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Mpod. H. 2. mTAEPH-m' } i

CBS13b AJJUNTUYECKUX ®YHKLIUNA
C TPUT'OHOMETPHUEN

SJAHNTHIECKHE HHTerpansl M QyHKUHH BCTPeHaTcs B 60abwIOM
qHCJAE BOMPOCOB NPUKAAAHOrO 3HaHUA (Teopusi KOHGOPMHHBIX OTOO-
paxenuit, TEOPHA ABHXEHHS TBEPAOro Teja, MasTHUK, 3anada o6
uarube CTepXHd, HEKOTOPHIE 3a1aYd Tre0Je3HH, reOMETPHH, TEOPH:H
TOTEHNMANd, HeOeCHas MEXaHWKA, 3JeKTPOAWHAMHKA W T. A
; B macrosumiee Bpems MMEETCSl AOCTATOMHOE KONMYECTBO COOT-
BETCTBYIOIBX TaGaul ¥ NpPHUMEHEHHE SJHINTHYECKUX QyHKIUH
BO MHOTHX CAyYasX MOYTH TaK-XKe MPOCTO W yNOGHO, KAK H TPH-
FOHOMETPHYECKHX M BCe Ke OOJbIUHHCTBO CHEUHANHCTOB, NpPH-
/MEHAIOMHX TPHKJAAHYIO MaTreMaTHKy (WHKeHepbl, (U3MKH H ADP.).
SAJMNNTHYECKUMH (QYHKUHAMH MOJB3YIOTCS MaJo, H3beraloT HX,
'OTKA3LIBAsCh MHOH pPas OT HEOGXOAMMBLIX TOUHBIX pewennii. Mexay
TEM OYeHb YaCTO AEN0 HIET He TOJALKO O BBOJAMMEX B pacuer
NOTPeWHOCTAX; INAUNTHYECKHe (QYHKUHH COBCEM 10 HOBOMY, ro-
pasio wWHpe W NPaBUIbHE® OCBEIAIOT Hu3ydaemuli Bompoc. Pe-
SyAbTATH, NOJAyuYdeMbLie MOCPencTBOM 3THX (yHKUHE HaH 0e3 HHUX,
KayecTBeHHO pasAHuHbl, NPHOJAHKEHHOE pelUIeHHe HCKIIYaeT P
HNPUHUKNHAALHO BAXHBIX MOMEHTOB, N4€T YNpPOIIEHYEeCKHH MOAXOIL.
Tak, nanpamep, Npu H3yuyeHHH uarn6a KPHBOTO CTEPXKHHA, 1IPHUXO-
AUTCA OTKA3HIBATHCA OT PACCMOTpeHHst G0oAbWHMX NPOru6oB M Orpa-
HUYUBATHCA MaabIMH AedopMauusiMH, XOTS 95TO NPHBOAHT K HCKa-
KEHHOH KapTHHE ABJNEHHS, NPUXOMUTCA AOMOJHATH HPHOJHIKEHHLIE
thopmyasl APYruUMH, NPHOAMMKEHHBIMH K€, TAK YTO NOJYy4aercs
HEYKJIOKHA H, noxanayi, 601ee cA0KHLA MeTon, 4em Tounmid. Ta-
KHX MPUMEPOB MOXHO ykasarb MuHOro. HecooGpassocru saroro poaa
BO3HHKAIOT BCJEGJACTBHE TOrO, YTO CHEUHAJHCTAM, HCMOJAb3YIOMUM
NPUKJAANHYIO MATEMATHKY, H3YyUEHHe SJJIMNTHYeCKHUX GyHKuuHd npen-
CTaBAsi€TCsl rPOMO3AKHM jaesoM. OTMeTHM €Ime, YTO TEOPHUS SJJHI-
rayeckux GyHKuui HckaioyeHa w3 Kypca marematHkH BTY3'os.

Beaencrsue 3THX O6CTOATEABCTB CO3A87M0Ch BheYaTAeHue, 9T0
TEOPHA SAJIUITHYECKHX PYyHKIHA OT/IHYaeTcs 60JAbIION CA0MKHOCTHIO.
OTO MHeHue nHeBepHO., Teopus SANMNTHYECKHX HHTErpaysoB U (yHK-
nuid B TOM BMJAE, KaK OHA HYXHA JAA MHXKEHEPHHX BBIYHCACHHI,
MOXET OblTb M3/J0XEeHa BecbMa MPOCTO, KAK Mbl yO6eauanch Ha
OnbITe.

He ucuepnbiBasg 3T0# TemMs B ueJ0M, Ml OCTAHOBHMCA 37€Chb
Ha ABYX OCHOBHHIX BONPOCAX TEOPHH SAaHNTHUYECKHX GyRKuuid, a
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MMEHHO, HA TeopeMe CJOXEHHS 3JANHNTHYECKHX HHTerpajos, Hail-
AeHHOH JD#iaepom M PasBHTOR MOCHAENYIOMHMMH yYeHHIMH'), n HA npe-
06pa30oBaHun MOAY/A SAAHNTHYECKHX HHTErPaJOB, NPHYEM MLl OCTa-
HABIUBAEMCH HA MMeIoueM Haubo/blIee NPAKTHYECKOE 3HAYEHHE —
npeo6pa3oBanuu Jlauaena.

3ameuaTeJbHO TO OOGCTOATENALCTBO, YTO TEOPEMY CAOKEHH:
SAMMNTHYECKHX WHTErpajJoB MOXHO MOJY4YHTh W3 HEKOTOPHX ¢op+
MYJ TPHTOHOMETPHH, TOYHEe roBOps, 5TH QOpPMYJabl YiKe COAepKaT
B cebe TeopeMmy CJOXEHWsl SJJIHNTHYECKHX OQYHRKOHA— HAZO 3TO

TOJABKO BLIIBHTb, IMO5TOMY MLI B 3dIJIaBHH Hawel crared M NOJA-

YEepKHYJAH TO OGCTOATENBCTBO, YTO MBI BhIBEJAEM (QyHIaMeHTAaJbHEE
TEOpeMbl TEOPHH SANMNTHYECKHX (QYHKUHA u3 (QOpmy.] TPHUrOHO-
meTpHyeckux. [1peoGpasosanune Jlanaena Toxe He TPYJHO HOJYYHTH
M3 TPHrOHOMETPHYECKHX (OpMYyJ, HO €le MPOule OKasa/jcCsi BHIBOJ,
TIPHBEJECHHLIH HAMH HHKE.

