þ) 7 @V7=8F52>3> @V2=O==O (

28:>@8AB0є<> <5B>4 ?@>3>=:8 [23]. �;O Fь>3> 70?8H5<> 40=5 @V2=O==O 2 

?@>3>=>G=><C 283;O4Vÿÿ ⋅ �ÿ21(Ā+1) 2 āÿ ⋅ �ÿ(Ā+1) + Āÿ ⋅ �ÿ+1(Ā+1) = 2�ÿ(Ā)
45 ÿÿ = �ā� ⋅ �ÿ(Ā)/ ⋅ (ÿÿ(Ā)/ 2 ÿā�(Ă2)ÿ(Ā)�ÿ(Ā) ) Āÿ = �ā� ⋅ �ÿ+1(Ā)/ ⋅ (ÿÿ(Ā)/ + ÿā�(Ă+)ÿ(Ā)�ÿ(Ā) )

āÿ = 1 + �ā� (ÿÿ(Ā)⋅(�ÿ+1(Ā) +�ÿ(Ā))/2 + ÿā�/�ÿ(Ā) ⋅ ((ÿ+)ÿ(Ā) ⋅ ÿÿ+1(Ā) 2 (ÿ2)ÿ(Ā) ⋅ ÿÿ(Ā)))
'<>28 |āÿ| > |ÿÿ| + |Āÿ| ABV9:>ABV ?@>3>=:8 28:>=CNBьAO. 

�=0G5==O B5<?5@0BC@8 =0 G0A>2><C H0@V (Ā + 1) ?>A;V4>2=> 7=0E>48<>, 
28:>@8AB>2CNG8 A?V22V4=>H5==O                                          �ÿ(Ā+1) = ÿÿ+1 ⋅ �ÿ+1(Ā+1) + Āÿ+1,                                        (4.20)
45 ÿÿ+1 = Āÿāÿ 2 ÿÿÿÿ , Āÿ+1 = ÿÿĀÿ + āÿ(Ā) + ýÿ(Ā+1)āÿ 2 ÿÿÿÿ .



�;O ?>G0B:>2>W C<>28 7) >B@8<0є<> =0ABC?=V A:V=G5==>@V7=8F52V 

0=0;>38:                                               �ÿ(0) = �0(ÿ/),   ÿ = 0, Ą.                                              (4.21)
�?@>:A8<Cє<> 3@0=8G=C C<>2C ( 9). $>73;O=5<> 28@07

12 (ÿ1(Ā) + ÿ0(Ā))�1(Ā+1) 2 �0(Ā+1)/ = 12(2ÿ0(Ā) + / āÿāĂ|ą0āĀ+1 + ă(/2)) ×
× �0(Ā+1) + /ā�āĂ|ą0āĀ+1 + 12/2 ā2�āĂ2|ą0āĀ+1 + ă(/3) 2 �0(Ā+1)/ =

= 12(2ÿ0(Ā) + / āÿāĂ|ą0āĀ+1 + ă(/2))(ā�āĂ|ą0āĀ+1 + 12/ ā2�āĂ2|ą0āĀ+1 + ă(/2)) == ÿ0(Ā) ā�āĂ|ą0āĀ+1 + 0.5/ āāĂ (ÿ ā�āĂ)|ą0āĀ+1 + ă(/2).
� 28I5=02545=>3> 28@07C >B@8<Cє<>

           ÿ0(Ā) ā�āĂ|ą0āĀ+1 = ÿ1(Ā) �1(Ā+1) 2 �0(Ā+1)/ 2 0.5/ āāĂ (ÿ ā�āĂ)|ą0āĀ+1 + ă(/2).     (4.22)
�0;V 7 @V2=O==O ( 2) <0є<>āāĂ (ÿ ā�(Ă, þ)āĂ ) = ā� ā�(Ă, þ)āþ + Āāÿÿ ā�(Ă, þ)āĂ 2 ą. 
#V4AB02;ONG8 F59 28@07 C ( ), >B@8<0є<>ÿ0(Ā) ā�āĂ|ą0āĀ+1 = ÿ1(Ā) �1(Ā+1) 2 �0(Ā+1)/ 2 0.5/ (ā� ā�āþ + Āāÿÿ ā�āĂ 2 ą)|ą0āĀ+1 ++ă(/2).                                                          (4.23)
�0;V, 28:>@8AB>2CNG8 0?@>:A8<0FVN(2ÿ ā�āĂ)|ą0āĀ+1 = (ÿ+)0(Ā)�ą,0(Ā+1) + (ÿ2)0(Ā)�ą,0(Ā+1) + ă(� + /)



7 ( ) >B@8<0є<>(ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)) ā�āĂ|ą0āĀ+1 = ÿ1(Ā) �1(Ā+1) 2 �0(Ā+1)/ 2
             20.5/ā� �0(Ā+1) 2 �0(Ā)� + 0.5/(ÿ+)0(Ā) �1(Ā+1) 2 �0(Ā+1)/ + 0.5/ą0(Ā) ++ă(/2). 
"B65, 4;O 3@0=8G=>W C<>28 ( 9) >B@8<Cє<> WW 0?@>:A8<0FVN 7 B>G=VABN ă(� + /2)2(ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)) �0(Ā+1) 2 �ÿÿ0(Ā) ∫ ĂĂÿĂ(�(Ā))Ă0 = ÿ1(Ā) �1(Ā+1) 2 �0(Ā+1)/ 2
         20.5/ā� �0(Ā+1) 2 �0(Ā)� + 0.5/(ÿ+)0(Ā) �1(Ā+1) 2 �0(Ā+1)/ + 0.5/ą0(Ā) ++ă(� + /2).

�0;V <0є<> (ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)) �ÿÿ0(Ā) ∫ ĂĂÿĂ(�(Ā))Ă0 2 0.5/ā� �0(Ā)� + 0.5/ą0(Ā) =
= (ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)ÿ0(Ā) ∫ ĂĂÿĂ(�(Ā))Ă0 2 ÿ1(Ā)/ 2 0.5/ā�� 2 0.5(ÿ+)0(Ā))�0(Ā+1) +

+(ÿ1(Ā) �1(Ā+1)/ + 0.5/(ÿ+)0(Ā) �1(Ā+1)/ )�1(Ā+1)
01> �0(Ā+1) = ÿ1 ⋅ �1(Ā+1) + Ā1
45

ÿ1 = ÿĂĆÿ , Ā1 = ĀĂĆÿ , ÿĂĆ = ÿ1(Ā) �1(Ā+1)/ + 0.5/(ÿ+)0(Ā) �1(Ā+1)/ ,



  ĀĂĆ = 2(ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)) �ÿÿ0(Ā) ∫ ĂĂÿĂ(�(Ā))Ă0 + 0.5/ā� �0(Ā)� 2 0.5/ą0, 
ÿ = 2ÿ0(Ā) 2 0.5/Āāÿ(ÿ2)0(Ā)ÿ0(Ā) ∫ ĂĂÿĂ(�(Ā))Ă0 + ÿ1(Ā)/ + 0.5/āă� + 0.5(ÿ+)0(Ā).

"B65, ?@8 28:>@8AB0==V <5B>4C ?@>3>=:8 <8 >B@8<0;8 28@078 4;O ÿ1, Ā1.
�?@>:A8<Cє<> 3@0=8G=C C<>2C ( 5). $>73;O=5<> 28@07

12 (ÿĄ(Ā) + ÿĄ21(Ā) ) �Ą(Ā+1) 2 �Ą21(Ā+1)/ = 12(2ÿĄ(Ā) 2 / āÿāĂ|ą�āĀ+1 + ă(/2)) ×
× �Ą(Ā+1) 2 (�Ą(Ā+1) 2 / ā�āĂ|ą�āĀ+1 + 12/2 ā2�āĂ2|ą�

āĀ+1 + ă(/3))/ =
= 12(2ÿĄ(Ā) 2 / āÿāĂ|ą�āĀ+1 + ă(/2))(ā�āĂ|ą�āĀ+1 2 12/ ā2�āĂ2|ą�āĀ+1 + ă(/2)) =

= ÿĄ(Ā) ā�āĂ|ą�āĀ+1 2 0.5/ āāĂ (ÿ ā�āĂ)|ą�āĀ+1 + ă(/2).
� 28I5=02545=>3> 28@07C >B@8<Cє<>

         ÿĄ(Ā) ā�āĂ|ą�āĀ+1 = ÿĄ(Ā) �Ą(Ā+1) 2 �Ą21(Ā+1)/ + 0.5/ āāĂ (ÿ ā�āĂ)|ą�āĀ+1 + ă(/2).      (4.24)
�0;V 7 @V2=O==O ( 2) <0є<>āāĂ (ÿ ā�(Ă, þ)āĂ ) = ā� ā�(Ă, þ)āþ + Āāÿÿ ā�(Ă, þ)āĂ 2 ą(Ă, þ, Ă, �). 
#V4AB02;ONG8 F59 28@07 C ( ), >B@8<0є<>



