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NMPUKNTAOHA MATEMATUKA
YOK 517.95

Knumiok 0. €., K.T.H., AOUEeHT (PiBHEHCbKMWI Oep>KaBHUIN r'YMaHITapHUI
yHiBepcuteT, M. PieHe)

MATEMATUYHE MOAEJTIOBAHHA NPOLIECY MACONEPEHECEHHSA
BAFATOKOMNOHEHTHUX 3ABPYAHIOOYUX PEHOBUH Y
BArATOLLAPOBUX KYCKOBO-OAHOPIAHUX MOPUCTUX
CEPEAOBULLIAX

3anponoHOBaHO MaTeMaTU4YHYy MoAesb AJA NPOrHO3yBaHHA npouecy
MaconepeHeceHHs 6araToKOMNOHEHTHUX 3a6pyAHIOIYMX PEHOBUH Y
6araTowwapoBMX KYCKOBO-OAHOPiAHUX i30TPONHUX BOAOHACMHYEHUX He-
AedopMiBHUX NOPUCTUX CepeaoBULLAX, AKi MalOTb POpMYy MoaENIbHUX
KPUBONiHINHUX NapanenenineaiB, 06Me)XeHUX ABOMA eKBiNoTeHUianb-
HUMM NOBEPXHAMMU | HOTUPMA NOBEPXHAMM Teuil Ta po3AiNeHNUX AesKn-
MM 3a4aHMMM eKBiNoTeHUiaNlbHMMMU NOBEPXHAMM Ha KinbKa nipobnac-
TEeW, WO XapaKTepu3yrTbCa PisHUMK KoediuieHTamMu PinbTpauii, aKkTn-
BHOI nopucTtocTi i andysii. OTpuMaHo anropmTM YUCNOBO-
ACUMNTOTMYHOIO HAabNIMXKEeHHA PO3B’'A3KY BiANOBiAHO| MoAeNbHOI 3aaa-
yi. HaBepeHo pe3ynbTaTU YMCNIOBUX PO3PaxXYHKIB i 3AINCHEHO IX aHanis.
KnroyuoBi crroBa: MaTeMaTUYHaA Mofesb, NpoLec MaconepeHeceHHs, 6a-
raTOKOMNOHEeHTHA pe4yoBUHA, KYCKOBO-OAHOpPiAHE cepeaoBuLLe.

BcTyn. 3pocTaloumin TeXHOFEHHUI BNIMB Ha A0BKINASA NPUBOAUTL 80
MoripwWeHHs AKOCTI NiA3eMHMX BOA, 30KpeMa, PPYHTOBUX, BHOCUTb CBil
CYTTEBWUW BMNJIMB Ha 3arafibHWI CTaH NnoBepxHeBux oA [1].

TaknuM YNHOM, BUBYEHHS CTaHY NiA3eMHUX BOA, NPOrHO3YBaHHSA MO-
ro 3MiH Ta po3pobKa HayKoBO-0BIPYHTOBaHMX pPeKOMeHAauin ana npu-
NHATTA pilleHb y ranysi BUKOPUCTAHHSA | OXOPOHWM Nig3eMHUX BOA, Big-
TBOPEHHS X PEeCYpPCiB CbOrOAHI € AyXKEe BaXK/INBUM.

AHani3 ocrtaHHIX gocnigxeHb. [igporeoeKonorivyHi AoCNigXeHHS
BCE yYacTiwe npoBOoAATbCA 3 BUKOPUCTAHHSAM MaTEMaTUYHOro MOAEsio-
BaHHA [3; 5; 7-9]. BukopucTaHHSA MaTeMaTUYHUX METOAIB MOAE/OBaHHSA
KOHKPETM3YE PO3YMiHHS YyCbOro, Lo BiabyBaeTbca 3 Mig3eMHUMU BOAa-
MU, NParMaTn3ye OUIHKM | BUCHOBKM.

MeTtoauka pocnipkeHb. [lpouecn MaconepeHeceHHs 3abpyaHow-
YMX PEYOBMH Y NOPUCTUX CEepenoBMLLAX Y BUNAAKY NepeBaKaHHSA KOHBe-
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KTUBHUX CKNagoBuX npouecy Hag Andy3iMHMMKM OOCUTb 4acTo OMUCy-
I0TbCSA CUHTYNAPHO-30ypeHnMU KpanoBmuMuy 3agadamm [3; 4]. Y [2] pospo-
6neHo edeKTUBHY METOAMKY PO3B'SI3aHHA MPOCTOPOBMX CUHIYNSIPHO-
36ypeHunx KpanoBux 3agad Tmny «@inbTpauia-KoHBeKLUia-andysia» pns
MoOenbHUX obnacter, 06MeXeHUX eKBINOTEHUiaIbHUMN ab0 KBa3ieKBi-
noTeHUiaNbHUMKN NOBEPXHAMMU Ta NOBEPXHAMU Teuil. AKTyaslbHOK 3anu-
LWAETbCA 3a4a4a MAaTEMATMYHOIrO MOAESIIOBAHHSA Ta NPOrHO3yBaHHA Npo-
CTOPOBUX MpoOLECiB MaconepeHeceHHss 6araTOKOMNOHEHTHUX 3abpyaHto-
IOUMX PEYOBUH y BaraTowapoBUX KYCKOBO-OAHOPIAHUX MOPUCTUX cepe-
AOBULLAX.
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Puc. 1. [IBowaposa npoctoposa o6nacTb ¢inbtpauii G, (a) Ta