§ 1. Unrerpan

SRV PGl 03

rae R— pauuonaabnas GyHKUUS OT X u OT pagukana )/ P(x), u P(x)
— NOJHHOM TPETBEH WM YETBEPTOH CTEneHd OT X, HOCHT HA3BaHHE
AJUNTHYECKOrO HHTErpana. DNIUNTHYECKHH HHTerpas B obmem cay-
uge He MONET OniTh BhpaxeH nocpeacrsom Gynkuul anrebGpaunue-
CKHX, TPUIOHOMETPHYECKHX, MOKa3aTeNbHLIX ¥ 1D, NPOCTEHIHUX TPAHC-
neHaeHTHHX. Buiuncaenne ero moxer GLITbBCErja CBeAEHO K BBIYHC-
JEHHIO CJAEAYIOUHX HHTErpastoB, KOTOpLIM Jlexanjap jnaa Ha3paHHE
SAMHNTHYECKUX HHTErpasoB NEepBOro, BTOPOro H TPeTbero poja:

X X X

e [ e
W= —kr) ]/ T 25 Y e (= o ) R

Mu pe Gyaem B Hacrosiue#d CTaThe OCTAHAB/JIMBATHCS HA METO-
Aax npupefenus murerpana (1) x marerpasam (2)°). [lokaxem 5TO
npuBeneHue JuIp HA npumepe. [TycTb Tpebyercs BLIYMCHHTH HHTET-
pan:

x

dx _
V"@-l'—?d’jﬁc_—ﬁi '_,E‘-"_'I;__a___rx“

L

1) Dt1a Teopema Guiaa Haiigewa Dfaepom B 1752 r.

Briepsoie TeopeMy CAOMEHHS MAMNTHIECKHX (yHKHM, MCXoad M3 dopmya che-
pHuecKoi TpuroHomerpuu, noaydua Jlarpamu. Miarepecio OoTMeTHTh, 4TO C aHAAMTH-
HECKOH TOUKH 3peHns, HCNoAb30BaHHe Gopuys cheprueckoil TPUrOHOMETPHH Haer
Gonee crouHble npeobpasopanns, deMm obugHslil mpueM, HO Tak Kak ¢oOpMyanl TpH-
FrOHOMETPHH HaM XOpOWIO 3HAKOMB, TO NPaKTHYECKH 3TOT NpHMEM OYEHB }’HOGEH.

?) Cwm,, manp., 3. Cypca ,Kypc MATEMATHYECKOrO amaansa®,Tom I, ra. V.

My, v T =



Eam a, B u Y — KOPHHM NMOAPAJHKAJBHOrO NOJHHOMA, un'rerpa.l'
Mome'r 6LITH NpenCTABACH B BHIE:

X dx

Vae(x —G)(—f——ﬁ)(x—“{)

3amenoi nepemenﬂoﬁ:

!IpHBOlIHM HHTErpajx K BULY:
{

_ g \; ! ;—B &
Va(i—o)| 1)/ (11— ““t") Y 0— t’)(l o

B HacTOsiue#t ctaThbe Mbl OrPpaHHYMMCH PACCMOTPEHHEM un’rerpa.uon
IIEPBOro H BTOPOTO POAA NpH AeHCTBUTEJBHBIX SHAYEHHSX a<pg'ueu-
TOB X M k. Kpome Toro, mbl 6ysem npeanoaararb, 9ro O
Ecan k>1, MOXHO BCerjia CBeCTH MHTErpaJ K HHTEerpajaM nepeoro
H BTOpPOro poja ¢ aprymenRToM k<1 3aMeHOW nepeMenHOMH: y= kx.

lNonoxkuB B nepBHX ABYX M3 paBeHcTB (2) X = sino, noayuum
HHTErpans:

@

Flg, #)= S ey B = [VT=E ity @)
V 1—k&*sin* g

0
Tlapamerp k Hasmipaior” 'Monysem HHTerpasa. Byzem paccua'rpﬂnam
B MHTErpaje nepsoro poja:
-]
fy~—1:;:1; ¥ W

BEpXHHH npenen ¢ (HaswiBaeMblif amMnauTyno#), kak GyHKuHioO ca-
MOro HMHTErpana u m moayas k:

f‘P T a',n'(u! k)‘ (5)
DyHKIMM:
sin ¢ = sinam(u, k)=sn(u, k)
cos 9 =cosam(u, k) =cn(u, k) (6)

HOCAT HA3BAHHE SJJIMNTHYECKHX ququaa onﬁu.



U3 o6osuauenuit (6) oueBHAHBI TOXAECTBA:
sn*utenfu=1
1—Fksn*u=dn*u )

(7

[OCPEACTBOM KOTOPHX KAXKAAS W3 JINNTHYECKHX QYHKUHE MOMKeT
GHTH BLIPAXKEHA Yepe3s JpPYFyio. _

snu= V1 —cnu= |/ 1—dn'a

cnu == Vl —sn’u -—V—k~ 1-+dn*u ®

dnu =V 1—k*sn’u = Y 1—k*--kcn*u

W3 ypasnenus (4) caenyer:

ey =dﬂ,
V 1—k*sin %9
4, CJepoBareJqbHO,
D =R sin e = dnu ©)

du

[Moawaysce pasencrsom (9), nerxo maxomum dopmyJet iia audde- :

PEHUUPOBAHHS SNJIUGTHUECKUX (DYHKUHI:

a?u (snu)= cos ?gz = cnudnu

‘%(cnu}: —sin wj; = — Snudnu ' (10)
d L sinqocm(? do Yy
dufdmf)— l/]—k Sil'l P dﬂ- = ‘—‘k“snm nu

Orclona He TPYAHO yxkKe HafiTH MPOMSBOJAHHE BHICIIHX NOPSIAKOB
OT SMAMNTHYECKUX (QYHKUHA W NPUMEHHTDH WX, HANpumep, AJs CO-

crapaenusi panos Tafisopa.