ÿĄ(Ā) ā�āĂ|ą�āĀ+1 = ÿĄ(Ā) �Ą(Ā+1) 2 �Ą21(Ā+1)/ +
                              +0.5/ (ā� ā�āþ + Āāÿÿ ā�āĂ 2 ą)|ą�āĀ+1 + ă(/2).                          (4.25)
�0;V, 28:>@8AB>2CNG8 0?@>:A8<0FVN(2ÿ ā�āĂ)|ą�āĀ+1 = (ÿ+)Ą(Ā)�ą,Ą(Ā+1) + (ÿ2)Ą(Ā)�ą,Ą(Ā+1) + ă(� + /)
7 ( ) >B@8<0є<>(ÿ0(Ā) + 0.5/Āāÿ(ÿ+)Ą(Ā)) ā�āĂ|ą�āĀ+1 = ÿĄ(Ā) �Ą(Ā+1) 2 �Ą21(Ā+1)/ +

        +0.5/ā� �Ą(Ā+1) 2 �Ą(Ā)� 2 0.5/(ÿ2)0(Ā) �Ą(Ā+1) 2 �Ą21(Ā+1)/ 2                                             20.5/ąĄ(Ā+1) + ă(� + /2).                                             (4.26)
"B65, 4;O 3@0=8G=>W C<>28 ( 5) >B@8<Cє<> WW 0?@>:A8<0FVN 7 B>G=VABN ă(� + /2) ÿĄ(Ā) �Ą(Ā+1) 2 �Ą21(Ā+1)/ + 0.5/ā� �Ą(Ā+1) 2 �Ą(Ā)� 2 0.5/(ÿ2)Ą(Ā) ×

                           × �Ą(Ā+1) 2 �Ą21(Ā+1)/ 2 0.5/ąĄ(Ā+1) + ă(� + /2) = 0.                   
�0;V <0є<>

20.5/ā� �Ą(Ā)� 2 (ÿĄ(Ā)/ 2 0.5(ÿ2)Ą(Ā))�Ą21(Ā+1) +
+(ÿĄ(Ā)/ + 0.5/ā�� 2 0.5(ÿ2)Ą(Ā))�Ą(Ā+1) 2 0.5ąĄ(Ā+1) = 0

01>                                                �Ą(Ā+1) = ÿ2 ⋅ �Ą21(Ā+1) + Ā2,                                          (4.27)
45



ÿ2 = ÿĂĆÿ , Ā2 = ĀĂĆÿ ,
ÿĂĆ = ÿĄ(Ā)/ 2 0.5(ÿ2)Ą(Ā), ĀĂĆ = 0.5/ā� �Ą(Ā)� 2 0.5/ąĄ(Ā+1),

ÿ = ÿĄ(Ā)/ + 0.5/ā�� 2 0.5(ÿ2)Ą(Ā).
�8:>@8AB>2CNG8 A?V22V4=>H5==O ( ) B0 ( ) ?@8 ÿ = Ą 2 1

7=0E>48<>

�Ą(Ā+1) = ÿ2 ⋅ ĀĄ + Ā21 2 ÿ2 ⋅ ÿĄ .
!0 >A=>2V ?@>2545=>W 48A:@5B870FVW 70 <5B>4>< A:V=G5==8E @V7=8Fь

AD>@<>20=>W <0B5<0B8G=>W <>45;V C 283;O4V :@09>2>W 7040GV 4;O A8AB5<8  

=5;V=V9=8E 48D5@5=FV0;ь=8E @V2=O=ь C G0AB8==8E ?>EV4=8E, @>7@>1;5=> 

>1G8A;N20;ь=89 0;3>@8B<, O:89 є >A=>2>N ?@>3@0<=>3> 70157?5G5==O 4;O 

A8<C;OFVW B0 ?@>3=>7C20==O ?@>F5AV2 C ?>@8AB><C A5@54>28IV. �;3>@8B< 

28:>=CєBьAO ?>:@>:>2>, =0 :>6=><C G0A>2><C :@>FV 28:>=CєBьAO =0ABC?=0 

?>A;V4>2=VABь >1G8A;N20;ь=8E >?5@0FV9:

�=VFV0;V70FVO G0A>2>3> :@>:C #>G0B>: 7 2V4><8E 7=0G5=ь HC:0=8E 

DC=:FV9 =0 ?>B>G=><C G0A>2><C H0@V

"1G8A;5==O ?0@0<5B@V2 B0 :>5DVFVє=BV2 $>7@0E>2CNBьAO 70;56=V   

?0@0<5B@8 <>45;V B0 2V4?>2V4=V :>5DVFVє=B8 48A:@5B87>20=8E @V2=O=ь B0 

3@0=8G=8E C<>2 =0 ?>B>G=><C G0A>2><C H0@V, 28:>@8AB>2CNG8 7=0G5==O 

=52V4><8E DC=:FV9 (2>;>3>ABV, B5<?5@0BC@8, <0A8 >@30=VG=>W A:;04>2>W) 7 

?>?5@54=ь>3> G0A>2>3> :@>:C.

$>72'O70==O 48A:@5B87>20=>3> @V2=O==O 2>;>3>?5@5=5A5==O

(>@<CєBьAO B@84V03>=0;ь=0 A8AB5<0 ;V=V9=8E 0;351@0WG=8E @V2=O=ь

$>72'O70==O >B@8<0=>W A8AB5<8 28:>=CєBьAO 70 4>?><>3>N <5B>4C ?@>3>=:8



*59 0;3>@8B< є >1G8A;N20;ь=> ABV9:8< B0 5D5:B82=8<, <0NG8 ;V=V9=C 

A:;04=VABь O(n) ?> :V;ь:>ABV ?@>AB>@>28E 2C7;V2 =0 :>6=><C G0A>2><C :@>FV. 

"1G8A;5==O H284:>ABV 2>;>3>?5@5=5A5==O

$>72'O70==O 48A:@5B87>20=>3> @V2=O==O B5?;>?5@5=5A5==O

(>@<CєBьAO B@84V03>=0;ь=0 A8AB5<0 ;V=V9=8E 0;351@0WG=8E @V2=O=ь 4;O 

287=0G5==O 7=0G5=ь B5<?5@0BC@8 %8AB5<0 @>72'O7CєBьAO 70 4>?><>3>N <5B>4C 

?@>3>=:8 7 >1G8A;N20;ь=>N A:;04=VABN O(n)

"1G8A;5==O <0A8 >@30=VG=>W A:;04>2>W (ăĄĀ)ÿ(Ā+1), ÿ = 0, Ą�����; Ā = 0,ă 2 1�����������, 73V4=> 48A:@5B870FV9 @V2=O==O (4.3)(ăĄĀ)ÿ(Ā+1) 2ăÿ(Ā)� = 2āĄĀ (ýÿ(Ā), �ÿ(Ā)) (ăĄĀ)ÿ(Ā+1), ÿ = 0, Ą�����; Ā = 0,ă 2 1�����������.
"1G8A;5==O >19є<C 5<VAVW ?0@=8:>28E 307V2.

�15@565==O @57C;ьB0BV2 B0 ?5@5EV4 4> >1@>1:8 =0ABC?=>3> G0A>2>3> 

:@>:C.

*O ?>A;V4>2=VABь :@>:V2 A:;040є >A=>2=89 F8:; A8<C;OFVW. �030;ь=0 

>1G8A;N20;ь=0 A:;04=VABь 0;3>@8B<C =0 >4=><C G0A>2><C :@>FV є ;V=V9=>N 

2V4=>A=> :V;ь:>ABV 2C7;V2 n ?> 7<V==V9 Ă
$>7@>1:0 B0 040?B0FVO <0B5<0B8G=8E <>45;59 74V9A=N20;0AO 7 

C@0EC20==O< 28<>3 I>4> WE 045:20B=>ABV @50;ь=8< ?@>F5A0< B0 

>1G8A;N20;ь=>W 5D5:B82=>ABV. �8:>@8AB>2C20;8AO A8AB5<8 =5;V=V9=8E 

48D5@5=FV0;ь=8E @V2=O=ь 2 G0AB8==8E ?>EV4=8E 4;O >?8AC ?@>F5AV2 

?5@5=5A5==O B5?;0 B0 2>;>38, 0 B0:>6 =5;V=V9=>3> 48D5@5=FV0;ь=>3> @V2=O==O 

4;O <>45;N20==O :V=5B8:8 1V>453@040FVW. 