BiANOBIAHa 11 o6nacTb koMniekcHoro noteHuiany G, (6)

MocraHoBka 3apaui. Ons obnacti G=G,%x(0,) (z=(x,y,2)),
G, = ABCDA,B.C.D, — 0OHO3B'AI3HUN KPUWBOJNIHINHWMI nNapanenenineq,
0OMEXEeHUN rnagKknuMun, opTOroHaNbHUMU MiXX COB0K B KYTOBMX TOYKaX
Ta nNo pebpax, ABOMa eKBIiNOTeHUiaNnbHUMK noBepxHaMU ABB.A, ={z:

fi(x,y,2)=0}, CDD,C,={z: f5(x,y,z)=0} | 4YoTupMa nOBEPXHAMU
Teuil ADD, A, ={z: f3(x,y,z) =0}, BCCB, ={z: f4(x,y,z)=0},
ABCD={z: f5(x,y,2)=0}, AB.C.D,={z: f¢(x,y,z)=0} Ta po3gine-
HUN JesaKnMmn 3aJaHNMN eKBinoTeHLUiaNnbHUMU noBepXHAMMU

EF,F E, ={z: fi;(x,y,2)=0} (s=1,p—1) Ha peski p nino6nacreil
G, = ABREAB,F,Es, G} = =EFFyEEF FoFagy (s=2,p=2),

GZ”:EP_IF _CDE, ), 1F;,1G:D; (puc. 1 a), posrnsHemMo 3apaudy, wo onu-
CYETbCSA CUCTEMOLO PiBHSAHD:
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v=xK-grad @, divv =0, (1)
m
div(D;-grad Cj)—v-grad Cj— 3 a;;-C;+
k=1
m -
+> ak,j’ck =G-C}, (j=1m), (x,y,2)e G: (s=1,p) (2)

k=1
3a HACTYMHUX KPanoBUX YMOB:

(P‘ABB*A* =(P*,(P‘ CDD,C, =9, 95 ADD, A, UBCC,B, UABCDUA,B,C,D, =0+ (3)

CJ‘CDD*C* =cj abo C 5| cpp,c, =0,
abo DJ'C}ﬁ_VZ‘(Cj—Cj')‘CDD*C* =0 (j=1Lm), (5)
CJ‘ADD*A* =Cjsx @60 Cj| app,a, =0 (j=1m), (6)
CJ‘BCC*B* =c;" a6o Cj|pcc,p, =0 (j=1m), (7)
Cj|aBcp =€ s 360 Cji| apcp =0 (j=1m), (8)
CJ‘A*D*C*B* =c;"" a6o C;|apc,p, =0 (j=Lm), 9)

Nno4YaTKOBUX YMOB:

Cj|,:0=cg(j=l,m) (10)

i YMOB Y3rof>XeHOoCTi Ha noBepxHax po3ainy E F F, E., (s=1,p—1):

*
(p |ESF:§‘F*SE* B (p |ESF:§‘F*SE*S+ a (p*s '

S—

= Ks+1 P

’
LN

E F F,E, EFF,E,,. (S = l9p_l)- (1 1)

S—

C~‘ :C~‘ . D. .- C.-+Vv.-C: =
J E F F, E, J EF F. E, 5>J Jn " J VB Fs B B

S—

=Dyy1; Cia+vin-Ci|EFrR.E,, (s=Lp-1, j=1m), (12)

J
ae 0=@(x,y,z) i V:\?(vx,vy,vz) — BiANOBIAHO NOTEHUiaN i BEKTOP LWBU-

AKOCTI dinbTpauii, P:<OP<Q , 0< Qs =P < Qi <Pyp <...<

* —
<(pIp_1<(pIp:(p <oo, |v|=\/v)%(x,y,z)+v§(x,y,z)+v§(x,y,z)>O, K -

KoediuieHT dinbTpauil, K:{Ks, (x,y,z)€ st,s:ﬁ}. K, >0 (s=1,p),

7 — 30BHIWHA HOpManb A0 BiANOBIAHOI NOBEpPXHi; Cj:Cj(x,y,z,t) -
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KOHLIEHTPaLis j-TOI KOMMNOHEHTU 6araToKOMMOHEeHTHOI 3abpyaHior4oi
pevyoBUHU y dinbTpauinHin Teuil B Touui (x,y,z) Y MOMEHT 4acy f, DJ- -
BlaCHUN KoediuieHT AMPy3ii j-TOI KOMMNOHEHTU 6araTOKOMMNOHEHTHOI