He oCTaHaBAMBAasCh 6OABIIE HA CBOMCTBAX /MTANTHUECKHX MHTEr
panoB u (QyHKUMHA, nepeiieM K BHBOLY TEOPEM HX CHOMKEHHS.

§ 2. Hausem C TEOpPeMB CHOXKEHHA TPHUTOHOMETPHYECKHX DYHK-
uuit. MspectHo, uto i

sin(z—+ v) = sin u cos v -} cos u sin'v.

PaccmoTpuM, ¢ KakuMH (QopMysaMH HHTErpasbHOro MCYHCACHHS
CBAI3AHO 39TO TOXKAECTBO. [IPOMHTErpHPOBAB NOYNEHHO ,mcpq)epen-
UHaNBHOE ypaBHEHHE

8
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Vice Wiow o i
HONYUHM:
ng—szr \ V1-—y' i
| #au arc sin x - arcsiny = c. i (12)

. Ob6osHavas: x =sinu, y==sin v, MOXEM NPHAATL HHTErpany
1{12) Bun: ’ '

u-tv=c (13;)” |

: C apyro# croporsl auddepenunaspioe ypasnenne (11) gonye-
KaeT aareGpaudecKuil MHTErpaJ: '

| [ '.l':‘.i
| N R A e

Jeicreuteabno, aunpdepenunpys (14), noaysaem:
Vi—yded Y T—@ dy— 2 dy— 2 dp=0;

d. d
]/(1'—'-"' )II“V){VIJC Vliy’!

{
—ot ....___4 1/1 - i 0 (15)

(15) ToxaecTBeHHo ob6pamaercs B HYJdb, €CJAH HMEET MECTO 3a-
BUCHMOCTh Mexay auddepenuuanamu (11). CAénosarenpuo, (14)
JeHCTBHTENLHO ABAAETCA HHTErpasoM 3Toro auddepennuanbHOro
ypasHeHusi. CorsacHO NPUHATEIM HamMu O0OO3HAUEHHAM: X == sin &,
y==-sin ¥, MBI MOXé&M npuaarb HHETerpaxy (14) sua:

sinucosv-}-cosusing =1 (16)

| BesieACTBHE NPOM3BOABHOCTH NOCTOAHON HHTErPUPOBAHHS |, MBI MO-
K€M BHIOpAThL €€ TaK, YTOGH .

1=sinc, (17)

[opcrasass BMecto ¢ ero sHadenue w3 (13), Mbl MOXEM NpHAATH
nurerpany (16) sua;

sin(z -} ¥) = sin u cosv -} cos u sinv (18)

Taxum o6pasom, Mbl y6eaHaHCs B TOM, YTO, OTHICKaB aareGpau-
yeckui  mETerpan auddepesnmanbEOro ypasHesua (11), MoxHO

9




NOKa3aTh TEOpPeMy CJOMXKEHHs TPHroHOMeTpHYeckux Qynxuuii. Huxe
Mbl y6exumCs B TOM, YTO AJs TOrOo, 4TOGH OTHICKATh TEOPEMY CAO-
KEHHs1 nas QYHKIMHA S/ATHNTHYECKHX, AOCTATOYHO HaliTh aareGpamn-
YECKHH HMHTErpaj ypaBHeHHs:

R e et e e dx i e ey + s ':':;;'_“;::-;‘:id__,_:y'-"_ﬁ:'-"‘ R 0 (19)
V=) (1—k%% ) (1) (1— k)

Onnako, An8 OTHICKaHMS 5TOrO MHTErpasna Mol He Oyjaem nOJb-
36BAaTbCsl AHAJHTHYECKHMH METONAaMH, a Hao6opor, OyaeM HCKaTb
TaKHE TPDUIOHOMETpHUeCKHEe TOXKAecTBa, nupdepeHuupys KOTOPHE,
MBI cyMeeM NOJy4HThL AudPepeHunanbHOe ypaBHEHHE, TOXACCTBEH-
Hoe ypasHeHuio (19). Ilasa 5TOro o6paTumcs K H3J0XEHHOMY HHXKE
TEOMETPHYECKOMY MOCTpPOEHHIO,

§ 3. Ha croponax yrna & otnoxum orpesku cosa ¥ cosc. Ms
KOHLOB OTpPe3KOB — K u M BOCCTAHOBMM NepreHjHKyasiphl K CTOPO-
Ham yraa b—KL u ML. IlocTpoum panee npsMOyroJbHHE TPE-
yroabHuky KLQ u MILR ¢ runoTeHysamu sina u sinc.

Pur. 1.

AnaJoruuHoe NoCTpOeHWe A/AA Yrja a OYEBHIHO H3 PHCYHKA.
Bupasum nanee yrawm A, B, C n C', xak dyHkunu yraos a, b u c.
Onycriam nepnedaukyasp PP Ha npamyio OM.