�;O 2V7C0;ь=>3> ?@54AB02;5==O 0@EVB5:BC@8 ?@>3@0<=>3> 70157?5G5==O 

B0 ?>B>:C :5@C20==O >1G8A;N20;ь=8< 0;3>@8B<>< @>7@>1;5=> 1;>: AE5<C 

@8A. ). �;>: AE5<0 V;NAB@Cє <>4C;ь=C AB@C:BC@C ?@>3@0<=>W @50;V70FVW, 45 

:>65= 1;>: 2V4?>2V40є 70 28:>=0==O ?52=>3> 5B0?C 0;3>@8B<C B0 270є<>4Vє 7 

V=H8<8 1;>:0<8 H;OE>< ?5@540GV 40=8E.



$8A. �;>: AE5<0 ?@>3@0<=>W @50;V70FVW >1G8A;N20;ь=>3> 0;3>@8B<C

"A=>2=8<8 DC=:FV>=0;ь=8<8 <>4C;O<8, 2V4>1@065=8<8 =0 1;>: AE5<V, 

є:

3 <>4C;ь 22>4C ?0@0<5B@V2. �V4?>2V40є 70 7G8BC20==O 2AVE :>=AB0=B 

<>45;V, ?0@0<5B@V2 AVB:8 B0 C<>2 (?>G0B:>28E, 3@0=8G=8E, 0B<>AD5@=8E);

3 <>4C;ь V=VFV0;V70FVW @>7@0EC=:C. �AB0=>2;Nє ?>G0B:>289 AB0= 2AVE 

<0A82V2 HC:0=8E DC=:FV9 =0 >A=>2V 22545=8E ?>G0B:>28E C<>2;

3 <>4C;ь >1G8A;5==O :>5DVFVє=BV2 B0 70;56=>AB59. �8:>=Cє @>7@0EC=>: 

2AVE =5AB0;8E :>5DVFVє=BV2 @V7=8F528E AE5< B0 ?0@0<5B@V2 <>45;V, O:V 70;560Bь 

2V4 ?>B>G=>3> AB0=C A8AB5<8;



3 <>4C;ь @>72'O70==O @V2=O==O 4;O 2>;>3>ABV (01> =0A8G5=>ABV). $50;V7Cє 

<5B>4 ?@>3>=:8 4;O 48A:@5B87>20=>3> @V2=O==O 2>;>3>?5@5=5A5==O 7 

2V4?>2V4=8<8 3@0=8G=8<8 C<>20<8. !0 2EV4 >B@8<Cє =5>1EV4=V :>5DVFVє=B8 B0 

AB0= =0 ?>?5@54=ь><C H0@V;

3 <>4C;ь @>7@0EC=:C H284:>ABV 2>;>?5@5=5A5==O. $>7@0E>2Cє 25:B>@ 

H284:>ABV u, 28:>@8AB>2CNG8 2EV4=V B0 >B@8<0=V 2 ?>?5@54=VE <>4C;OE 40=V;

3 <>4C;ь @>72'O70==O @V2=O==O B5?;0. $50;V7Cє <5B>4 ?@>3>=:8 4;O 

48A:@5B87>20=>3> @V2=O==O B5?;>?5@5=5A5==O;

3 <>4C;ь @>7@0EC=:C >@30=V:8; 

3 <>4C;ь 282>4C @57C;ьB0BV2. �V4>1@060є >B@8<0=V =0 :>6=><C 

G0A>2><C :@>FV ?@>AB>@>2V @>7?>4V;8.

"?8A0=89 >1G8A;N20;ь=89 0;3>@8B< B0 9>3> <>4C;ь=0 AB@C:BC@0, 

2V4>1@065=0 =0 1;>: AE5<V (@8A , є DC=40<5=B>< @>7@>1;5=>3>

?@>3@0<=>3> 70157?5G5==O. &0:0 0@EVB5:BC@0 70157?5GCє 7@>7C<V;VABь :>4C, 

7@CG=VABь 2V4;04:8 B0 <>6;82VABь ?>40;ьH>3> @>728B:C A8AB5<8, =0?@8:;04, 

H;OE>< V=B53@0FVW <>4C;V2 4;O 157?>A5@54=ь>3> @>7@0EC=:C B@0=A?>@BC B0 

5<VAVW ?0@=8:>28E 307V2.

"1G8A;N20;ь=V 5:A?5@8<5=B8, :><?’NB5@=5 <>45;N20==O B0 
0;3>@8B<VG=89 0=0;V7 48=0<V:8 284V;5==O ?0@=8:>28E 307V2

�;O >FV=:8 2?;82C B>=:>3> ?@8<56>2>3> H0@C >?0;>3> ;8ABO =0 

@>7?>4V; B5<?5@0BC@8 2 �@C=BV ;VAC ?@>2545=> G8A5;ь=V 5:A?5@8<5=B8 7 

28:>@8AB0==O< <>45;V B5?;>?@>2V4=>ABV. �81V@ <>45;V �@C=BC202AO =0 

=5>1EV4=>ABV 2@0EC20==O B5?;>DV78G=8E 2;0AB82>AB59 O: <V=5@0;ь=>W G0AB8=8 

�@C=BC, B0: V >@30=VG=>3> ?>:@82C, I> <0є ACBBє2> 2V4<V==V E0@0:B5@8AB8:8 

$>7@0EC=:8 28:>=0=> 4;O @V7=8E A57>==8E C<>2 B0 2>;>3>ABV �@C=BC 7 

C@0EC20==O< 7<V=8 B5<?5@0BC@8 0B<>AD5@=>3> ?>2VB@O. #>G0B:>25 7=0G5==O 

B5<?5@0BC@8, O:5 28:>@8AB>2C20;>AO 2 5:A?5@8<5=B0E, AB0=>28;> 20 °%.



!0 >A=>2V >B@8<0=8E G8A;>28E 5:A?5@8<5=BV2 (@8A. 3 @8A

2AB0=>2;5=>, I> =0O2=VABь B>=:>3> ?@8<56>2>3> H0@C >?0;>3> ;8ABO 7=0G=> 

2?;820є =0 B5<?5@0BC@=89 @568< �@C=BC. �;O 2AVE 3;818= B5<?5@0BC@=V :@82V 
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<V:@>>@30=V7<V2, I> 7<5=HCє V=B5=A82=VABь 1V>453@040FVW, 307>35=5@0FVW B0 

?@>AV40=ь. *5 I5 @07 ?V4B25@46Cє 206;82VABь C@0EC20==O 270є<>729O70=8E 

?@>F5AV2 B5?;> B0 2>;>3>?5@5=5A5==O C G8A;>2><C <>45;N20==V ?>254V=:8 

AE>28I B25@48E ?>1CB>28E 2V4E>4V2.



P"��І� 5. #$"�$� !�� �" #���% ��/  "���.��!!/ &� 
#$"�!"�'��!!/ %&�!І� #"$�%&�) %�$��"��- � 

"$��!І+!". %����"�".

*8D@>2V A5@2VA8 B0 465@5;0 40=8E 4;O 5:>;>3VG=>3> B0 
B5E=>35==>3> <>=VB>@8=3C

%CG0A=89 5B0? @>728B:C =0C:>28E 4>A;V465=ь, A?@O<>20=8E =0 

<>45;N20==O A:;04=8E 5:>;>3VG=8E B0 B5E=>35==8E ?@>F5AV2, I> 

2V41C20NBьAO C ?>@8AB8E A5@54>28I0E, >A>1;82> B8E, I> <VABOBь >@30=VG=C 

A:;04>2C, =5@>7@82=> ?>2'O70=89 7 =5>1EV4=VABN V=B53@0FVW B0 0=0;V7C 25;8:8E 

>1AO3V2 @V7=>@V4=8E 40=8E. #@>3=>7C20==O ?>254V=:8 B0:8E A8AB5<, 

2:;NG0NG8 ?@>F5A8 1V>453@040FVW, DV;ьB@0FVW, 2>;>3>?5@5=5A5==O, 

B5?;>35=5@0FVW B0 35=5@0FVW ?0@=8:>28E 307V2, 28<030є =5 ;8H5 3;81>:>3> 

@>7C<V==O DC=40<5=B0;ь=8E 70:>=><V@=>AB59, 0;5 9 4>ABC?C 4> 0:BC0;ь=>W B0 

4>AB>2V@=>W V=D>@<0FVW ?@> AB0= 4>2:V;;O B0 465@5;0 0=B@>?>35==>3> 2?;82C. 