3a6pyAHiol040i peuoBnHY y GinbTpauintHin Teuii, D; :{Ds,j,(x,y,z)e G,

s:ﬁ}. Ds,jze-d ds,j>0 (szﬁ. jzl,_m). € — Manuu napameTp

S,j°

.. . . Ky
(e>0), © — KoedilieHT aKTUBHOI MNOPMUCTOCTI, G:{GS,(x,y,z)e G;,

SZG}, 0<o, <1 (s=1p), aj i — KOEGILIEHT, IO XapaKTepnsye Wem-

AKiCTb NPOTIKaHHSA MacoobMiHHUX MPOLECIB MiX j-TOK i k-TOK KOMMO-
HeHTaMM 3abpyaHIOY0l pPeyvyoBUHM Yy  PiNbTpauinHOMY  pPO34UHI,

E-a_s’j’k(x,y,z,t), j<>k,
0, Jj=k,

dg i k(X% 2.1) (s=1,p, j=1,m, k=1,m) - HenepepBHi 0BMexeHi YHKLI,

Cj** :{Cs,j**’(x,y’z)e G;,S:LP}- Cj'* :{C::kj,(x,y’z)e G;,S:Lp}-

aj.k :{as,j,k’ (x,y.2)e G}, s=1, P}- ds,j.k ={

C juek :{Cs’j***, (x,y,Z)E G;, s =1,p}. Cj'** :{C;k:k;, (x, y,z)e G;,S =1,p},

c?z{c?’j,(x,y,z)e st,szﬁ}. cj*zcj*(M,t). cj-zcj-(M,t). Cy, jux =
= Cy, jiei (M,1), c:’*jzc:’*j(M,t). Cy, s = Csjs (M), cffzc:’*;(M,t).

c?’j :c?’j(x, y.z) (s=1,p, j=1,m) - ROCTaTHbO rNaaKi GpyHKLUIi, y3romxe-

Hi MiXX coboto B3goBx pebep obnacti G [2; 4], M - poBinbHa To4Ka Bia-
MOBIAHOI MOBEPXHI, Vs, v;; i v,i — HOpMarnbHi CKNadoBi WBUMAKOCTI Bigno-
BiAHO Ha noBepxHsAx ABB,A., CDD,C, i E F,F, E, (s:m).
LLinsxoM BBefeHHs napu ¢yHKLUin Y=y (x,y,z), n=n(x,y,z)
(MPOCTOPOBO KOMMIEKCHO CNPSXEHUX i3 dyHKUie @(x,y,z)) Takux, LWo
K- grad @ = grad yx gradm [6] i 3aMiHO0 OCTaHHIX YOTMPbLOX 3 FPAHUYHUX
ymoB (3) Ha ymoBM: ADpD, A, =0, W‘BCC*B* =Q., n|ABCD =0,
Nap.c.p =0 3apada (1), (3), (11) 3aMiHioeTbCs 6inblu 3aranbHOK
NPAMOI0 33a4ayYerd Ha 3HAXOOXKEHHS MPOCTOPOBOro aHanory KycKOBO-

KOHpOpMHoOro BigobpaxeHHs obnacti G, Ha 061acTb KOMMNAEKCHOrO Mo-
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TeHuiany — npsaMoKkyTHWin napanenenines G, = A'B'C’'D’A.B.C. D, akun

po3gineHuin nosepxHsmu EFE, F,, (s=1,p) Ha p nino6nacten G. =

:A’B’E{Fl’A;B;E;lF;l, GS = E\F/F, \E, B FL Fls 1 Eigry (5=2,p—2),
GP =E, |F, \CDE;, F, |C.D; (puc.16), ne Gy ={w=(0,y,n):

(P:(S_l)<(P<(P:S. O<W<Q>l<- 0<ﬂ<Q*} (S:Lp)- (p:s (S:Lp_l)- Qs

Q>k — HeBigoMi napameTtpu, Q =0, -Q* — noBHa ¢pinbTpauinHa BuTparta.
MpunycTumo, Wo usA 3ajaya € po3s’'a3aHolo [2], 30kpeMa, 3HangeHo
none WBWAKOCTEN V i napaMeTpu (pis (s lp 1), O., Q Q Ta psaa
iHWWX ~ BeNWYMH.  3AINCHMBLWIM  3aMiHY  3MiHHUX  x=x(Q,y,M),
y=y(9,¥.,m), z=z(9,¥,n) y piBHaHHi (2) Ta ymoBax (4) - (10), (12),

OTPUMAEMO BiANoBiAHY «AndyY3iHy 3apauy» ana obnacti Gy, X(0,0):

D (b o +b2 Crypy +b3 iy T by €y +b5 ¢y ) = Kby € o

—€- Za]k cjte Zak] = Gc (j=Lm), (py,n)eG, (s=1,p) (13)
k=1 k=1

=0 (j=1Lm), (14)

‘(P =@« —C -+ 200 D CJ(P K(CJ—EJ*)