10



GM OP' - P'M,
mm cosc=cosacosb-|sinasinb cosC'. (20)

%ycxasx nepneHauKyasaps u3 Toukn M BHa npambie OK u OP u us
H

a npamyio OM, aHAJOrHYHBIM NMYyTEM HAXOAHM:
: c0s @ = cos b cos ¢ -} sin bsinc cos A
1 -
cos b= cosacosc-}sinasinccos B (21)
cos ¢ == cos acos b-}-sinasinbcos C

i [

M3 ypasuenns (20) u Tpersero u3 ypassenuit (21) Haxomum:
“ C'=C (22)
8 Ypasuenus (21) onpeneasior yrasi A, B u C. Ilokaxem panee,

uro orpeskn QL  RL pasubl JleHcTBUTENBHO:
QL= ) —KL*=sin*a 4 cos*a— 0OL*=1—0L%
RL* = MR* — ML* == sin*c - cos*¢c—OL* = 1 — OL*.
Pasun Takxke orpesxku SN u 7N. Ho, Tak kak
QL =sinasin C, RL =sincsin A, SN =sin ¢ sinB, TN =sinbsinC
noJayuae m: '
~ sinasin C=sincsin A, .ine¢sin B == sin bsin C,
HJIH
sind sinB s
L )

Huxe wmbl yBuaum, uro KosdduumeHt £ B Hawem BLBOJE fB-
JsIeTCs MOAYJEM 3JJUNTHYECKHX (PYHKIHH.

[Tokaxem, uro aas Toro, 4tobbl kKospduuuesat k Obia MEHbIIE
eNHHHIBY BeJHYHHL a, b W ¢ 10/KHE OHITH CBA3AHL HEPABEHCTBOM:

cosacosbh -
SR r'1<l—]— sinasin b’ (24)

s (24) HAXOAUM:
cosc(l -}-sinasinb)< cosacosb:

coscsinasin b<cosacosb— cosc;

_ cosa cosb— cosc (25)

cos ¢
S ‘sinasinb

11




W3 (21) orsickupaem 3suavenne C:

Cosc — cosa cosh
sinasin b (26)

cosC =

M3 (25) w (26) moayuaem:
cosc < —cos C,

_ JBIC
OTKyAa sine > sin Gy oo =k <7 1 . (27)

Onycrum Tenmeps u3 Touek L u N mnepneHiuxyAaps HA NpAMbE
KK' m PP. . :

KK' = K'L' 4-KL', PP’ — P'N' +- PN’, wau

cos a sin & =sin ¢ cos A -}- sina cosb cosC ]

sin @ cos b = sin ¢ cos B-}- cosa sinb cosC (28?
[Moacrasasia B (21) snavenne A, B u C un3 (23), noayyaem:
cosa = cosb cosc -} sinbsine ) 1 —k'sin’a
cosb = cosa cosc -+ sinasinc )/ 1—k%sin®h | (29) i

oS¢ == cosa cosh — sina sinb )/ 1— kin’c

Orpunarenbusii 35aK y KOPHS B TPeTbeMm W3 yp-uuik (28) Hamu
BLIOpan H3 TeX coolpakeduit, uro cos C, npeacrasiseMusld STHM
KOpHEM, JAOJKeH ObTh OTPHUATENBHBIM, €CAH HMEeT MecTo Hepa-
BeHCTBO (24). :

[punanum, nanee, npupawenns da n db yraam @ u b, ocras-
JSiIsl yroA ¢ HEMSMEHHBIM C TAKWM pacieToM, 4ToGu yroa C ocraics
Taioke HeusmeHsuMm. Torpa npupamenus da u db GynyT CBA3aHbl
3aBHCHMOCTHIO, KOTOPYIO Mbl Haaem, AudPepeHuupys Tperbe u:3
ypasuenuit (21) u noaaras nocae auddepennuposanns: dc —=dC = O.
[Moayuaem: .

0= (—sinacosb-{-cosasinbcos C)da-|{-(—cosasind{-
-+ sin acos b cos C) db. ) (30)
[Nocpenctsom (28) moxem npuaats (30) Baa:
—sineccos Bda —sinccos Adb=0,
Han da
cos A
lNoxcragasa B (31) amavenns A u B w3 (23), noaysaem audde-
PeHUHANbLHOR ypaBHEHHUE:
12
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e g (31)




da db
, V1—#isina TV 1— Ksin'b
gldarerpupya (32) noayuaem:

v “g da_ db

=0 _ (32)

V1— ksin‘a +j V1i—ksind | (5

[NocTosHAYI0 | Onpejeasem u3 ycaosus: korna b=0, 10 a=¢
| OCHOBaHWM NEPBOro u3 ypasuenuit (29)). l'lony-laeu'

a

da
Vit 5 V1= Rinh f Viz e Al
_ 0 0 u
3 . Beoasa obosHaveHus:
‘F' e SO
. j]/l Zpsina \ = k“sin’b
‘ . 0
uéxonuu:
' / a==amu, b=amv, c= am(u--v) (35)

[Noncrasass (35) B (29), nonryyaem cucrteMy ypaBHEHHi:
cnu = cnven (u--v) -} snosn (u+ v)dna. |
cnv = cnuen (- o)+ snusn (-4 v) dnv f (36)
en (u--v) = cnu cnv — snu snodn (u+0) ) -

Pewaem ee orHocuteabHO si(u-+v), cn(u+v) u dn(u-+v) u no-
aydyaem Qopmyabl CJAOKEHHS Aa AKOGHEBHIX (yHKUHHA.
W3 nepsoro u BTOoporo ypasuenuit (36) maxoamm:

cniu —cntv
snv cnu dan — snucnv dno”

sn (- v)=

YMHOXAeM H NEJHM TPABYIO 4ACTh MOJNYYEHHOrO PAaBEHCTBA HA
(snvenudnu - snucnvdnv) w noayuaem: {

(en*un—cn*v)(snvecnudnu 4 snucnvdno)

sn(u+v)= A e

sn*ucn*udn®u — sntucn*vdn®o

Ilanee:
sn*ven*udn®u — sn*ucn*vdn® v= cn*u (1 —cn'*v) (1 — k*sn’n) —
—en*y (1 —en’n) (1 — k*sn*v) = cn*u (1 — k*sn’u - k*sn*ucn®v) —
. —en*o (1 — Ksn*v -} k*snPven’a) = (cn*u —env) (1 — R*snusn’v),
8




snvcnudnu - snucnvdny
1 — R*sn’usn*v

sn(u + v) =
IMoacrasnas (37) B nepoe u3 ypasueuu#t (36) noayyaem:

. snvdnu (snvenudnu - snucmvduv)
en(u-+-v) cnv = cn —— ’ g
1 — ksnusn®v

__cnu— R*cnusn’usn®v — cnusn*v (1 — k*sn*u) — snusnvcnwdnudnv
1 — k*sn*usnv :

__ cnucn 0 — sm:srwmvdnudrw
1 — k*sn’usn*v
M3 310ro ypasHeHHsi HaXOZHM:

cnucny — suusnvduudnv
cn(u—i—'v)a:w——-—-— s
1 — k*snusn*v

[Moacrasasa (38) B TpeTtee u3 ypasHeHud (36) nonyuaem: i
cnucnv — snusnvdnudnv
1 — k*sniusn’v

musrwdnadrw — k*sn*usn*vc nm:u-v
1 — k*snusn’v

OTkyna: ]
dnudnv — k*snusnvcnucnv ;

@8 (8- ) o e T R (39) i

[Moaaras B (37), (38) u (39) v =u, noayuaem Gopmyas per '-).mnn- '

THYeCKHX (PYyHKUHHA yABOEHHOrO apryMeHTa:
2 snyenu dnu

s gpgEny g
cn*u—sn*udn®u
(.ﬂ.?ﬂ}— —— l—k’W [ (40)
R dn* u—k sn* ucn__a . ¥
1—k*snbu ¥

Tlpu k=0 u3 onpeneseEws SAAHNTHYECKHX (yHKuHH caepyer:
snu =sinu, cnu = cos u, dnu =1, £
Popmyast  (37), (38} M (39) obpamaiorcs aas 3TOrO CAy4Yas
B (QOpMYJNEI CA0KEHHS TPUTOHOMETPHUYECKHX (DyHKuMi:
sin (u - v) == sin u cos v -} cosu sin 7,
cos (# -} v) = cos # cos v — sinu sin .
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[Mocpenctsom dopmya (37), (38) u (39) aerko moryr GuiTh
TpoeHsl QOPMYJbI AAS BHYHCACHHS SANHNTHYECKAX GyHKuHH
JHOCTH ABYX aprymenToB. M3 ToxpecTsa

T da =___{‘a da i
V 1—Fk*sin’a JV 1—k*sin*a

OnHUM
a = amn — — am (— u) (41)

Orxkyaa:
sn(—u) = —snu, cn (—u)= cnu, dn(—u)=dnu (42)

[Monaras B (37), (38) n (39) BmMecTo v — (— v), noaydaem Gopmyasi:

snu cnv dnv —snv cnu dnu

sn (—0)= ————— e

1 —R®sn® usn®o
ol ) cnu cnv - snu snv dnu dno (43)

c— = —— ]
1 —Rk*sn* usn*o
dnu dnv - k* snu snv cnu cnv

dn(u—uv)= %

1—FEk*sn® usn*v

f [MokaxeMm eie, 4TO H3J0XKEHHOE HAMH B HauaJe HACTOALIEro na-
. parpada TreoMeTpuHYecKOe MOCTPOeHHe NPHBOANT K HEKOTOPBIM
' OCHOBHBIM H TOJE3HBIM BO MHOTHX cayuyasix ¢dopmysnam coepuue-
“ ckoft Tpuronomerpun. Jlas srorc mnosepuem Tpeyroabuuk KQL
(cm. ¢ur. 1) otHocuTensHO ocu KL um TpeyroabHuk LRM oTHO-
- cuteabHO ocH LM Tak, u4roGbl BepIIHHB TpeyroabHukos Q u R
cosnasy (cm. dur. 2). Bouucanm nauny orpeska OH.

Dur. 2.
FOH? = OK* - KH* = OK* - KQ* = cos* a+sin*a=1. OH =1 (44)

15




INposenem u3 Touku O, KaK M3 UEHTPA, chepy EAWHHYHOrO paLuyca.

B cuay (44) Touka H oxaxerca Ha noBepxHOCTH cdepst. [Iposoa-.

AKuUM pajaee npampie OK u OM p0 nepeceyenHs ¢ NOBEePXHOCTBIO
chepu. Ecam wmb  Tenepb coeaunum TOukH H, /u G pyramm
GoabIIKX KPYroe, Mb noaydum cdepuyeckuit rpeyroabauk f1IG.
M3 nocrpoeHust oOueBHAHO, 4TO CTOPOHBI 3TOr0 TPEYroJbHHKA

COOTBETCTBEHHO PpaBHH: @, b W ¢, yrAbl TPEyrosibHUKA PaBHBL

A, B n C. Ho, Bullie HaMu OB YCTAHOBJAEH PSAA TOXAECTB, CBS-
SHIBAIOIKX BeAHYHHL: G, b,¢, A,B uC (cm. dopmyan (21), (23), (28)).
Tompnecrsa stu Takum 06pa3oM AAIOT OCHOBHLIE 3ABHCHMOCTH MEXKAY
yraamMu 4 CTOpoHaMH C¢epHueckoro TPeyrodbHHKA, TAK 4TO BHIBOJ
9THX TOXKAECTB MNOCPEACTBOM MNPHBEJACHHOIO TIEOMETPHYECKOro
NOCTPOEHHA Jde€T B TO iKe Bpems BuiBoJ dopmynchepuueckoit TpH-
TrOHOMETPHH.

Ecau oaun M3 yraoe cepuueckoro tpeyroanHuka pasen 180°,
(popmyasl chepHyecKolt TPUrOHOMETPHUH AaI0T (GOPMYJB CAOKEHHS
aas Tpuronomerpuueckux ¢yskuui, Ilycrs, nanpumep, C = 180°

Hs puc. 2 ouesuaHo, YTO B 3TOM cayuae c==a-b. Tperbe us

vp-nuit (21) naer:
cos (a+ b) ==cos a cos b— sin asin b.