%B@V<:89 @>728B>: F8D@>28E B5E=>;>3V9, ?>O20 =>28E >=;09= A5@2VAV2, 

?;0BD>@< 03@530FVW 40=8E B0 2V4:@8B8E 465@5; V=D>@<0FVW AB2>@NNBь 

157?@5F545=B=V <>6;82>ABV 4;O ?V428I5==O B>G=>ABV, >?5@0B82=>ABV B0 

?@>3=>7=>W 740B=>ABV <>45;59, I> @>7@>1;ONBьAO (@8A

$8A �@0DVG=5 ?@54AB02;5==O :><?>=5=BV2 <>45;N20==O



%CG0A=89 5:>;>3VG=89 <>=VB>@8=3 2A5 1V;ьH5 7<VICєBьAO 2V4 ?@>AB>W 

:>=AB0B0FVW D0:BV2 701@C4=5==O 4> ?@548:B82=>3> 0=0;V7C B0 >FV=:8 

5:>;>3VG=8E @878:V2. *5 7<VI5==O 0:F5=BV2 157?>A5@54=ь> :>@5;Nє 7 <5B>N 

40=>3> 48A5@B0FV9=>3> 4>A;V465==O, O:5 A?@O<>20=5 =0 @>7@>1:C ?@>3@0<=>3> 

:><?;5:AC 4;O ?@>3=>7C20==O AB0=V2 ?>@8AB8E A5@54>28I 7 >@30=VG=>N 

A:;04>2>N. �87=0G5==O <>=VB>@8=3C O: A8AB5<8, I> 2:;NG0є «?@>3=>7 7<V=»

?V4:@5A;Nє 9>3> 52>;NFVN 2V4 ?0A82=>3> A?>AB5@565==O 4> 0:B82=>3> 

V=AB@C<5=BC ?>?5@5465==O =530B82=8E =0A;V4:V2 B0 ?@89=OBBO C?@02;V=Aь:8E 

@VH5=ь. &0:8< G8=><, 40=V 5:>;>3VG=>3> <>=VB>@8=3C AB0NBь =52V4'є<=>N 

G0AB8=>N ?@>F5AC >B@8<0==O ?@>3=>7=8E 40=8E, A;C3CNG8 >A=>2>N 4;O 

@>7@>1:8, :0;V1@C20==O B0 20;V40FVW <0B5<0B8G=8E <>45;59, I> >?8ACNBь 

A:;04=V ?@>F5A8 2 ?>@8AB8E A5@54>28I0E.

�D5:B82=5 <>45;N20==O AB0=C ?>@8AB8E A5@54>28I 28<030є =0O2=>ABV 

7=0G=>3> <0A82C ?>G0B:>28E 40=8E. *O V=D>@<0FVO =5>1EV4=0 4;O =0;56=>W 

V=VFV0;V70FVW <>45;V, 2AB0=>2;5==O WW ?0@0<5B@V2, 0 B0:>6 4;O ?>40;ьH>3> 

:0;V1@C20==O B0 ?5@52V@:8 4>AB>2V@=>ABV >B@8<0=8E @57C;ьB0BV2. �1V@ B0:8E 

40=8E 7=0G=>N <V@>N A?8@0єBьAO =0 A8AB5<0B8G=5 A?>AB5@565==O, 01> 

<>=VB>@8=3, 70 :><?>=5=B0<8 4>2:V;;O B0 0=B@>?>35==8<8 2?;820<8. %CG0A=V 

F8D@>2V B5E=>;>3VW ?@>?>=CNBь @V7=><0=VBBO A5@2VAV2 B0 V=D>@<0FV9=8E 

@5AC@AV2, O:V <>6CBь 1CB8 28:>@8AB0=V 4;O 70157?5G5==O Fь>3> ?@>F5AC.

!0 B5@8B>@VW ':@0W=8 DC=:FV>=Cє =87:0 =0FV>=0;ь=8E V=D>@<0FV9=8E 

@5AC@AV2, O:V :>=A>;V4CNBь 5:>;>3VG=V B0 35>?@>AB>@>2V 2V4><>ABV. %5@54 

2V4><8E ?;0BD>@< 4;O 03@530FVW 40=8E 20@B> 2V47=0G8B8 SaveEcoBot �>ABC?=> 

70 ?>:;8:0==O<: . *59 @5AC@A =040є 4>ABC? 4> 

V=D>@<0FVW AB>A>2=> O:>ABV 0B<>AD5@=>3> ?>2VB@O (2:;NG=> 7 @57C;ьB0B0<8 

3@><04Aь:>3> <>=VB>@8=3C), 40=8E 4>72>;V2 =0 28:848 701@C4=NNG8E 

@5G>28=, V=D>@<0FVW 7 @5єAB@C >FV=:8 2?;82C =0 4>2:V;;O ("��), 0 B0:>6 

2V4><>AB59 ?@> ;VF5=7VW =0 4VO;ь=VABь, ?>2'O70=C 7 =5157?5G=8<8 2V4E>40<8. 

#;0BD>@<0 <0є V=B5@0:B82=C :0@BC 701@C4=5==O B0 G0B 1>B 4;O >?5@0B82=>3> 

>B@8<0==O V=D>@<0FVW. �06;82>N DC=:FV>=0;ь=>N <>6;82VABN є =0O2=VABь 



API, I> 4>72>;Oє 02B><0B87>20=> >B@8<C20B8 G0AB8=C 40=8E A8AB5<8. "4=0: 

A;V4 725@=CB8 C203C, I> E>G0 SaveEcoBot >1'є4=Cє 40=V 7 1030Bь>E 465@5;, 

?>B5=FV9=> @5;520=B=8E 4;O <>45;N20==O (=0?@8:;04, ':@0W=Aь:89 

3V4@><5B5>@>;>3VG=89 F5=B@, ?>@B0; «�:>703@>70»  V=VAB5@AB20 70E8ABC 

4>2:V;;O B0 ?@8@>4=8E @5AC@AV2 ':@0W=8), ?@O<89 ?@>3@0<=89 4>ABC? G5@57 WE 

API 4> A?5F8DVG=8E in situ 40=8E, :@8B8G=> 206;828E 4;O <>45;N20==O 

?V4?>25@E=528E ?@>F5AV2 (O: >B B5<?5@0BC@0 B0 2>;>3VABь �@C=BC =0 @V7=8E 

3;818=0E, A:;04 1V>307C, 45B0;ь=89 2<VAB >@30=VG=>W @5G>28=8), =5 702648 

30@0=B>20=89 V ?>B@51Cє 4>40B:>2>3> 282G5==O.

�5@602=89 ?>@B0; 2V4:@8B8E 40=8E (data.gov.ua) 28ABC?0є C @>;V 

F5=B@0;V7>20=>3> AE>28I0 45@602=8E 40=8E @V7=><0=VB=>3> E0@0:B5@C. &CB 

<>6=0 7=09B8 5:>;>3VG=V 40=V, 7>:@5<0 V=D>@<0FVN 7 :040AB@V2 B5@8B>@V9 B0 

>1'є:BV2 ?@8@>4=> 70?>2V4=>3> D>=4C, @5єAB@V2 CB2>@5==O, >1@>1;5==O B0 

CB8;V70FVW 2V4E>4V2, 0 B0:>6 40=V ?@> 4>72>;8 =0 28:848 B0 A?5FV0;ь=5 

2>4>:>@8ABC20==O. #@8 Fь><C, =5>1EV4=> 2@0E>2C20B8, I> 4>ABC?=VABь, 

?>2=>B0 B0 0:BC0;ь=VABь >:@5<8E =01>@V2 40=8E, @>7<VI5=8E =0 ?>@B0;V, <>65 

<0B8 ?52=V >1<565==O

':@0W=Aь:89 45@602=89 35>?>@B0; 48AB0=FV9=>3> 7>=4C20==O �5<;V 

(���) ?@>?>=Cє 4>ABC? 4> @V7=><0=VB=8E ?@>4C:BV2, >B@8<0=8E 2 @57C;ьB0BV 

AC?CB=8:>2>3> <>=VB>@8=3C. �>ABC?=V, =0?@8:;04, :0@B8 B5<?5@0BC@8 

?>25@E=V (LST), V=45:A NDVI, ?@>3=>78 I>4> ?>656>=5157?5:8 B0 ?>ACE8, 40=V 

<>=VB>@8=3C A=V3>2>3> ?>:@82C. *V ?@>4C:B8 <>6CBь 1CB8 FV==8<8 4;O 

287=0G5==O 3@0=8G=8E C<>2 C <>45;OE, >FV=:8 AB0=C @>A;8==>3> ?>:@82C 01> 

>B@8<0==O 7030;ь=>W E0@0:B5@8AB8:8 ?>25@E=V 4>A;V46C20=>W B5@8B>@VW.