~% ’
Cj (P:(P* :Cj abo Cj(p‘(p:(p* :0-
abo Dj-c’j(p—lc-(cj—éjf)‘(p:(p* =0 (j=1m), (15)
CJ‘W:():EJ-** a6o C'J-W‘W:():O(j:l,m). (16)
~%k ’ .
C"\V—Q =¢; abo CJ-W‘W_Q =0 (j=1m), (17)
~dcksk P
¢jln=g* =€J a6o CJTI‘T] 0’ =0 (j=1,m), (19)
¢jlizo=¢} (j=Lm) (20)
lim c;= lim ¢;, lim (D ;-cjo—¥,cj)=

(P—)(PIS -0 (P—)(PIS +0 (P_>(PIS -0

= lim (DS+1,j’C,j(p_KS+1’Cj) (s=l,p—1,j:1,m). (21)
P +0
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ne CJ( WN.1) =C; (x(@.w.m), y(@.w.n).z (0, w.n).1),
(

]* Wn t)_cj*( ((P*,lll,n),y((P*,W,n),Z((P*,W,n),t)-

=& (wnt)=c; (0" wn) y(9"wm). 29" wim) 1),
,**—{cs jeor (@M)€ G5 =1}, &5 ={8% (. wm)e G, s=1,p}.

C jsx :{5s,j***’((P’\lf’n)€ G, s=1, P} & {~*** (pw,M)eG,,s :5}

& ={a ;. (9 wm)e Gy, s=1,p} (j=Tm),

Gy, ja = Cy,jur (@ML1) = € (x(¢,0.m), y(9,0,m),z(9,0,m).2),
& =0 i (emt)=cg i (x(0.00m). y(0. QM) 2(9. QM) 1),

& jerr = Cs_jrn (@ W.1) = ¢5_jsas (x(0.9.0). y(9..0).2(9,,0).7),
&y =G (@y.1)= C?*f(x(cp,llf,Q*),y((p,w,Q*),z((p,q;,Q*),t),
& =é j(ewm)=c; (x(e.w.n), y(9.w.m).z(0.w.m)) (s =1 p),

aj ;=1 j i (@ wM)e G s=1,p} (j=Tm, k=1m),

dg ik =8'C_~ls,j,k- Es,j,k =5s,j,k((P,\If,ﬂ,t) (s=1p, j=lm, k=1,m),

ﬁ:{ﬁs,(cp,w,n)e GS,s =ﬁ}, 5, =7, (g.y.m) (s=1p),

b, :{br,s,(w,n)e was=5}- bys=bys(@.w.m) (r=15, s=1p),

’2 ,2 2 ~2
bl,s =0, +(Py +P, =V

/2 /2 /2 ” ” ” ” ” ”
b3,s =My My, +M;, b4,s =VYuxr tVWyy TV, b5,s =Mxx TNy T2 [2].
AnroputMm po3B’A3aHHA 3apavi. AHanoriyHo po [2] uucnoso-

-2 2 2 2
Kg b2,s =V +Wy tvy,,

aCMMMTOTMYHE HABNMKEeHHS ¢; :{cs’j,((p,ql,n)e G;,S:H)} (j=1Lm)

po3B’A3Ky 3apauvi (13) — (21) 3 TouHicTio 0(8”“) 3HaWAeHo Yy BUTNAAI
pagiB:
ntl | ntl . . 2n+1 -
Ze cs],+l(s1)Ze ],+Ze P],+Zte’/2 s it
i=0 i=0 i=0

2n+1 2n+1 2n+1

+ Z 81/2 ﬁs 4 Z 81/2 Ps + Z E_:1/2 Ev,j,i+Rs,j,n+1 (S:Lp- j:],m)'
i=0 i=0 i=0
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ne ¢ ji=c ji(@,y,M,1) (s=Lp, j=1,m, i=0,n) — uneHn perynsapHux

YaCTUH aCUMMTOTUK, Pp’j’l- :ﬁp’j’i((pp,w,n,t) (j=Lm, i=0,n+1) - ¢py-

HKLII TUNY NPUMEX0BOro LWapy B OKONi (p:(p* (nonpaBku Ha BUXOAj MoO-

nenbHoi obnacti), B ;=P ;0,1 w.n.0) (s=2,p, j=Lm, i=0,n+1) i

B ;=P 0uyn0 (s=Lp-1, j=Lm, i=0,n+1) - dpyHkuii Tany npu-

*
MEXO0BOro Wapy B okonax ¢=¢@,, (s=1,p—1) (nonpaBkn B okonax no-

BEPXOHb  PO3AiNy), I%,j,i:g,j,i(([”qf’n’t)- fg,j,i:g,j,i((P’\T”n’t)-

Ps,j,i:PS,j,i((p’W’ﬁ’t)' f)s,j,i:f)s,j,i((P’W’ﬁ’t) (S:Lp, j=1,m,

i=0,2n+1) — GYHKUIl TMNY NPMME’KOBOro Wapy BigNOBiAHO B OKoONax

*k

v=0, y=0,, =0, n=0" (nonpasku Ha 6iuHnx rpaHsx), d; = PP
€

S QO ' 0. -y n
(s:O’ —1)' o . o N (S:L )' ~:—' :: * , ~:—'