§4 B § 3 Mo BuBean QGoOpMyay CAOKEHHS SAMHNITHYECKHX
MHTErpaJoB mepsoro poja. Ecau UMeeT MecTO COOTHOWIEHHE:

cos¢ = cosacosh —sinasinb V1—k*sin’c (45)

i F, k)= F(a, B F (b, #) (46)

BuBeaem Ttenepb (GopMyay CAOKeHHS . AAS  SAAMOTHYECKHX
HHTErpasoB BTOPOro pojd.
OGosunauum uepes S cymmy: .

: S=E(a» k)“}‘f(b, k) (47)
Hupdepenunpyem (47). ' d
dS—=Aada-}Abdb, (48)

rae R i SR
Aa = /1 —k*sin’a, Ab==) 1 —k*sin®b.

INpuBoasi k¥ obmemy 3namenateaio (32), moayuaem:

Abda--badb=0. (49)

ananu-aaa (48) u (49), naxonum:

(Aa - Ab) (da -+ db) = dS. (50)
16
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I'ciiaeM nepsoe W3 ypasHenui (29) orHocHTeaArHO Ad H ampoe
ypasaeHnad (29) OTHOCHTEJBHO Ap. TMonyuaem:
cosa—cos bcosc

i A sin bsine¢

_ (51)
cos b—cosacosc¢ _

Ab= ,
sinasine

llogcTaBasiem B (51) BMECTO COSC €ro 3HaUeHHe M3 TpETbEl‘O 3
npneHrd (29):

cos @ — cosacos*b-sinasinbcosbAc | VA
Aa= 8
sin b sin¢
__gosasinb-|-sinacosbAc i
$ 5 sinc i
Al o cos b —cos* acos b--sinasin bcosalde s # -).
sinasine¢ A
; _.sinacosb4-cosasinbac -
& ' sin¢ |
4 ﬁl; oncrasaseM (52) B (50) u naxommm:
v 1—;{ 2C in (a-f- b) d(a 4 b) = dS.
ujlmerpnpyﬂ noJy4yaem:
2 o
1-}+4Ac
] i@y | —s—E@h+EGH 69

| ~

14-Ac
Buipaxenue ~ging  MH BHHECAH 32 3HAK WHTErpaza Ha TOM

4 )

OCHOBAHHH, YTO NpPH BeiBONE AHddepeEnHasbHOr0 ypaBHeHus (32),
npeobpasoBaHUsIMH KOTOPOro Mul noayuuau (50), me auddepenun-
poBanH BeJHYMHBL @ M b, monaras ¢ HEH3MEHHLIM,

e [TocTOsiHEYI0 HHTETPHPOBAHKA Y ONpeaeasieM H3 YCJIOBHA: NPH
0, a=c.

. 14-Ac
pers c—(‘: —cosc)=E (¢, k) (54)

Orunmas (54) or (53), noayuaem:

B .l B - SOV Vg 2 S VR 00 Gy P

sinc

17




Tloxcrasasem B (55) BMECTo cosc ero 3Hauexue u3 (29).

E(a,R)+E (b, k)—E (¢, k)= %ﬁ—%i (cosacosb—sinasinbAc —

E“‘_"ilf_?_(l —A*c)=k*sinasin bsin
sine

Orciona  HaxoauMm TEOpeEMYy CHOXEHH NI S/JIANTHYECKHX HHTE
JIOB BTOPOro poja:

E(c, k)= E (a, k)+ E (b, k) — k* sin a sin.b sin c. (55{

§ 5. B npeamiaymux naparpadax Mol paccMOTpeaH BaxHeHmMe
TEOpeMBl, OTHOCSAMHECS K CAQKEHHIO S/JIHNTHYECKHX (yHKHHM.
IMepeiinem Tenepb K MPAKTHUECKHM METOJAAM BHIYUCJIEHHS S/IHITH-
YecKkHX HHTerpasoB H ¢yskuuid. Opeum u3 HaGosee YAOGHHIX
METOJOB IBJASIeTCS HEMOCPEeACTBEHHOE HCITOIb30BaHHE FOTOBHIX YHCIIO-
BHIX JAHHBIX, MMelomuxcs B Tabaunax. Mx y mac B nocieasee
BpeMsi H31aHO AO0BOJIBHO MHOrO.

Heo6xonumo, 0AHAKO, yMeThb BHIYHCAATH SAJIHNTHYECKHE HHTE-
rpans 1 Qyskuue u G6e3 tabauu. ITO HANO, HANpUMEp, AAS COC-
TaBJEHUs] NPHOAMKEHHBIX (OPMYJ, IJs [POBePKH TalJaHl, eC]H
€CTh OMaceHHe, UTO B HHX BKPAJHCh OMEYaTKH, HAKOHEl, MOHHMAa-
HHE TOro, KaKk BHIYHCJAAIOTCS SAAHNTHYECKHE HHTErpaabl . QyHKIHH,
Jaet Gonbmyio yBepeHHOCTh B obpameHun ¢ Humu. He ucuepnsi-
Bas B IEJOM BONPOC O METOAax mnpHOAHNEHHOrO0 BHIYHCJACHHS,
npuBeJieM 3fech HEeKOTOphHE CyIeCTBeHHbIE MPHEMbI. ]

HayseM ¢ BHLIYHCJIEHHSA

— cos acos b-}-sin a sin b) =

?
Fo b= [ &
PR)= | VT hieinte : :
. V' 1—k*sin% ;__
Beero npoute pasagxuth uuterpan (57) B pax: |
k* Okt — 4k*
Fip, ) = 9509 - =gt sl (58)

STOT npuUeM MOMKET Aarb HeJOCTaTO4HO G6/aronpusTHHE pe3yibTas'
Thl, €CAH MOAYJb K GAM30K K eJMHHUE, T. K. CXOAHMOCTb psja Oy
JeT AOBOJBHO caabas ?). .;