%5@54 ?5@A?5:B82=8E 465@5; 20@B> 73040B8 0=>=A>20=89 �5>?>@B0; 

2V4:@8B8E 40=8E (Big Data ':@0W=0), O:89 ?;0=Cє =04020B8 4>ABC? 4> 

V=D>@<0FVW ?@> 75<5;ь=V 4V;O=:8, 2>4=V @5AC@A8 B0 =04@0. !0FV>=0;ь=0 

V=D@0AB@C:BC@0 35>?@>AB>@>28E 40=8E (!���) B0:>6 є 206;828< 5;5<5=B>< 

A8AB5<8 4>ABC?C 4> 35>?@>AB>@>2>W V=D>@<0FVW 2 ':@0W=V. "4=0:, WW 

DC=:FV>=0;ь=VABь B0 4>ABC?=VABь A?5F8DVG=8E <0A82V2 40=8E, =5>1EV4=8E 4;O 



45B0;ь=>3> <>45;N20==O (=0?@8:;04, 45B0;ь=V E0@0:B5@8AB8:8 �@C=BV2, O: >B 

2<VAB >@30=V:8, 3@0=C;><5B@8G=89 A:;04, 2>;>3VABь =0 3;818=V), <>65 1CB8 

>1<565=>N, 7>:@5<0 2 ?>B>G=8E C<>20E 2>є==>3> AB0=C, V ?>B@51Cє @5B5;ь=>W 

?5@52V@:8 =0O2=>ABV 2V4?>2V4=8E A5@2VAV2 B0 =01>@V2 40=8E.

->4> 40=8E ?@> AB0= �@C=BV2, 7=0GCI8< 4>:C<5=B>< є 03@>EV<VG=89 

?0A?>@B ?>;O (75<5;ь=>W 4V;O=:8), O:89 <VAB8Bь V=D>@<0FVN ?@> 03@>EV<VG=V 

E0@0:B5@8AB8:8 �@C=BV2 (2<VAB 3C<CAC, 5;5<5=BV2 682;5==O, ?>:07=8: pH) B0 

@V25=ь WE 701@C4=5==O. #@>B5, >B@8<0==O F8E 2V4><>AB59 70728G09 

74V9A=NєBьAO H;OE>< V=482V4C0;ь=>3> 70?8BC, I> AB2>@Nє B@C4=>IV 4;O WE 

02B><0B87>20=>3> 28:>@8AB0==O C <>45;N20==V. �030;><, 2 ':@0W=V 

A?>AB5@V30єBьAO ?52=89 45DVF8B A8AB5<0B87>20=8E B0 ;53:>4>ABC?=8E 

F8D@>28E 40=8E I>4> 2<VABC >@30=VG=>3> 2C3;5FN 2 �@C=B0E 4;O ?>B@51 

25;8:><0AHB01=>3> <>45;N20==O. �0=V <>=VB>@8=3C 2<VABC >@30=VG=>W 

@5G>28=8 B0 V=H8E 2;0AB82>AB59 �@C=BV2 <>6CBь 1CB8 4>ABC?=V G5@57 

A?5FV0;V7>20=V =0C:>2> 4>A;V4=V CAB0=>28, O: >B �' «�=AB8BCB >E>@>=8 �@C=BV2 

':@0W=8», C D>@<V ?C1;V:0FV9 01> 72VBV2. #@>B5, 28O2;5==O F5=B@0;V7>20=>W 

F8D@>2>W 1078 40=8E 7 2V4:@8B8< API 4;O F8E ?0@0<5B@V2 =0@07V =5 

?V4B25@465=>.  >=VB>@8=3 �@C=B>28E B0 ?V475<=8E 2>4 =0 <5;V>@>20=8E 

B5@8B>@VOE ?@>2>48BьAO 7 ?52=>N ?5@V>48G=VABN V <>65 A;C3C20B8 465@5;>< 

40=8E 4;O ;>:0;ь=8E 4>A;V465=ь.

 V6=0@>4=V ?@>є:B8 B0 :>A<VG=V 2V4><AB20 =040NBь 25;8G57=V <0A828 

40=8E A?>AB5@565==O �5<;V, I> <0NBь 28=OB:>2C FV==VABь 4;O 5:>;>3VG=>3> 

<>45;N20==O.

#@>3@0<0 Copernicus Є2@>?59Aь:>3> %>N7C =040є 2V;ь=89, ?>2=89 B0 

2V4:@8B89 4>ABC? 4> 40=8E B0 V=D>@<0FVW ?@> ?;0=5BC B0 WW 4>2:V;;O. 

Copernicus Land Monitoring Service (CLMS) 70157?5GCє H8@>:89 A?5:B@ 

35>3@0DVG=>W V=D>@<0FVW 4;O 70AB>AC20=ь, ?>2'O70=8E V7 75<=>N ?>25@E=5N. 

%N48 2E>4OBь ?@>4C:B8 :;0A8DV:0FVW =075<=>3> ?>:@82C B0 

75<;5:>@8ABC20==O (Land Cover/Land Use), O: >B CORINE Land Cover (CLC) 7 

>=>2;5==O< ?@81;87=> :>6=V 6 @>:V2 B0 ?@>AB>@>2>N @>74V;ь=>N 740B=VABN 



100 < (4;O @0AB@>28E 40=8E) 01> <V=V<0;ь=>N ?;>I5N :0@B>3@0DC20==O 

(MMU) 25 30 (4;O 25:B>@=8E), 0 B0:>6 =>2VH89, 1V;ьH 45B0;V7>20=89 ?@>4C:B 

CLC+ Backbone. CLMS B0:>6 =040є 40=V ?@> AB0= @>A;8==>3> ?>:@82C 

(=0?@8:;04, 2535B0FV9=V V=45:A8), ?0@0<5B@8 2>4=>3> F8:;C, 7>:@5<0 2>;>3VABь 

?>25@E=52>3> H0@C �@C=BC (Surface Soil Moisture – SSM) B0 V=45:A 2>;>3>ABV 

�@C=BC (Soil Water Index – SWI). �;O Є2@>?8 40=V SWI 4>ABC?=V 7 @>74V;ь=>N 

740B=VABN 1 :< B0 I>45==8< >=>2;5==O<, B>4V O: 3;>10;ь=89 SWI <0є 

@>74V;ь=C 740B=VABь 12 5 :<. �0=V ?@> B5<?5@0BC@C ?>25@E=V ACE>4>;C (Land 

– LST) B0:>6 є 206;828< ?@>4C:B><, >B@8<0=8< H;OE>< 

A8=5@35B8G=>3> 28:>@8AB0==O 40=8E 7 @V7=8E AC?CB=8:V2, O:89 <>65 <0B8 

28A>:C ?@>AB>@>2C @>74V;ь=C 740B=VABь (=0?@8:;04, 100 < ?VA;O ?@>F54C@8 

7<5=H5==O <0AHB01C, B>1B> 40C=A:59;V=3C). #@>4C:B8 HRL (High Resolution 

Layers) <VABOBь 45B0;V7>20=C V=D>@<0FVN ?@> >:@5<V 5;5<5=B8 =075<=>3> 

?>:@82C, 7>:@5<0 HRL Water & Wetness B0 HRL Imperviousness. "4=0:, A;V4 

707=0G8B8, I> 40=V I>4> 2<VABC >@30=VG=>3> 2C3;5FN 2 �@C=B0E (HRL Soil 

Organic Carbon) =5 ?@54AB02;5=V O: AB0=40@B=89, ;53:>4>ABC?=89 ?@>4C:B =0 

>A=>2=8E ?>@B0;0E CLMS, E>G0 40=V AC?CB=8:0 Sentinel 2 0:B82=> 

70AB>A>2CNBьAO C 4>A;V4=8Fь:8E ?@>є:B0E 4;O >FV=:8 B0 :0@BC20==O SOC.

%5@2VA (CAMS) D>:CACєBьAO 

=0 =040==V 40=8E B0 ?@>3=>7V2 I>4> A:;04C 0B<>AD5@8, 2:;NG0NG8 

:>=F5=B@0FVW B0 ?>B>:8 ?0@=8:>28E 307V2, 0 B0:>6 V=D>@<0FVN ?@> 05@>7>;V, 

>7>= B0 V=HV 701@C4=N20GV. CAMS =040є 3;>10;ь=V ?@>3=>78 B0 @50;ь=V 40=V 

I>4> A:;04C 0B<>AD5@8 B0 ?@>4C:B8 @50=0;V7C, =0?@8:;04 EAC4 (ECMWF 

Atmospheric Composition Reanalysis 4) 4;O 7030;ь=>3> A:;04C 0B<>AD5@8 B0 

EGG4 (ECMWF Greenhouse Gas Reanalysis) A?5FV0;ь=> 4;O ?0@=8:>28E 307V2. 

*V =01>@8 40=8E @50=0;V7C 70157?5GCNBь ?@>AB>@>2> B0 G0A>2> C73>465=C 

V=D>@<0FVN, ?>G8=0NG8 7 2003 @>:C, 7 B8?>2>N ?@>AB>@>2>N @>74V;ь=>N 

740B=VABN 1;87ь:> 80 :< (0 75° x 0 75°) B0 G0A>2>N 48A:@5B=VABN 3 3>48=8.