p q)s e P W \/E W \/E Tl \/E

%
ﬁ:Q\/:n — BignoBigHi M perynsapusyodi nepetBopeHHs (po3Tarw),
€

Ry jne1 =R j 1@ wmt,8) (s=1p, j=1m) - 3anuwkosi uneun,

b

I, a=b, . .
I(a,b) :{ a<b 3oKpeMa, Npu NepLin 3 Kpanosux ymoB (14) gna 3Ha-

XO[DKEHHS ¢ ;i ; (s=1,p, j=1,m, i=0,n) opepxkaHo dopmynu:

& (WM.t = A (0. 9.M)), 12 f,
.07 (j=1,m),

51(?](];1_1(];1(([)’ \V,T]) -1, W’T]), W’n), < ‘fl

® gl 1 ((P,\II,T],ﬁ((b,w,n)"‘t_]?l(q),w,n)) s ~
- [ Sl K o, 1> .
(0 4l ((P’W’n)

€L ji =

t
or' [ g1 (T A + Fi@w )~ Ly ),y D) di, 1<
0

(j=1,m, i=1n),
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Cs—l,j,o((PI(s—1),\lf,TlJ—fs((P, v, t2f,

Cs,j,0 =7 _ -4 - B
C?—l,j(fs 1(fs((P’\|l’n)_t,\|l,n),\If,n), t<fs,

hs’j’i((p’lli’n’t)’ tZ f‘S’

Co +: = t N R 5 ~ B

S et -Igs,j,i(fs_l(t + @y, ) - Ly, YN, 1)dt, t < f;

0
(s=2,p, j=Lm, i=1n),
¢ g i@V L@+ - fi(opm)
ne hs,j,i =X j - d(P+CS—1,j,i (P:(P*
PA((ORTA1)) “(s—1)

3k
Pi(s-1)

(S:2’p' j:Lm' izl’n)' gS,j,i :dS,]”(bl,s .C(S,j,i—l)(P(P—i_bz’s .CE’S,J'J'_DW—’_

m
3.5 s, jimtynn +bas s, -ty 5.5 s, jictm )+ 2 s, jok s, o~
k=1

m - -
_Zas,k,j'cs,k,i—l (s=Lp, j=Lm, i=Ln), fs=F(@y.mn) =K, -0, X
k=1

¢
X j \7;2((p,1|1,n) d@ — 4ac NPOXoAXKeHHS BiANOBIAHOK YaCTUHKOIO LUNAXY
(PI(S—I)
Bif TOUKM (X(wi(s_l),lll,n), y((pi(s_l),w,n),z((pi(s_l),w,n))e G po Touku
(x(@, W, M), y(@, W,M), (9, W, 1)) € G, B3[OBK BIAMNOBIAHOT NiHiT Teui, £t

dyHKUiA, 0bepHeHa BignoBigHoO Ao fs BIAHOCHO 3MiHHOI @ (s :G). Mpwu
APYrivi 3 KpanoBux yMoB (14) onsa 3HaxoO»KeHHS FOJIOBHUX YacCTUH Cs, 7,0

(s=1,p, j=1,m) oTpMaHoO TaKi X BUPa3u, a AN 3HAXOLKEHHS nonpa-

BOK Cy j; (s=1p, j=1l,m, i=1,n) BignosigHi opMynn MaTuMyTb BU-
rnsag:

hs’j’i((p’lli’n’t)’ tZ.];S’

Cs,ji=

t . R -
;' [ gy i (F @ + F@o )=ty m . 0)dr, 1 < f
0

(s=Lp, j=1L,m, i=1n),
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d(T)'i‘ ds,j,ox

}’ g5, i (@ V.M. (@ y.m) +1 - fi (. y. 1)

ne hg :;=X- ——
Ve (O, v,M)

S, ]

&
Puc(s5-1)

XCEs,j,i—l)(p (s=Lp, j=Lm, i=Ln).

&
O=0us(5-1)

[ns sHaxomxeHHs P, ;; (j:I,_m, i=0,n+1) npn nepwin 3 Kpa-

noBux yMoB (15) oTpuMaHo HacTynHi dopmynu:

K
P
_rq)p
~ e P
¢,=0

= %
Ppj0= (Cp,j ~Cp,j.0

= K K

= 1 p _T(P (:p _ .
Ppji=m—1]e qup,n+1(<p, no-elri ap |do-
p.J 0
K, =
E
_C o . = e 9 l: ,n
p>Jt q)p:()
= K K, -
= 1 p _dip(ﬂp 7[7(@ _ .
Py jn+1= ’ I ¢ Iq2p]n+1((P’ y,n.0)-e @i do |do,
dp,j 0

npv Apyriv 3 kpanosux ymos (15):

d _iq’p
B, o=2Lle s e
p: ] Kp (p7]70)q)p q)p:O
4 K o K -
~ 1 p T‘P L —6 o
P’j’i _d I ¢ I q,p,j, l((P’W n.n-e @i do |do-
p.j 0 0
d, ; _(13,,
_—PJ T e P (i=1,n),
Kp (p7]7l) q)p q)p:O
= K K, -~
= 1 p T(T) 7[’@ - ~
Pp]n+1_ I e IQ2p]n+1((P,\IfT]f)€’” d(P d(P
dpv] 0
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i Npw TpeTin 3 kKpanoeux ymoB (15):

K
_71’({,
P, ! d di’,j =1
2V A (KP €j Sp.j0)o Kp PJO)‘(P 0°¢ (j=Lm),
p
ol _i“ K[7 =
—1 f d (P dpj(p
Pp,j,l:d ,[ € IQijl((p’Wnt) e v d([)—
p.J 0
K K, -
R 2 |
Ppjmnt=——]e Isz,nH(cp,wnt) eI de g (j=Tm),
p.J 0

a pans 3sHaxopmkeHHs B ., (s=2,p, j=Lm, i=0n+l) i P,

(s=1,p—1, j=1,m, i=0,n+1) oTpUMaHO HACTYMHi BUpa3wu:

~ 1 ,
Boio=————||-d, ;-¢ = 4%, ¢ ;
L0 T (ke — k) (( ST s, 00, 8 S’J’Oj

q:)s:O
_sz+1. _d“)s
_(dS+Lj'C(s+1,j,0)<T>S +KS+1'CS+LJ,0)‘<T>S=0 e W (s=Lp-1, j=1m),
~ 1 J)s _dKfl—l_(T) (P K+-+1—1 (T) R
Ps+1,j,i:d—’,[ e T IQIs]z((P,Wnt) Y do |d+

s+,j 0

1 4
t oo _d i C = +K.-Co i |z
Z(KS+I_KS) [( s’] (s’j,l.)q)s s s’]’lj

¢,=0

s+l 3

_7.(1)‘

q; 0)‘6 ds+l,j ’
5=

(s=1,p—-1, j=1,m, i=1,n),

_(ds+1, JCls+1, /i) 6, T KsHl Cotl, j,i)
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K+1

(T)s =0 -

s q:)
_(ds+1,j'CEs+1,j,o> 9, +Ks+1'cs+1,j,o)‘q3s=0}e o (s=1p=1, j=1m),

Ky - A K,

z 1
Ps,j,i:d

S, J
1 ,

+—.[(_ds,j'c i +Ks'cs,j,ij :

Z(KS+1_KS) (S,‘],l)(l)s (I)S—O

d S' 'q~)s
q~) -0 e 5
s

b
d R
Jle qus,l(cp,wnt)e 7 de do+
0

A

_(ds+1, JCls+1, /i) 6, T K+l Cotl, j,i)

(s=1,p-1, j=1l,m, i=1n),

N
d’:) KS (T) ~ K (T)
ot 1 S d dv ~
Pjmn="—"1|e Iq2s1n+1((P’1|’nt) e B0 dg g
0

ne

]
-1 . ~ ~ ~
41,7 =15 (0l wim): [I(Z’D | (GS Hogine= LB (4 B g,
Z )

. =2 . .
— F i, )j 1G,2)-ds, IZ(BZSI G-ty wy + Bssi K jica-ny+

- - =2 m -
+By 1 jico-nym + Bs s, 'P(/s,j,i—2—l)n)+1(l’2)'[z 2 Ak B i1
l_
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-2 m

- Y A k,i—2—lB- D25, )i :bl_,;((P:S’W’n)’{l(i’l){cs’i)(,s,j,i—l)t_

1=0k=1

Lz = B -2, -
_EBLS,[ (ds,] (5. Juim l)(T) (T)q +K- P (5. jui=]) (l)q jj—l(l,Z)-ds’j .IE)(BZ,SJX
B i+ Bt Ho ity Bust T jia-pm B i l)n)

-2 m

-2 m ~ ~
+1(l?2)‘(z S A jnr Bjind—2 S A ju B 21B(S=1,p- j=Lm,

1=0k=1 1=0k=1

i=0,n+1), B, ,; (r=15,5=2.p), A j;; (s=2.p, j=Lm, k=Lm) i

Er,s,l (r=15,s=1Lp), As,j,k,l (s=Lp, j=Lm, k=1,m) - koediuieHTn

npuM [-TMX CcTeneHAxX € Yy PpO3KNaAi BiANOBIAHO  YHKLUiN
br,s((pzs_ea)s’w’n) (7":1,5, S:2,p), ES,j,k((PIs_Eqss,W,n,t) (S=2,p.
j=Lm, k=lLm) i  b(Qi +ed, W)  (r=15, s=1p),