=

1) Mul He ocramasnMBaeMcs Ha BHLIBONAX H MCCACAOBaHHAX PANOB AN SANHNTH-
HecKHX HHrerpanos, M ¢yHxuui, TaK Kak BONPOC 9TOT NOAPOGHO PACCMOTPEH B Pas
6OTax YKa3aHHLIX B NPHMEYaHHH 2). =%

%) DT0T HENOCTATOK CTPEMHAHCH nycrpann-n. pasEsIME npueMamu, CM., HanpuMep
HHTEpecHoe Hccaenosaaue npog. B. [1. Berynnkuna: ,Hosue dopMyas u TaGamils
SMAMNTHYECKHX HMHTErpasoB W Gymkuui®, win Boenwo-Bosaywwot Axamemun P.K
K.A, 1935 r. [lpyroit metos, ocHoBanHniHl Ha wHTEpPNOAWPOBaHMM, cocraBieH ¥
M. PanonoproM (cM. ctateio: ,O NpHOAHKEHHOM BHIYHCAEHHH 9IIHNTHYECKHX HETe-
rpaaoB H QyEKUHHA® B HacTosuiem cOOpHHKe). ' e 3

T : 9
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U.e;muﬂ npHeM nJs ysennqelma CXOJAHMOCTH PAasJiOKEHHs maer
TaK. HaseiBaeMmoe mpeo6Gpasopanue Jlannesa, KOTOPoe uMeeT, Kpome
TOr0, BaXKHOE 3HAYEHHEe BO MHOTHX APYrHX BONPOCAX TEOPHH SANMI-
THYECKHX (yHKUHT.

PaccMOoTpHM cnepBa B u€M 3aKJI0HAETCH S5TO npeodpaaouanne. '
4 NOTOM MOKAaXeM OYeHb MPOCTOf BHBOJA €ro.

[IpeoGpasosanue JlanaeHna CBs3bIBAET SMIHNTHYECKHE HHTErPadbl
C PasHbIMH MOAYJAMH H BHIPAXAeTCH TAKHM TOXAECTBOM:

@ %1
f ol L, -|-k)5——d-4—* (59)
V1—Fkisin® P Y V1 —kisin%
60
. ﬁ?; (60)
s oy s iIEI ) L0 8y (61)

T 1--k,sine, "
Yro6ul nokasate (59), aupdepenuupyem (61).

(14-k,) (1-1-%, sin*¢,) cosp,—2k, (1--k,)sin’p, cosg, ,

CORY: PR (1 + &, siny,)? i
= (L4 ) eB e — AT o (62)

1(1_+ k SlﬂzP )2 P1e . y

F4

C JAPYro# CTOPOHH:
‘ cospy==) 1—sin® g, —
" V15 2k, sin’, + k¥ sin'p, — sin’p, — 2k, sin’p, —k?siny,

y 1+ k& 5m2‘?1
V(l-sin ‘@) (l—klsin tpl) COs ¢, ]/ l--k: sin g, (63)
1k, sin%, 1 + &, sin*yp,
Pasnenus (62) na (63), naxomum:
dﬁ"’e:’ (1 +kl) (l _kl Sln"fpl) d‘?l (64)

i (1 + &, sin®ey))/ 1—k? sin* ¢,
’ J
Beiuncasiem gajnee BbipaxeHHe:

Vﬁm_' - E ~+ 2k, sin®p, -k} 51_‘1_4?_1 — 4k, sin®y,
i 1+ &,sin®p,
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1 —ky;sin®q, 65) 1

~ 14kysin®e,
Paspeaus (64) na (65), moayuaem:

dy, | Wbar e,

—.—.—--—-——-——=l k g - - 66

V 1—k2sin'e, ( ‘)Vl—-k""sin'“% _ *
2 1

Hurerpupysa (66), naxoaum: ‘
F(9g, ky) = (14 k) F (91, R,) + 7 (67)
Jlns onpejeseHHs NMOCTOSHHOH WHTErpHpoBanus 7, noxoxum B (67)
¢, =0, Torma ¢,==0, cornacso (61) u, cregosareapro, 7=0.
Taxkum o6paszom, ToxaecTBO (59) nokasaso.
IMokaxem npuMeneHne npeoGpasosanus Jlannesa Ha npuMepe.
[lyctb Tpebyercs BhuucauTh marterpan: F(0,730, 0,943). '
Buiuncasem no dopmyae (58):

F (0,730, 0,943) = 0,730 -} 0,058 - 0,006 +- . .

INokaxem, 4T0 BHIYHCAEHHE HHTErpaja MOXeET ObThb CBEeAEHO K Bhl-
YHCAEHHMIO psijia C eute JaydieHd CXOAHUMOCTBIO.
[lpeobpasosriBaem BhuMcAsemuidi wHTErpan no ¢dopmyae Jlad-

Jiena.
F (0,730, 0,943) = 1,5000 F (0,5236, 0,5000).
F (0,5236, 0,5000) = 0,5236 -- 0,0060 — 0,0002}-. . . = 0,5294,
F (0,730, 0,943) = 0,7941.

Kak BuaHO M3 npumepa, nocie npumeHenus npeobpasosanus Jlad-
J€eHa, CXOAMMOCTh pfAAa pesko Bospocsaa. Koraa npu BHIYHCAEHHH
HHTErpasa tpeGyercs 60/blIAS TOYHOCTb, HMEET CMBICA NMPUMEHHTH
npeobpasosanne Jlauaena HeCKOAbKO pas, J0 TeX nop, Moxka apry-
MEHTH HHTErpana He YMEHbWATCHd HACTOABKO, UTO MNPH N0Jb30-
BaHHH is;nou MOXHO GyAer OrpaHHYMTHCH HeGOJBUIHEM YHCIOM
4/eHOB Psza.
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H. M. PAMONOPT