Є2@>?59Aь:5 035=BAB2> 7 =02:>;8H=ь>3> A5@54>28I0 (European 

3 EEA) є 7=0GCI8< 465@5;>< 5:>;>3VG=8E 40=8E, :0@B B0 



72VBV2 4;O є2@>?59Aь:>3> @53V>=C. EEA 0:B82=> 28:>@8AB>2Cє 40=V Copernicus, 

7>:@5<0 ?@>4C:B8 CLMS, V G0AB> =040є 4>ABC? 4> 03@53>20=8E 40=8E 01> 

A?5F8DVG=8E є2@>?59Aь:8E =01>@V2 40=8E G5@57 2;0A=V 251 A5@2VA8 B0 API. �0=V 

I>4> 2<VABC >@30=VG=>3> 2C3;5FN 2 �@C=B0E 01> V=HV A?5F8DVG=V ?0@0<5B@8 

<>6CBь 1CB8 4>ABC?=V G5@57 B5<0B8G=V 72VB8 01> V=B5@0:B82=V :0@B8, @>7<VI5=V 

=0 ?>@B0;V EEA.

�=HV <V6=0@>4=V ?;0BD>@<8, B0:V O: GEOSS (Global Earth Observation 

(?>@B0; 40=8E WSL, ,259F0@VO), 0 B0:>6 =0C:>2V 

1V1;V>3@0DVG=V B0 ?>2=>B5:AB>2V 1078 40=8E, =0?@8:;04, EBSCO Environmental 

Index/Science Database, <>6CBь A;C3C20B8 @5AC@A0<8 4;O ?>HC:C A?5F8DVG=8E 

=0C:>28E =01>@V2 40=8E 01> 03@53>20=>W V=D>@<0FVW 7 @V7=8E 30;C759 7=0=ь.

�;O <>45;N20==O 2?;82C ;N4Aь:>W 4VO;ь=>ABV =0 ?>@8ABV A5@54>28I0 

206;820 V=D>@<0FVO, I> E0@0:B5@87Cє @V7=V 2848 0=B@>?>35==8E 2?;82V2: 

<5E0=VG=V (O: >B CIV;ь=5==O, 45D>@<0FVO <0A82C), 3V4@><5E0=VG=V (7<V=8 

@5;ьєDC 2=0A;V4>: @>1>B8 3V4@><5E0=V7<V2), 3V4@>48=0<VG=V (<>48DV:0FVO 

@568<C ?V475<=8E 2>4), B5@<VG=V, 5;5:B@><03=VB=V B0 @04V0FV9=V. �65@5;0<8 

B0:>W V=D>@<0FVW <>6CBь 1CB8 40=V <>=VB>@8=3C ?@><8A;>28E ?V4?@8є<AB2 

(7>:@5<0, G5@57 SaveEcoBot I>4> 4>72>;V2 =0 28:848 B0 A:848), 2V4><>ABV 7 

<VAB>1C4V2=8E ?@>є:BV2, 72VB8, ?V43>B>2;5=V 2 @0<:0E >FV=:8 2?;82C =0 

4>2:V;;O ("��), 0 B0:>6 @57C;ьB0B8 A?5FV0;V7>20=8E 4>A;V465=ь B5@8B>@V9 7V 

7=0G=8< B5E=>35==8< =020=B065==O<.
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70?>2=Nє ?>@>289 ?@>ABV@. ' Python F59 <>4C;ь ?@0FNє 7 <0A820<8 

:>=F5=B@0FV9 307V2, 0 @57C;ьB0B>< є >=>2;5=V <0A828 :>=F5=B@0FV9 B0 B8A:V2 

307V2

3 <>4C;ь 287=0G5==O 7<V=8 >19є<C ?>@8AB>3> A5@54>28I0, I> 

?@872>48Bь 4> 9>3> ?@>AV40=ь.  >4C;ь <>45;Nє <5E0=VG=C ?>254V=:C 

?>@8AB>3> <0B5@V0;C ?V4 2?;82>< ?@>F5AV2 1V>453@040FVW. $>7:;040==O 

>@30=VG=>W @5G>28=8 <>65 ?@872>48B8 4> 7<5=H5==O >19є<C B25@4>W D078, 



7<V=8 ?>@8AB>ABV B0, O: =0A;V4>:, 4> ?@>AV40==O <0B5@V0;C ?V4 2;0A=>N 203>N 

01> 7>2=VH=V< =020=B065==O<. *59 <>4C;ь ?@89<0є 40=V ?@> ABC?V=ь 

453@040FVW (=0?@8:;04, 7030;ь=C :V;ь:VABь @>7:;045=>3> AC1AB@0BC 01> 7<V=C 

1V><0A8), 0 B0:>6 ?0@0<5B@8, I> >?8ACNBь <5E0=VG=V 2;0AB82>ABV <0B5@V0;C B0 

70;56=VABь 7<V=8 >1'є<C 2V4 453@040FVW B0, <>6;82>, 5D5:B82=>3> B8A:C (O:89 

70;568Bь 2V4 B8A:C @V48=8 B0 307C). ' Python F59 <>4C;ь >1G8A;Nє ;>:0;ь=C 

7<V=C >1'є<C 01> ?>@8AB>ABV C :>6=V9 B>GFV B0 V=B53@Cє FV 7<V=8 4;O 287=0G5==O 

7030;ь=>3> ?@>AV40==O ?>25@E=V

3 >1@>1:0 3@0=8G=8E C<>2. !0 :>6=V9 VB5@0FVW, ?VA;O >1G8A;5==O 

?@><V6=8E 01> >=>2;5=8E 7=0G5=ь 7<V==8E, =5>1EV4=> 70AB>AC20B8 3@0=8G=V 

C<>28, :>@83CNG8 7=0G5==O 7<V==8E =0 <560E @>7@0EC=:>2>W >1;0ABV 

2V4?>2V4=> 4> 7040=8E. *5 :@8B8G=> 206;8289 :@>:, O:89 70157?5GCє :>@5:B=C 

270є<>4VN <>45;ь>20=>W >1;0ABV 7 =02:>;8H=V< A5@54>28I5<. #@>3@0<=0 

@50;V70FVO Fь>3> 70;568Bь 2V4 B8?C 3@0=8G=8E C<>2;

3 715@565==O @57C;ьB0BV2. �?@>4>26 A8<C;OFVW (70728G09 7 ?52=8< 

V=B5@20;>< G0AC) ?>B>G=89 AB0= A8AB5<8 (=0?@8:;04, 7030;ь=0 :V;ь:VABь 

CB2>@5=>3> 307C, A5@54=ь>4>1>20 B5<?5@0BC@0) 715@V30NBьAO 4;O ?>40;ьH>3> 

0=0;V7C B0 2V7C0;V70FVW.

�8:>@8AB0==O 25:B>@87>20=8E >?5@0FV9 NumPy 70<VABь O2=8E F8:;V2 

Python є :@8B8G=> 206;828< 4;O 4>AO3=5==O ?@89=OB=>W H284:>ABV 

28:>=0==O, >A>1;82> 4;O ?@>AB>@>2> @>7?>4V;5=8E <>45;59 7 25;8:>N 

:V;ь:VABN 2C7;V2 AVB:8.  >4C;ь=VABь :>4C, 28:>@8AB0==O DC=:FV9 01> :;0AV2 

4;O ?@54AB02;5==O :><?>=5=BV2 <>45;V 01> ?@>F5AV2, 0 B0:>6 45B0;ь=5 

4>:C<5=BC20==O :>4C A?@8ONBь 9>3> G8B015;ь=>ABV, <>48DV:0FVW B0 ?V4B@8<FV. 

&0:89 <>4C;ь=89 ?V4EV4 4>72>;Oє =570;56=> @>7@>1;OB8 B0 B5ABC20B8 >:@5<V 

G0AB8=8 <>45;V, A?@>ICє ?@>F5A 4>4020==O =>28E D0:B>@V2 01> 24>A:>=0;5==O 

VA=CNG8E <5E0=V7<V2. &0:8< G8=><, ?@>3@0<=0 @50;V70FVO =0 Python, 

?>1C4>20=0 =0 ?@8=F8?0E <>4C;ь=>ABV B0 5D5:B82=>3> 28:>@8AB0==O 1V1;V>B5: 

4;O =0C:>28E >1G8A;5=ь, ?5@5B2>@Nє <0B5<0B8G=C <>45;ь =0 48=0<VG=C 

A8<C;OFVN, I> є ?>BC6=8< V=AB@C<5=B>< 4;O 4>A;V465==O, 0=0;V7C B0 



?@>3=>7C20==O A:;04=8E ?@>F5AV2 1V>453@040FVW B0 B5?;> 307>35=5@0FVW, 0 

B0:>6 AC?CB=VE O28I, B0:8E O: ?@>AV40==O A5@54>28I0.