3s,j,k((PIs +3a>s,\|f,ﬂ,t) (S=G- Jj=lLm, k=1,m) y pap Tennopa B oKofi

(P:(PIS (s :G)

Yucnosi po3paxyHKu. Y xoai npoBeAeHHS KOMMN'KOTEPHOro ekcne-
PUMEHTY 3AINCHEHO MOJesNioBaHHA Mpouecy MaconepeHeceHHs AesKol
OBOXKOMMOHEHTHOI 3abpyaHI0l040l PeYOBUHUN Yy ABOLIAPOBOMY KYCKOBO-
OAHOPIQHOMY MOPUCTOMY CEpPefoBULLI, LU0 XapaKTepPU3YETbCSA Pi3HUMMU
koediuieHTamMn ¢inbTpauii k; =0,45M/p06y, ¥, =0,3M/006y, aKTUBHOI
nopucrtocti 6;=0,7, 6, =0,5 i BnacHoi andysii D;; =0,0008 M*/ o6y,
Dy 5 =0,0005m°/po6y, D, =0,0006 M*/p06y, D, 5 =0,0003m*/po6y, Ha
ineanbHoMy ¢inbTpauinHoMy ¢oHi ans obnacti G,, Aka obMexeHa Ha-
CTYNMHUMU NOBEPXHAMMU: fl(x,y,z):(x+20,95828)2+y2+22—8822,56088.
Fo(x, y,2) = (x—420,95828) + y* + 22 —8822,56088, f3(x, y,z) = (x—200)* +
+H(y—615,53671)% + 2> —418885,4382, f,(x,y,2)=(x—200)> +(y+615,53671)% +
+22 —418885,4382, f5(x, y,2) = fi (X, v, 2) = (x(x—400) + y* + 22)* +160000y —
—932548,33996z2 i po3aineHa NOBEPXHEH
£5(x, v, 2) = (x+232,79068) + +y% + 22 —147307,77507 wa Agi nigobna-
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cTi. Mpn uboMmy nobyaoBaHO PO3paxyHKOBY AMHaMiYHy ciTky G, npwu

¢x=0, (p* =49, n=nm+ny, =20, m=ny =10, m=7, I=7 (napameTpu
n, ny, m il Bubupanu 3 ymoBm HanbinbLoi nogibHocTi nobyaosaHoi ci-
TKM 00 Ky6iuHOI), 3HanaeHo ¢inbTpayiitty Butpaty O =1,83m%/ 006y, note-

HUian Ha noBepxHi po3giny @, =26,88 Ta 064YNCNEHO BENNYNHMN LWIBUAKO-

cten dinbTpauii vl Ta b, (r=1,5), WO BIANOBIAAIOTL BEAUYMHI cepenHbol
WBMAOKOCTI pyxXy BOAWM B3[0BX [BOLIAPOBOro MOPUCTOr0 CepenoBuMLLa
1 M/po6y.

Ha puc. 2 306pa)eHo po3nofinn cepeHix BeIMYMH KOHLEHTPALN
Cleep(Q,7) 1 ) cep (@,1) ABOKOMMOHEHTHOI 3a6pyAHIOOHOT PEHOBUHU B3A0BXK

2 2
obnacti G, npu ¢ =0, ) =0, ¢x =0,017-(1-0,5-sin(r)- e LV )y
2 2
¢34 =0,017-(1-0,5-cos(t)- ¢ V) G 5 120,002, @ 5 =0,001.
4 Cicep (¢, 1) 4Caocep (¢, 1)

1A
16

15
14

13 , 14 .
Py () Gy @ P P ¢, @

a) 6)
Puc. 2. Posnopinu cepenHix BEIMUYNH KOHUEHTPALIN C) cep (,1) | €2 cep (Q, 1)

OBOKOMMOHEHTHOT 3a0pyAHI0I0Y0T pe4OBMHM B3L0BXK ABOLLAPOBOrO MOPMUCTOMO
cepepoBuwa (cyuinbHa i WITPMXOBA NiHil BiANOBIAAOTL BapiaHTaM BpaxyBaHHS i
HeBpaxyBaHHA B3aEMOAIT KOMMNOHEHT MiX co601t0)