-

O MPUBJAWXXEHHOM BbIYUCAEHUU SJVIMNTUMECKKX
MHTEIPAJIOB U ®YHKLIUA :

lpeaucnosne

Bonpoc 0 BHIYMCAEHHH SJIHNTHYECKAX HHTErPANOB M qaﬁwun'ﬁ NpHBJIEK BHUMA-
nue uakenepos. Cowaemca sneck Ha 6powiopy npod. B. T1, Berunnkunua: _Hossie
GopMmyabl H TabaMUb AAHOTHYECKHX HETErpajoB W Gynkuuil®, wsnasue Boeuno-
Boapymmnoit Axagemun PKKA, Mockea, 1935. B cramse M. M. Panonopra maorcs
HOBBIE NPHEMBl BLIMHCACHHS SMIMNTHIECKUX MHTErpanoB H GyHkumil, KoTopue uMeOT
cymecTsennuid uurepec. B puny storo g cumurao, uto GaukoBande craten M. M.
Panonopra B aBHalMOHHOM JKYPHAJE, HMEIOIEM NPUMEPH® TOT e KPyr wunrarened,
4910 M Opoiopa npod. B. Il. Berunnkupa, Becbma noaesno.

Mpog. H. Ilraepman

Bornpoc 06 addeKTHBHEIX METOAAX BBIUHC/ACHHS SJMHNTHYECKHX
uaTerpanos u Gyuxifii MMeeT HACTONBLKO AaKTYaAbHOE SHAYECHHE
B MH)XXEHEDHOJ NpaKTHKe, 4TO €My YyIeNfieTC B TeXHHYECKO# AHTe-
patype cepbesHoe BHHMAHHE. YKameM 3/eCh TOJAbKO Ha HCCAeNO-
Bauus npod. B. 1. Beruunkuua.

B Hamem uccrenoBaHuM Mbl HAXOJAHMM NOAMHOMBI, NMOCPEACTBOM
KOTOPHIX SJUIHNTHYECKHE HHTErpaabl  QYHKUHH C KeAaeMbiM MPH-
GAMXKEHHEM MOTYT OblTh BHIPAMEHB Yepes sjeMeHTapHHEe QYHKUHH.
BuiBOA 8THX (popMys OCHOBaH Ha MHTEPHONHPOBAHHH MO MOAYJIO.
[TonyTHO MLl yKasbiBaeM pasJOXKEeHHS SMIHNTHYECKHX QYHKIHA
H HHTErpajoB B Psjibl N0 CTENEHSIM MOJAYJs M AONOJHHTEALHOrO
moayasi. Pasnoxenus stH coBMecTHO ¢ npeoGpasosanueM Jlanaena
HAl0T NPEeKpacHbl annapar Ajs OTHICKAHWA NPHOAHXKEHHBIX YHC/IO-
BHIX 3HAYEHHH SANMATHYECKHX (GyHKUMHA M HHTErpasos.

§ 1. DanuntHyeckne HHTErpanasl MEPBOrO H BTOPOro poAa:

?d
?
Fb=(7,

o

i
E(?,k)zj Aody,

rae AgZ= )/ 1—%k’sin'y, ABAsOTCA QYHKUHAMH CBOETO BEePXHErO
npepesa ¢ M napamerpa kR, HMeHyeMoro moayaem. B moumckax
yAoOHBIX (opMys AAS BHYHCACHHS OS/AJHNTHYECKHX HHTErpajos
MOHO HTTH TPeMs myTsaMH: |

1) ¢uxcupys napameTp R, paccMaTpHBaTbh HHTErpaabl, KaK QyHK-
UMH aprymMeHTa o,
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2) ¢ukcupys Bepxuu#d npegen o, paccuarpnna'rb Hn'terpaam,
Kak (pyHKUHH aprymeHTa R,

3) paccMatpuBaTh SIAHITHIECKHE HHTErpajbl, KaKk QyHKIHH ABYX
nepeMensnx. Hacrosimee nccnenoBaHHe Mbl NOCBsILAEM BTOPOMY
M3 YKA3aHHBIX METOJOB.

Caenys npuasitoMy 0603HauyeHHI0: k* —~m, HAXOJHM BbIpAXKEHHS
AJS1 MPOH3BOJHEIX OT SNJHNTHYECKHX HHTErpajoB Mo m:

)

?
onF 2n! 5 sin*ode

omr ~ 2] |\ AW
.
: | (1)
¢ e (2n —2)!  (sin?'¢dy
om* T 271 (n—1)l) ATy
¢ 0

L

[Mpu rpasHYHLIX 3HAYeHHsAX momy si: R=0 u k=1, nalieHHbIE
NPOU3BOJAHLIE JErKO MOIYT GLITb BB Pa)XeHH NOCPEACTBOM 3SJeMEeH-
TapHHX QYHKUHA.

&
v

o F 27! (in2m 20 (el —e—ip\¥ .
(W),M 2!»‘::;!5 pdprs Q%nis( 2i ) ke

& (- I)nég_:_"_i_[* s Z( .f)\)n\ (— 1) 2 (n—Ng dp—

0 A=0
e 2?’:;1‘ { (ri:;l* T e ‘Z(Qn paag }2?:;:, FERAR e
A=0
ia i‘(Qn = }\)l?:;i =1 k7 heEih } 252(’:1))3 -
=
+(— o iZ(n +J)!2Fr: a1 A catd
\ ol @y :

~ ey e } ~ 2y i
Jj=l1 0

@n)*\1 (— 1Y sin 2jo

2inp| F;j(n—kj)!(n—j)l'

-



lln¥ OKOHUaTEeAbHO:

" F ) ) O (— 1)sin 2/ ] | %0 4
(5 ) e {(nr)=+ i et B
AHaJNOruyYHo:

& (
d"E o (2n—2)2n! § o (— 1)" sin 2j¢ :

\ (am" ),,,__ﬂ *”“2*"~1(n—1)7i(n!)2 * 2o ) (n—f)ll @)

Janee:

|}

(Q_’_‘i) __2n! 1 sinedp _ 2nm | sin*—lp
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