5.4.1. $50;V70FVO G8A5;ь=>3> <5B>4C =0 107V <5B>4C A:V=G5==8E 
@V7=8Fь

' ?@>3@0<=><C A5@54>28IV, @>7@>1;5=><C 4;O <>45;N20==O ?@>F5AV2 

B5?;>?5@5=5A5==O 9 307>35=5@0FVW C ?>@8AB8E A5@54>28I0E, G8A;>25 O4@> 

107CєBьAO =0 <5B>4V A:V=G5==8E @V7=8Fь. $50;V70FVO Fь>3> <5B>4C 74V9A=NєBьAO 

=0 <>2V Python V7 28:>@8AB0==O< 1V1;V>B5: NumPy, Matplotlib B0 PyQt5 4;O 

270є<>4VW 7 :>@8ABC20G5<, 2V7C0;V70FVW @57C;ьB0BV2 V ?@>2545==O @>7@0EC=:V2

(@8A

�;3>@8B< <>45;N20==O ?5@5410G0є 48A:@5B870FVN ?@>AB>@>2>W >1;0ABV 

(=0?@8:;04, B>2IV �@C=BC 702B>2H:8 1 <) =0 @V2=>2V440;5=V 2C7;8. ' :>6=><C 

2C7;V 715@V30єBьAO 7=0G5==O B5<?5@0BC@8. "=>2;5==O AB0=C A8AB5<8 2 G0AV 

2V41C20єBьAO G5@57 @>729O70==O A8AB5<8 ;V=V9=8E @V2=O=ь, O: 48A:@5B870FVW 

2V4?>2V4=>W =5;V=V9=>W :@09>2>W 7040GV.

$8A �@0DVG=5 ?@54AB02;5==O 40=8E <>45;N20==O AE>28I B25@48E 

?>1CB>28E 2V4E>4V2



#0@0<5B@8 A8<C;OFVW 287=0G0NBьAO C 283;O4V A;>2=8:0 sim_params, 0 

DV78G=V 2;0AB82>ABV A5@54>28I0 3 C 283;O4V ground_properties. �>@8ABC20G 

<>65 01> >1@0B8 >48= 7 B8?>28E B8?V2 �@C=BV2 (=0?@8:;04, 3;8=8ABV, AC?VI0=V, 

B>@D9O=V), 01> 7040B8 2;0A=V ?0@0<5B@8 G5@57 3@0DVG=89 V=B5@D59A. "A=>2=V 

?0@0<5B@8 2:;NG0NBь: L 3 3;818=0 �@C=B>2>3> H0@C (<); Nx 3 :V;ь:VABь 2C7;V2 

?@>AB>@>2>W AVB:8; dt 3 :@>: ?> G0AC (A); T0, Ta 3 ?>G0B:>20 B5<?5@0BC@0 B0 

B5<?5@0BC@0 0B<>AD5@8;  theta 3 2>;>3VABь �@C=BC; lambda_sigma, delta 3

?0@0<5B@8 3@0=8G=8E C<>2.

�7 2@0EC20==O< 2>;>38 9 ?>2VB@O @>7@0E>2CєBьAO >19є<=0 B5?;>є<=VABь 

A5@54>28I0 c_v, I> 70;568Bь 2V4: 3CAB8=8 B25@4>W D078 �@C=BC (rho_s) B0 WW 

B5?;>є<=>ABV (c_s); ?0@0<5B@V2 ?>2VB@O (rho_air, c_air); ?0@0<5B@V2 2>;>3>ABV 

#@8:;04 @>7@0EC=:C:

"A=>2=89 G8A5;ь=89 0;3>@8B< @50;V7>20=> C DC=:FVW 

simulate_heat_transfer. � =V9 70AB>A>2CєBьAO A:V=G5==> @V7=8F520 0?@>:A8<0FVO 

4;O <>45;N20==O ?>H8@5==O B5<?5@0BC@8 2 A5@54>28IV 7 C@0EC20==O< 

B5?;>DV78G=8E 2;0AB82>AB59 B0 3@0=8G=8E C<>2.

�;NG>289 5B0? 3 ?>1C4>20 B0 @>729O70==O B@84V03>=0;ь=>W <0B@8FV M, 

I> 2V4?>2V40є 48A:@5B87>20=V9 D>@<V @V2=O==O B5?;>?5@5=5A5==O. !0?@8:;04:

�0;56=> 2V4 B8?C A5@54>28I0 :>@8ABC20G <>65 >18@0B8 ?0@0<5B@8 G5@57 

V=B5@0:B82=89 3@0DVG=89 V=B5@D59A, I> 4>72>;Oє 7<V=N20B8: 3CAB8=C, 

B5?;>є<=VABь, B5?;>?@>2V4=VABь  B0 >19є<=C 2>;>3VABь �@C=BC.



#@8:;04 28:>@8AB0==O 4;O 7040=8E 2;0AB82>AB59 AC?VI0=>3> 

A5@54>28I0:

&5<?5@0BC@=V ?@>DV;V 715@V30NBьAO =0 281@0=8E 3;818=0E (=0?@8:;04, 

0.2 <, 0.4 <, &) I>4=O 01> :>6=V 45:V;ь:0 4V1. $57C;ьB0B8 282>4OBьAO C 

3@0DVG=><C 283;O4V 70 4>?><>3>N matplotlib. #@8:;04:

plt.plot(days, temp_at_depths[0.2], label="0.2 <")

plt.plot(days, temp_at_depths[0.6], label="0.6 <")

plt.title("�8=0<V:0 B5<?5@0BC@8 2 �@C=BV")

plt.xlabel("�=V")

plt.ylabel("&5<?5@0BC@0 (°C)")

�8:>@8AB0==O NumPy B0 <>4C;ь=>W >@30=i70FiW :>4C 4>72>;Oє 

70157?5G8B8: <0AHB01>20=iABь 4> 25;8:8E AiB>:; 040?B0FiN 4> @i7=8E B8?i2 

�@C=Bi2 B0 C<>2; @>7H8@5==O 7 C@0EC20==O< 1i>35>Ei<iG=8E ?@>F5Ai2; 

V=B53@0FVN 7 i=H8<8 <>45;O<8 (2>;>3>ABi, 307>CB2>@5==O, ?@>Ai40==O).

&0:8< G8=><, ?@>3@0<=0 @50;i70FiO <5B>4C A:i=G5==8E @i7=8Fь C Python 

?5@5B2>@Nє <0B5<0B8G=C <>45;ь =0 ?>2=>FV==89 48=0<iG=89 A8<C;OB>@ 4;O 

5:>;>3iG=>3> B0 B5E=>35==>3> 0=0;i7C ?>@8AB8E A5@54>28I.



'@0EC20==O 3@0=8G=8E C<>2, B5?;><0A>>1<V=C B0 2?;82C 

B>=:8E H0@V2

' =0H><C ?@>3@0<=><C @VH5==V 3@0=8G=V C<>28 @50;V7CNBьAO 2 <560E 

B@84V03>=0;ь=>W <0B@8FV :>5DVFVє=BV2, I> 2V4?>2V40є AE5<V A:V=G5==8E @V7=8Fь. 

!0 25@E=V9 <56V (?>25@E=O �@C=BC) 70AB>A>2CєBьAO 10;0=A>20 3@0=8G=0 C<>20, 

O:0 2@0E>2Cє B5<?5@0BC@C ?>2VB@O, B>2I8=C ?@8<56>2>3> H0@C B0 9>3> 

B5?;>?@>2V4=VABь. !86=O <560 <>45;V 7040єBьAO C<>2>N �V@VE;5 (DV:A>20=0 

B5<?5@0BC@0).

�0;0=A>20 3@0=8G=0 C<>20 @50;V7>20=0 G5@57 7<V=C :>5DVFVє=BV2 C 

?5@H><C @O4:C <0B@8FV. !0?@8:;04, ?@8 7040=><C lambda_sigma B0 B>2I8=V 

H0@C delta, 2V4?>2V4=89 70?8A C Python 283;O40є B0::

�>@8ABC20G <>65 7<V=N20B8 FV ?0@0<5B@8 G5@57 3@0DVG=89 V=B5@D59A. 

*5 4>72>;Oє 3=CG:> 040?BC20B8 <>45;ь 4> @V7=8E B8?V2 ?>25@E=52>3> ?>:@8BBO 

(B@029O=89 H0@, >?0;5 ;8ABO, A=V3 B>I>). #@8:;04 2V7C0;V70FVW 2?;82C 

10;0=A>2>W 3@0=8G=>W C<>28 =0 @>7?>4V; B5<?5@0BC@8 ?>:070=> =0 @8A. 5.5.