BucHoBKuU. Y poboTi cpopMoOBaHO MaTeMATUYHY MoAenb TUNy «di-
NbTpauis — KOHBEKUiA — Andy3ia», Wo npM3HayeHa s NPorHo3yBaHHSA
npouecy MaconepeHeceHHs1 6araTOKOMMNOHEHTHMUX 3abpyaHIOYMX peyo-
BWH y BaraTowapoBMX KYCKOBO-OL4HOPIAHUX MOPUCTUX CEpedoBULLAX —
MoOenbHUX 0bnacTax, ki MalTb GopMy KPUBOMIHINHMX Napanenenine-
AiB, 0OMeXeHMX ABOMa €KBINOTeHUiaJIbHUMM NOBEPXHAMU | YOTMPMA Mo-
BEPXHAMMU Tedil Ta po34iNIeHNX AEeSAKUMU eKBINOTeHUialbHUMKU NoBepX-
HAMW Ha KiNnbKa nigobnacTen, WO XapaKTepPU3yTbCS Pi3HUMU Koedilie-
HTaMu inbTpauil, aKTUBHOI NOPUCTOCTI i BNacHol gndysii. [lna nepesip-
KN 1l KOPEeKTHOCTi nobyaoBaHO YMCNOBO-aCMMNTOTUYHE PO3BUHEHHS
PO3B'sI3KY BiANOBIAHOI CUHIyNApHO-36ypeHoi 3apadvi. MNpoBepeHnn ync-
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NIOBUN €KCMepUMEHT NiaTBEpPAXKYE HeobXigHICTb BpaxyBaHHS Macoo6-
MiHHMX MPOLECIB NPU AOCAIOXKEHHI ABUL, MaconepeHeceHHs 6araToKkoM-
MOHEHTHMX 3abpygHKYMX pPeyoBMH Yy 6OaraTowapoBMX KYCKOBO-
OAHOPIAHUX NOpUCTUX cepepoBuwax. BogHoyac oTpMMaHo HoBoro Tuny
NMoMnpaBKM B YMCNOBO-aCUMNTOTUYHOMY HABNMIKEHHI PO3B'A3KY BiAMOBI-
OHOI CUHIYyNaApHO-30ypeHoi 3apadi 3 po3puBHUMU KoediuieHTamMu, WO
XapaKTepM3yTb MEXaHi3M KOHBEKTUBHO-AUGY3iIMHOro nepepo3nofiny
KOHLEHTPaLin B OKONAaX AINAHOK po3Ainy Wwapis.
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Klymiuk Y. Y., Candidate of Engineering, Associate Professor (Rivne
State University of Humanities, Rivne)

MATHEMATICAL MODELLING OF THE PROCESSES OF MASS TRANSFER
MULTICOMPONENT POLLUTANTS IN MULTILAYER
PIECEWISE-HOMOGENEOUS POROUS MEDIA

A mathematical model to predict the process of the mass transfer of
multicomponent pollutants in the multilayer piecewise-homogeneous
isotropic water saturated not deformable porous media, which have
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the form of the model curvilinear parallelepiped, bounded two
equipotential surfaces and four surfaces flow, separated by some
specified of the equipotential surfaces on several subdomains, which
are characterized by different coefficients of filtration, active porosity
and diffusion, is constructed. The algorithm for numerically-
asymptotic approximation of solution of the model problem is
developed. The results of numerical calculations and conducted their
analysis.

Keywords. mathematical model, process of the mass transfer,
multicomponent substance, piecewise-homogeneous medium.

Knumiok 10. E., K.T.H., poueHT (POBEHCKWIA roCyAapCTBEHHbIN
ryMaHUTapHbIN yHUBepcuTeT, I. PoBHO)

MATEMATUYECKOE MOAEJINPOBAHUE MNMPOLIECCOB
MACCONEPEHOCA MHOIMOKOMIMOHEHTHbIX
3ATPA3HAKLLNX BELLECTB B MHOTOCJIOMHbIX KYCOYHO-
OAHOPOAHBbIX NOPUCTBIX CPEAAX

MpepnoxkeHa MaTeMaTUyeckasa Moaesib A NPOrHo3MpoBaHUA npouec-
ca MacconepeHoca MHOrOKOMMOHEHTHbIX 3arpA3HAILUX BelecTB B
MHOFOC/IOMHbIX KYCOYHO-OAHOPOAHbIX U30TPONHbIX BOAOHACHILLEHHbIX
HeaedopMUpyeMbIX NOPUCTbIX cpeaax, KoTopble uMeroT popmy Moae-
NbHbIX KPUBOJIMHEWHbIX Napansienenunenos, OrpaHUYEHHbIX ABYMS
3KBMNOTEHLMAJNIbHbIMU MNOBEPXHOCTAMMU U YETbIpbMS NOBEPXHOCTAMM
TEYEHUA U pasaeNeHHbIX HEKOTOPbIMU 3alaHHbIMU 3KBUNOTEHLUUANb-
HbIMU NOBEPXHOCTAMM HA HECKOJ1IbKO nofo6nacTen, XxapakTepusyrowm-
XCA pasnnyHbiMU KodapPpuuneHtamm punbTpaLmm, akTUBHON NOPUCTOC-
™ 1 andPpysun. NMonyyeH anropuT™M YNCNEHHO-AaCUMNTOTUYECKOIO
NpuGANIKEeHNA pelleHns COOTBETCTBYOLEen MoaernibHON 3aaauum. Mpu-
BeAeHbl pe3ysibTaTbl YAC/IEHHbIX Pac4yeToB U OCYLLUECTBNEH UX aHaNus.
Knroyesspie cioBa: MaTeMaTUyecKas Moaesb, NpoLecc MacconepeHoca,
MHOrOKOMMNOHEHTHOE BELLEeCTBO, KYCOYHO-0AHOpPOAHas cpepa.
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