!0 :>6=><C :@>FV A8<C;OFVW >=>2;NNBьAO <0B@8FV :>5DVFVє=BV2 A, B, C, 

D.  �;O 25@E=ь>3> 2C7;0 (?>25@E=O) 70AB>A>2CєBьAO 10;0=A>20 3@0=8G=0 C<>20, 

C O:C V=:0?AC;NєBьAO 5D5:B B>=:>3> H0@C. �;O =86=ь>3> 2C7;0 7040єBьAO 

DV:A>20=0 B5<?5@0BC@. $>729O7CєBьAO A8AB5<0 @V2=O=ь:

&5<?5@0BC@8 C 2C7;0E >=>2;NNBьAO

#@8 <>45;N20==V ?>;V3>=V2 &#�, ;VA>28E �@C=BV2 G8 03@0@=8E 

;0=4H0DBV2, 3@0=8G=V C<>28 <>6CBь 1CB8 02B><0B8G=> =0;0HB>20=V 

2V4?>2V4=> 4> 281@0=>3> B8?C A5@54>28I0. !0?@8:;04:



45 lambda_sigma 70;568Bь 2V4 B8?C B>=:>3> H0@C:

3 4;O <C;ьGV: 1 3 5 �B/(<²·�);

3 4;O B@028: 2 3 0 �B/(<²·�);

3 4;O A=V3C: 0 3 2 �B/(<²·�).

#@8:;04 2V7C0;V70FVW 2?;82C:

plt.plot(days, T_with_cover, label="� ?>:@8BBO<")

plt.plot(days, T_no_cover, label="�57 ?>:@8BBO")

plt.xlabel("+0A (4=V)"); plt.ylabel("&5<?5@0BC@0 (°C)")

plt.title("�?;82 B>=:>3> H0@C =0 B5?;>289 @568<")

$8A �V7C0;V70FVO @>7?>4V;C B5<?5@0BC@8 ?@8 C@0EC20==V 10;0=A>2>W 

30@0=8G=>W C<>28



#5@52030<8 70?@>?>=>20=>W ?@>3@0<=>W @50;V70FVW є 5D5:B82=5 

28:>@8AB0==O >1G8A;N20;ь=8E @5AC@AV2 7024O:8 2V4ACB=>ABV ?>B@518 2 

4>40B:>28E 2C7;0E AVB:8, 28A>:0 G8A;>20 ABV9:VABь 70 @0EC=>: C=8:=5==O 

2C7ь:8E :><V@>: V7 25;8:8< 0A?5:B=8< A?V22V4=>H5==O<, <>4C;ь=0 AB@C:BC@0, 

I> 70157?5GCє ;53:C V=B53@0FVN 7 <>45;O<8 2>;>3>?5@5=5A5==O B0 307>>1<V=C, 

0 B0:>6 C=V25@A0;ь=VABь, O:0 4>72>;Oє 040?BC20B8 0;3>@8B<8 4;O <>45;N20==O 

48DC7VW CO₂, 2>4=>3> 10;0=AC B0 V=H8E ?>29O70=8E ?@>F5AV2.

�8A=>2:8 4> @>74V;C

"A=>2=8<8 @57C;ьB0B0<8 @>74V;C 5 є @>7@>1;5==O ?@>3@0<=>3> 

:><?;5:AC 4;O <>45;N20==O B0 ?@>3=>7C20==O ?@>F5AV2 C ?>@8AB8E 

A5@54>28I0E 7 >@30=VG=>N A:;04>2>N, O:89 70157?5GCє V=B53@0FVN DV78:>

<0B5<0B8G=8E <>45;59, F8D@>28E A5@2VAV2 <>=VB>@8=3C B0 7@CG=8E 70A>1V2 

0=0;V7C @57C;ьB0BV2. �>:@5<0:

$>7@>1;5=> B0 @50;V7>20=> ?@>3@0<=89 :><?;5:A 4;O V=B53@>20=>3>

<>45;N20==O B0 ?@>3=>7C20==O AB0=V2 ?>@8AB8E A5@54>28I 7 >@30=VG=>N 

A:;04>2>N, O:89 2?5@H5 ?>є4=Cє >1G8A;N20;ь=V <>45;V 1V>453@040FVW, 

307>35=5@0FVW B0 B5?;><0A>>1<V=C 7 C@0EC20==O< B>=:8E ?>25@E=528E H0@V2 V 

3@0=8G=8E C<>2 C є48=><C A5@54>28IV.

2. "1�@C=B>20=> 0@EVB5:BC@C ?@>3@0<=>3> :><?;5:AC, I> 2:;NG0є:

3 <>4C;ь V=B53@0FVW 7 F8D@>28<8 A5@2VA0<8 B0 465@5;0<8 5:>;>3VG=>3> V 

B5E=>35==>3> <>=VB>@8=3C;

3 >1G8A;N20;ь=5 O4@> =0 >A=>2V <5B>4C A:V=G5==8E @V7=8Fь 4;O 

A8<C;OFVW A:;04=8E DV78:> 1V>EV<VG=8E ?@>F5AV2;

3 <>4C;ь 2V7C0;V70FVW @57C;ьB0BV2, I> 70157?5GCє 7@CG=5 ?@54AB02;5==O 

40=8E C 283;O4V 3@0DV:V2 B0 0=0;VB8G=8E :@828E.

3. $50;V7>20=> :>@8ABC20Fь:89 V=B5@D59A C 283;O4V 45A:B>?=>3> 

70AB>AC=:C, O:89 =040є :>@8ABC20G52V 70A>18 4;O 22545==O ?>G0B:>28E 

?0@0<5B@V2, 70?CA:C G8A5;ь=>3> <>45;N20==O B0 ?5@53;O4C @57C;ьB0BV2 C 



48=0<VFV. �0157?5G5=> <>6;82VABь ?>1C4>28 3@0DV:V2 7<V= B5<?5@0BC@8, 

2>;>3>ABV B0 >19є<V2 735=5@>20=8E 307V2 C G0AV.

4. �=0;V7 <>6;82>AB59 V=B53@0FVW 7 7>2=VH=V<8 465@5;0<8 40=8E C 

@0<:0E @>7@>1:8 <>4C;O 5:>;>3VG=>3> B0 B5E=>35==>3> <>=VB>@8=3C ?>:0702, 

I> =0O2=VABь 4>AB0B=ь>W :V;ь:>ABV 2V4:@8B8E B0 =04V9=8E 465@5; 40=8E 2 

':@0W=V =0@07V є ?@>1;5<=8< ?8B0==O<. *5 28<030є 2V4 :>@8ABC20GV2 

4>40B:>28E 7CA8;ь 4;O 71>@C B0 20;V40FVW 2EV4=8E 40=8E, I> <>65 2?;820B8 =0 

?>2=>BC B0 B>G=VABь ?@>3=>7=8E <>45;59.

. $>7@>1;5=89 ?@>3@0<=89 ?@>4C:B <0є 7025@H5=C AB@C:BC@C B0 

DC=:FV>=0;ь=VABь, I> 70157?5GCє ?@>2545==O G8A5;ь=8E 5:A?5@8<5=BV2, 0=0;V7 

GCB;82>ABV <>45;59 4> 2EV4=8E ?0@0<5B@V2, 0 B0:>6 D>@<C20==O ?@>3=>7=8E 

AF5=0@VW2 4;O @V7=8E B8?V2 ?>@8AB8E A5@54>28I 7 >@30=VG=>N A:;04>2>N.

. #@>3@0<=89 :><?;5:A є 5D5:B82=8< V=AB@C<5=B>< 4;O =0C:>28E 

4>A;V465=ь B0 ?V4B@8<:8 ?@89=OBBO @VH5=ь C AD5@0E 5:>;>3VG=>3> 

<>45;N20==O, ?>2>465==O 7 2V4E>40<8, >FV=:8 @878:V2 B5E=>35==>3> 2?;82C 

B0 AB0;>3> ?@8@>4>:>@8ABC20==O, =572060NG8 =0 VA=CNGV 28:;8:8 I>4> 

4>ABC?=>ABV ?5@28==8E 40=8E. 



��%!"���

�8A5@B0FV9=0 @>1>B0 є 7025@H5=8< =0C:>28< 4>A;V465==O<, C O:><C 

@>729O70=> 206;82C =0C:>2> B5E=VG=C 7040GC @>728=5==O V=D>@<0FV9=8E 

B5E=>;>3V9 ?@>3=>7C20==O ?@>F5AV2 B0 AB0=V2 ?>@8AB8E A5@54>28I 7 

>@30=VG=>N A:;04>2>N H;OE>< 24>A:>=0;5==O 2V4?>2V4=8E >1G8A;N20;ь=8E 

<>45;59 B0 <5B>4V2 WE ?@>3@0<=>W @50;V70FVW, O:V 2@0E>2CNBь 1V>453@040FVN 

>@30=VG=>W :><?>=5=B8, 284V;5==O B5?;0 B0 ?0@=8:>28E 307V2 2 C<>20E 
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